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Chapter 30: Power Series Solutions I: Basic Computational Methods

30.3a. Set
o0 o0 d o0
y = y(x) = gakxk and y = Za[akxk] = I;kakxk_l

k=0

Then

o 00
0=y —2y = Z:kakxki1 — ZZakxk
k=1 k=0

o o0
= Zkakx/“l + Z(—Z)akxk
k=1 k=0

n=k—1 n=k

o o0
= Z (n+ Dayq1x" + Z(—2)anx"
n=0

n+1=1

(.¢] o
= Y (4 Daypax" + ) (=2)apx”
n=0 n=0
(0.¢]
= Y [(n+ Dany1 — 2a,] x"
n=0

Thus,
(n+ Dayy1 — 2a, = 0 for n =0,1,2,3,...

Solving for a,y; yields

2
n+1

ap+1 = a, for n =0,1, 2,3, ...

Reindexing by letting k = n + 1 then yields the recursion formula

2

akZ%akfl for k=1,2,3,4,...
Using this,
2 2
ay = —-dij—1 = —Tap ,
1 1
a—2a —20—220—2261
2 = 51 = ;41 = 50740 = a0
2 2 23
a3 = —az3_1 = —-ay = —-——ay = ap ,
3T 3BT 3N T 3% T 39
a—2a —20—2 230—240
CTN TS T a0 T w o
Clearly,
2k
ar = —ao for k =1,2,3,4, ...

k!
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But also observe that, with k = 0, the right side of the last equation gives

20 1
aa() = Ia() = q
So, in fact,
2k
akzyao for k =0,1,2,3,4, ...
Hence,
_ ko 2 ko 2" i
yx) = Zakx = ZE“OX = aozax
k=0 k=0 k=0

(which happens to also equal age®* ).

30.3c. First, multiply the equation by 2x — 1 to get it into the preferred form,

Cx—1y +2y =0

Set
o0 o0 d o
_ _ k o a k|l _ k—1
y = yx) = Zakx and y = Z B [akx] = Zkakx
k=0 k=0 k=1
Then

0 = Q2x -1y + 2y

o0 o0
= (2x — l)Zkakxkfl + ZZakxk
k=1 k=0

o0 o0 o
= 2x Zkakxk_l — IZkakxk_l + ZZakxk
k=1 k=1 k=0

o0 o0 o0
= > 2kax* + ) (—Dkax* ™ + ) 2axt
k=1 k=1 k=0
———
n=k n=k—1 n=k

o0 o0 o0
= ZZnanx" + Z(—l)(n+l)an+1x" + Z2anx"
n=1 n=0 n=0

o o
= ZZnanx" + [—(0+ Dags1x° + Z(—l)(n + 1)an+1x"i|
n=1

n=1

o
+ |:2aox0 + Z 2anx”:|

n=1

o0
= [—a1 +2alx’ + Y [2na, — (n + Dayy1 +2a,] x"

n=1

= [—a1 +2alx’ + Y [201+ Day — (n + Dapy1] "

n=1
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Thus,
—ay + 2a0 = 0 — a = 2ap , (*)
and
2n+ Da, — (n+ Day+1 = 0 for n =1,2,3, ...
—> an+1 = 2ap for n =1,2,3, ...
—> ar = 2ai_1 for k = 2,3,4, ...

The last equation is the recursion formula. Note that it also holds for £k = 1 (see line (x)).
Using it, we get

ay = 2ap

ay = 2a2_1 = 2611 = 2-261() = 22610 s

a3 = 2a3_1 = 2612 = 2-2261() = 23610 .

a4 = 2a4_1 = 2613 = 2-2361() = 2461() ,

Clearly,
ar = 2%ap  for k=1,2,3,...

The last equation also holds trivially for k = 0. So.

o o o
y(x) = Zakxk = ZZkaoxk = aOZkak s
k=0 k=0 k=0
. . . . a
which is a geometric series that reducesto  y(x) = 1 02
— zX

30.3e. The equation is already in preferred form. Plugging the series for y and y’ into the
differential equation, we get

0= (l—l—xz)y/ — 2xy

o0 o0
(1 + x2> Z kakxk*1 — 2x Z akxk
k=0

k=1

o0 o0 [o0)
= 1Zkakxk_l + XZZkakxk_l — 2x Zakxk
k=1 k=1 k=0

o0 o o
= Zkakxk_l + X:kakxk'H + Z(—Z)akxk'H
k=1 k=1 k=0

n=k—1 n=k+1 n=k+1

oo oo (09
D+ Dayax” + Y (1= Dag—1x" + Y (=2)an—1x"

n=0 n=2 n=l1
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o0
[(0 + Dagix” + (1 + Darpx' +) (n+ l)anﬂx"}

n=2

o0 o
+ Z(" — Da,1x" + |:—261113C1 + Z(—Z)anlx”:|

o
aix’ + [2a —2a0]x" + Y [0+ Dani1 + (n — 3)ap 1] "

n=2
So,
a =0 ,
2ap — 2a90 = 0 — ay = ap
and
(n + Dayy1 + (n — 3)ay— for n>2
n—3
—> ap+1 — a1 for n>2
n+1
k—1-3 4—k
—> a, = — ap_1-1 = ag—o for k>3
k k
The last is the recursion formula. Using the above:
a =0 ,
a = 4_2a = 2a
2 = @2 = Zdo
- 1 1
e _ = — = — O = 0 s
as 3 asz—2 3611 3
44
= _ = O .
as n as—3
4-5 -1 ~1
= _ = — = 0 = O .
as G as—2 G as G
4-6 -2 -2
ag = —¢ 06—2—?04—?‘0—0 )
Clearly, a; = 0 if k > 3. Thus,
o0
yx) = Zakxk = ayp + ai;x + a2x2
k=0
2
= ap + Ox + anxz = ap [l—l—xz]

30.3g. We get the differential equation into preferred form by multiplying through by x — 1:

x-=1y' +y=0

Since xg =3, weset Y(X) = y(x) with X =x — 3. Hence x = X + 3,

x—1=[X+3]-1=X+2
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and, in terms of X and Y, the last differential equation is
X+2)Y + Y =0
Plugging in the power series for Y (X) about X =0:
0=X+2)Y +7Y

o0 o
= X+ kax '+ > ax*
k=1 k=0

o o o0
= XZkaka_l + 2Zkakx"—1 + Zaka
k=1 k=1 k=0

o0 o o0
= ZkakX" + Z2kaka_l + Zakxk
k=1 k=1 k=0
————— ———
n=k n=k—1 n=k

o o0 o0
= Y na, X" + Y 2+ Da X" + Y a,X"
n=1 n=0 n=0

o oo
= Znaan + [2(0 + Dag1 X° + Z 2n + 1)an+1X"i|
n=1

n=1

o0
+ [aOXO + ZanX”:|

n=1

= a1 +ao] X + ) [+ Day +2(n + Day 1] XV

n=1
Thus,
1
2a1 + a9 =0 > q =—§ao
and
n+Da, + 2(n+ Dapy1 = 0 for n>1
— apt1 = —%an for n>1
—> ay = —lak,1 for k>2

2

The last is the recursion formula. Note that, because of the formula for aj , it actually holds
for k > 1. Applying this formula:

a = —a
a3 = —%az = —% [(—1)22%“0] = (_1)321—3010 ’
ag = —%a3 = _% [(_1)32%610] - (_1)42%610 '
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Clearly, for k£ > 1,
1
ak = C‘l)kzgao

This equation also holds trivially for k = 0. So

YO0 = Yaxt = Y= axt = a) () X
k=0 k=0 k=0

and, since X =x — 3,
00 NG
Y@ = aokX_jo(T) (x=3* |

. . . 2
which happens to be a geometric series that reduces to  y(x) = LOI
¥ —

30.3i. The equation is already in preferred form. Plugging in the series for y and y’:

0= 2-x%y — 3x%
o0 o o0
= ZZkakxk_l — x3Zkakxk_l — 3x22akxk
k=1 k=1 k=0

o o0 o
ZZkakxk_l + Z(—l)kakka + Z(—3)akxk+2
k=1 k=1 k=0

n=k—1 n=k+2 n=k+2

D20+ Daggrx" + Y (=D = ap-2x" + Y (=3)ap2x"

n=0 n=3 n=2

o
[2(0 + Dagr1x® +2(1+ Daypix' +2Q + Dagx> + ) 20+ 1)an+1x":|

n=3

+ Z(—l)(n — Day—x" + |:—3a22x2 + Z(—3)anzxnj|

n=3 k=3
o
= 2a1x° + 4arx® + [2-3a3 — 3ap] + Z [Z(n + Daps1 — (n + l)anfz] x"
n=3
Hence, we must have
1
a1:0 . 612:0 , a3:an
and
apt1 = lan_z for n>3

2

Letting k = n + 1 and noting the above formula for a3, we see that we have the recursion

formula
1
ay = Eak_3 for k>3
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Using the recursion formula and fact that a; = 0 = a, we get that all the terms are 0
except ap and

a = an s
1 1 1 1
a6=§a3=§-20—2—2610 s
49214621'100=iao
2 2 22 23 ’
1 1 1 1
arn = 509 = 5'2—3“0 = 2—4“0 >

So
y(x) = aoxo + a3x3 + a6x6 + a9x9 + auxlz + ...
- ao[xo + %x3 + z%x6 + 2—13x9 + 2i4x12 + ]
30 L 3 L 30 I 33 L 34
= @[ St 0T e
1
= ap Z 2—mx3m
m=0
30.3k. 0=0O+x)y — xy
o0 o0 o0
= 1Zkakxk L kaakxk I xZakxk
k=1 k=1 k=0
o0 o o0
= Zkakxk_l + Zkakxk + Z(—l)akka
k=1 k=1 k=0
—_
n=k—1 n=k n=k+1
o0 o0 o
= Z(nJr Dapp1x" + ZnanX” + Z(—l)anqx”
n=0 n=1 n=1
o0 o0 o0
= [(0+1)a0+1x0+2(n+ 1>an+1x"] + ) nap” + ) (=Day-1x”
n=1 n=1 n=1
(o)
= a;x"+ Z [+ Dany1 + nay — ap—1] x"
n=1
So, a; =0 and
(n+ Day+1 + nay, — ap—1 = 0 for n>1
—> any1 = ;an,l — Lan for n>1
n+1 n+1 -
1 k—1
—> ay = —ag-p — Ai—1 for k>2

k k
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This last is the recursion formula. Using it and the fact that a; = 0 (and not attempting to
find any patterns), we get

a =0 ,
ay = 1a —2_1a = 1a - 1a = 1a
2 = 522 7 -1 = 4o 1= 340
oo boo3n o b2 21 1
3= 392 7 B-1 = 34 3% = —3°300 = =340
u _la 4—1a _la 3(1 _l la 3[ la]—Sa
4 = F04-2 7 -1 = @ 1B = 5 5% 1 73%] = 0 -
b = L s-1 1 a_l[la] 43 _ 1
5—5572 3 5-1 = 3 4—5 3O 580 300,
So,
y(x)=ao+a1x+a2x2+a3x3+a4x5+a5x5+~~-
12 13 34 115 ]
— 14+ —x2— = Txt o =
a°[+2x EE T

30.4a. Since the coefficients of the differential equation are nonzero constants, there are no singular
points. Hence the radius of analyticity, R, is infinite and the power series solution is valid
on I = (—00, ).

30.4c. Writing the differential equation in preferred form,

Qx—=1Dy +y =0,

we see that the first coefficient, 2x — 1, is 0 if and only if x = % . So this differential

. . . 1
equation has one singular point, z; = = .

The radius of analyticity about xo = 0 is then

1
R = |zg — x| = ‘5—0‘ = =

and the interval over which the power series solution is valid is

! 1 .
I = (xo—R,xp+R) = <0—5,0+5> - (__ _>

30.4e. The equation,
(1+x2)y’ — 2y =0 ,
is in preferred form, and the singular points are where the first coefficient is 0:
l+zs2=0 — 7y = *i
Both are equally close to xo = 0. So
R = |z —x| =1i—-0 =1 =1,

and
I = (x0—R,xp+R) = (0-1,0+1) = (=1,1
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30.4g. Writing the differential equation in preferred form,
=Dy +y=0,

we see that the first coefficient, x —1,is O if and only if x = 1. So this differential equation
has one singular point, z; = 1.
The radius of analyticity about xo = 3 is then

R=lzg—xl=1-3=2,
and the interval over which the power series solution is valid is
I = (xo—R,x0+R) = 3-2,34+2) = (1,5)
30.4i. The equation,

Q-x)y — 3% =0 ,

is in preferred form, and the singular points are where the first coefficient is 0. Using basic
algebra (hint: factor out z — J2 ):

35 —1EiV3
Z_ZS3=0>_>ZS:3/§’T;
Now,
sz—o‘ -2
and
2
_ : (=24 (V3
‘M_()’:#:...Z%

7 7
So all the singular points are the same distance from xg = 0,

R = |z, —xo| = (3/5—0‘ -2,
and

I = (xo—R.x0+R) = (—«’/Eifz)

30.4k. The equation,
(I4+x)y —xy =0,

is in preferred form, and the only singular point is where the first coefficientis 0, z; = —1.
So

R =z —xol = [-1-0[ =1,
and

I = (XO_R’XO+R) = (_151)

30.5a. Set
00 00 J 00
y = )’(X) = ;akxk s y/ = ZE I:(lkxk] = l;kakxk_l

k=0
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and
"o k|l _ o k—2
y' = ;g[akx ] = kX_;k(k Dagx

Then:

oo o
_ (1~|—x2)2k(k— Dagh =2 — 2 gt
k=0

k=2

o0 o0 o0
=1 Zk(k — Dagx*2 + &2 Zk(k — Dagx*2 — ZZakxk
k=2 k=2 k=0

= > ktk = Dax* 2 + 3 " k(k— Dagx* + ) (—2)ax*

k=2 k=2 k=0

n=k—2 n=k n=k

= Z(n+2)(n~|—1)an+2x" + Zn(n— Dayx" + Z(—Z)anx"

n=0 n=2 n=0

[(o +2)(0 + Dags2x” + (1 +2)(1+ Darsox' + ) (0 +2)(n + l)anm”}
n=2

[o/0] o0
+ Zn(n — Da,x" + |:—2a0x0 —2a1x' + Z(—Z)anx":|

n=2 n=2

= [2a2—2a0]x0 + [3-2613—2&1])61

+ )[4+ 2+ Dayga + [n(n — 1) = 2lay] <"
n=2

So,

2612—261():0 — a) = ay s

1
3-2a3 — 2a1 = 0 >— a3:§al ,

and, for n > 2,
n+2)(n+ Dapy2 + [n(n—1)—2]a, = 0

— n+2)(n+ Dapgr + 0> —n—2)a, = 0

— n+2)(n+ Dayt2 + M —=2)(n+Da, = 0
-2

—> an+2 = _Z+zan =0

Letting kK = n 4 2 in the last equation gives the recursion formula

k—4
ar = — ? ax_o for k>4
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And if you check the formulas for a> and a3, you see that this recursion formula actually
holds for &k > 2.
Computing the coefficients from the above:

a = a ,
a = 1(1
3 = 31 B
4—4
= — _ :0 s
as 12
R o S SO B DR U
5 = 5 5-2 — 5 3 = 53 1 = 5.3 1 5
6—4 2 2
= — = —— = —=—.0=0 y
aeg 6 ag—2 6a4 6
et SR DR D) DO U
7 = 7 72 = 7 5 = 7°5.3 1 = 7.5 1 5
8 — 4 4 4
= — = —— = —.0=0 s
ag 3 ag—2 8a6 3
e 9= s s L1
9 = 9 9-2 — 9 7 = 9 7.5 1 = 9.7 1 5
10— 4 6
= — = —— = ——.0=0 s
alo 10 ajn-—-2 10“8 10
a = — 1_4a = — a = —7 _la = ! a
= 1 =2 =TT T o M T oot

There are two patterns, with the even indexed coefficients being O if k£ > 2. Because of
the two different patterns, we will split our summation into two summations, one with even
terms and one with odd terms:

Y = Y axt
k

= [ao + a2x2 + a4x4 + a6x6 + a8x8 + a10x10~-~]

+ [alx + a3x3 + a5x5 + a7x7 + a9x9 + aux” + ]

= ao[l + 1x% + ox* + 0x® + ox® + O]

+ ap [x + %x?’ — ﬁxs + %)ﬂ - %x9 + ﬁxll + ]
= apy1(x) + aiy2(x)
with
i) =1+ x*
and
yz<x):x+%x3_%x5+%7_ﬁ9+ 1119x”+
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To get a ‘simple’ pattern for the coefficients in y, , recall that k = 2m + 1 generates the
nonnegative odd integers for m =0, 1, 2, 3, ..., and observe that, using k = 2m + 1 for
m=72,3, 4,5, weget

1 1

. = = - = —1 2+1 ,
azo+1 as 539 (=1 carne 2Dy
1 3+1 1
az3+1 ay 754l (=D (2‘3+1)(2_3_1)a1 ,
1 4l 1
. = = - = —1 + ,
a4yl = ag g7 = (D Carnea ¢
and
aysyl = ajp = ;al = (-p°"! 1 ai
>t 11-9 Q2-5+D2-5-1)

indicating that we have a pattern

1

. (_1\ym+1
Gl = (DT e T

1

at least for m > 2. Checking this pattern with m = 0 and m = 1 and the formulas for a;

and a3, we have
1 1
a) = ———ayp = daj
2-0+1D)2-0—1) —1

(_1)0+1

and
! a = ICl = l(l = da
Qi+ne-1-n T3t T3 TE

(_1)1+1

So, we will use

1

DQm+1 = (—1)m+lmal for m >0
That is,
y(x) = aix + a3x3 + a5x5 + a7x7 + a9x9 + anx“ + .-
o
= Zaszrlxsz’1
m=0
> 1
m+1 2m+1
= almz_%(_l) ’ emtrhH2em -1 "
30.5¢. Set
o0 o0 d o0
y = y(x) = Zakxk .,y = Z—x[akxk] = Zkakxkfl
k=0 k=0 k=1
and
y' = Zg[akxk] = Zk(k— 1)akxk 2
k=0 k=2
Then

o0
k(k — Dagx*=2 + 2x Z kagxk!
k=2 k=1

Il
—~
N
+
=
[ ]
~—~—
[
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o o0 o
43 k(k — Dax* + 52 " k(k— Dagx* 2 + 2x Y ket
k=2 k=2 k=1

o o0 o
Z4k(k — Dagx*2 + Zk(k — Dagx* + ZZkakxk
k=2 k=2 k=1

n=k—2 n=k n=k

o0 o0 o0
24(11 +2)(n + Dapiox™ + Zn(n — Dapx™ + ZZnanx"

n=0 n=2 n=1

[4(0 +2)(0+ Dag2x® + 41+ 2)(1 + Dayox' + Y 4 +2)(n + l)an+2x"i|

n=2

o o0
+ Zn(n — Da,x" + |:2- lapx! + ZZnanx"]

n=2 n=2
= 4-2ax° + [4-3-2a3 + 2a;] x!

+ Z [4(n 4+ 2)(n 4+ Dapga + [n(n — 1) + 2nla, | x"

n=2

o
= 4. 2a,x" + 2[4-3a3 +ai]x' ~|—Z[4(n+2)(n+1)an+2+n(n+1)an]x"
n=2

So,
4.200 =0 > ap =0 ,

2[4-3a3+a1] =0 > a3 = ———a

and
4n +2)(n + Dapy2 + n(n+ 1a, = 0 for n>2

n

————ay, for n>2
4(n+2)

— any2 =

k=2

—> ar =
4k

ag—o for k>4

The last is the recursion formula. Checking back at the formulas for a, and a + 3, we see
that it actually holds for & > 2.
Using the above to compute the a;’s:

a =0,

a = _la

3—4.31 5
4-2 2 2

a4——4.4a4—2——m02——m[0]—0 s

b = 372 _ 3 3 [—1a]_ (—1)2a

ST T B2 T TS B T TS a 3] T o2 s
6—2 4

= — _ = —— :——0 :0 .
ag 1.¢ 962 TcW 4-6[]
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o 1m2 5 5 [ ] )’
TE Ty g% T TS T Ty e s T s o
§—2 6
= — _ = —— = ——0 :O s
ag 1.5 %82 1.g% T [0]
o = 22 T T D31 _ (=p*
o 4.9 072 497 T T49|B | T ¥Fo
102 8
- - =gy =—"(0] =0 ,
10 410 1102 410" 10
po_ =2 9 9 [t =1’
=72 = 74ymn™ = Tix |4 4511

There are two patterns, with the even indexed coefficients being 0 if k¥ > 0. Because of
the two different patterns, we will split our summation into two summations, one with even
terms and one with odd terms:

Y =) axt
k

[ao + a2x2 + a4x4 + a6x6 + ang + a10x10-~-]

11

b o]

+ [alx + a3x3 + a5x5 + a7x7 + agxg + ajx

aop [1 + 0x? + 0x* + 0x® + ox® + O]

_1)2 _1\3 _14
3, (=D 5+(”x7+(“x9+...}

-1
+ a1|:x T30t

X
42 .5 43.7 44.9

= agy1(x) + aiyz(x)

with
yix) =1
and
_ L IS G VG U G DA B Gl DA
»x) = x + T35 T s + e + R +
o 4m2m + 1)
m=0

30.5e. Using the power series about xo = 0 for y, y’ and y”:
0= (4—x2>y” — 5xy’ — 3y

o0 e} o0
= (4 — x2> Zk(k — 1)akxk72 — 5x Zkakx/“l -3 Zakxk
k=1 k=0

k=2
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oo o
=4 k(k— Dax* 2 = x* Y " k(k — Dagx* 2
k=2 k=2

o0 o
— 5x Zkakxk_l — 3Zakxk
k=1 k=0

- Z4k(k— Dagx*=2 + Z(—l)k(k— Dagx*

k=2 k=2
n=k—2 n=k
o o
+ Y (Skax® + Y (=Baxk
k=1 k=0
n=k n=k

D 4m+2)(n+ Dagax" + Y (=D — Dayx"
n=0 n=2

o0 x
+ Z(—S)nanx" + Z(—3)anx”
n=1 n=0

[4(0 +2)(0 4 Dagy2x® + 41 +2)(1 + Dagox!

+Y 4n+2)(n+ 1)an+2x”i| + Y (=Dn@ — Dayx"

n=2 n=2

o0 o0
+ |: —Sa1x! + Z(—S)nanx"] + [ —3apx® — 3a;x" + Z(—S)anx”i|

n=2 n=2

= [4-2a3 — 3ap]x° + [4-3-2a3 — 8a;] x!

+ Z [4(n +2)(n+ Dapyr +[—n(n—1) — 5n — 3]an]x”
n=2

= [4-2a3 —3ap]x® + 4-2[3a3 —a;] x!

+ Y [4+ 2+ Daga — [(2 +3)(n + Dla,] "

n=2
So
a = 3 a ay = 1a
2 = 4.2 0 B 3 = 3 1
and +3
n
= — f >2
an+2 4(n+2)a,, or n>
k+1
— a, = 4—.’]; ayx—> for k>4

The last is the recursion formula. Checking the above formulas for a, and a3 it is seen that,
in fact, the recursion formula holds for £ > 2.
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Using the recursion formula:

a = 2+1a = 3 a
2 = 4.2 2-2 = 42() )
LS P I
3= TR T a4 s
LAl s s -3a]_ 53
YT YT a2 T i la 2™ T g
Lo SFl 6 _ 6 —4a]_ 64
ST 4B T 4SBT 45 la 3N T i)t
PN 5 D '5.3a _ 753
6T 462 T 4 6™ T 46| 2@ 2| T Be.407
o 1t 8 8 '6.4a _ 864 841
TT AT T g% T i |ecs oy T Bas ™ T 4t T
So,
y(x) = ap + ajx + a2x2 + a3x3 + ...
= - = aoy1(x) + ary(x)
where 5.3 7.5.3
2 } 4 = 6
x) = 14+ —x X X
1) i YRyt THea0
and

x) = x+ix3+ 6-4 X 8-6-4 x’
y2lx) = 4.3 42(5-3) $3(7-53)

By the way, it can be shown that

o @m + 1) o (m + 1)lm!
m s 2m and y2(-x) — m . 2m—+1

yix) = 742m(m!)2x am !
m=0 m=0

30.5g. Using the power series about xo = 0 for y, y’ and y”:

0=y — 2xy + 6y

o0 o0 o0
= Zk(k— l)akxk_2 — 2x Zkakxk_l + 6Zakxk
k=1 k=0

k=2
o0 o0 o0
= Zk(k — Dagxk—2 + Z(—Zk)akxk + Z6akxk
k=2 k=1 k=0
—_——
n=k—2 n=k n=k

o0 o0 o0
= Z(n+2)(n+1)a,,+2x" + Z(—Zn)anx" + Z6anx"
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= [(o +2)(0+ Dag2x’ + Y “(n+2)(n + 1>an+2x”} + Y (—2m)a,x"
n=1

n=1

o
+ |:6a0x0 + Z 6a,,x”]

n=1

= 2[az +3a0]x" + Y _[(n+2)(n + Danya — 2(n — 3)a, ] x"

n=1

So,

ar = —3ayp
and 2 —3)

n—

an+2 I 1)an or n >
2(k —5)
> = _ f k >
ag Kk — l)ak 2 or = 3

The last is the recursion formula. Comparing the above formula for a, with what the
recursion formula yields when k = 2, we see that, in fact, this recursion formula holds for

k>2.
Repeatedly using the recursion formula:

b = 229 2y

>T -7 T 2 e

o 269 3D

T3P T 22 e

b= =S 2D 2D [2(—3>a] _ 2D3)

YT @ o™ T 43 T s 2 T s o
_2(5-5) _ 0

as = 4(4_1)614—2 = ,
_2(6-5) _ 20 22(—1>(—3>a _ 23(1)<—1)<—3)a

% = 56-D"27 65| 432177 ol o
_2(1-5) 22 oy _

@ = Sa T4 = 01 =0,

b = 265 20 [2MEDED) ] 2OMEDE)

8T RE-DT? T 8.7 6! of = 8! o

Plugging into the power series for y then yields
yx) = ap + aix + a2x2 + a3x3 + ..
= - = apy1(x) + aiy(x)

where ) ;
2(=3) 5 2°[(=D(=3)] 4 2°[(DH(=D(=3)] ¢
a TR 6! .

23 D(=1)(—
A (E)] )é‘ I s L

e =1+
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and

2
»E) =x — 2x°

30.5i. Since xg = —2 # 0, set Y(X) = y(x) with
X =x—xp=x —(-2) =x +2
The differential equation then becomes
Y' 4+ XY 4+ 2Y =0
Using the power series about Xg =0 for Y, Y’ and Y”, we get

0=Y" 4+ XY +2Y

o0 o o0
= Zk(k—l)akxk_2 + XZkaka_l + ZZaka

k=2 k=1 k=0
o0 o o
= Zk(k —Dag X2 + Zkaka + Z 2a; X*
k=2 k=1 k=0
N —— N —— —
n=k—2 n=k n=k

o0 o o0
D2+ Daga X" + Y nay X" + > 2a,X"

n=0 n=1 n=0

= [(0 +2)(0+ Dao2X" + (1 + 21+ DayaX' + > (n+2)(n + 1)an+2X":|

n=2
o o
+ |:1a1X1+ZnanX"i| + |:2aoX0+2a1X1+ZZanX"]
n=2 n=0
= [2a2 +2a0] X° + [3-2a3 + 3a1]1 X!
o0
+ D[+ 2+ Dawsa + (0 +2)an] X
n=2
So,
a) = —a _ !
2 = 0 ) a3 = —-al
and |
an+2 n+1an for n>2
-1
[N A = -2 for k>4

The last equation gives the recursion formula. Checking the formulas for a; and a3z, we see
that the recursion formula actually holds for £ > 2.
Computing a; for k =3, 4, ...:

a = —aop

a3 = o
3= A
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-1 -1 -1 (=12

ay = T{U-2 = @ = T[—ao] =5 .
a5 — _161 __—1(1 __—1-_—1(1]_(_1)361
5= 5% T B = e T e
D I DO '(—1)2a _ (—1)3a
6 = g %2 = J 4 = S E o = 5 73%
P ) SO [(—1)3 _ (—1)4a
TTIT? T 6 T e 42 T 6a”!
Plugging this back into the power series for Y yields
YX) = a0 + aiX + @X’ + a3X’ + - = 0 = aVi(X) + aiYa(X)
with 5 5
-1 -1
i =1 — x2 4 S0 ED7x6
3 5.3
and

B (D3 | D3 s =D 5
Yz(X)—X+—2 X -I-—4.2X +—6~4~2X +

Finally, since our answer y(x) is givenby Y (X) with X =x 42,
y(x) = aoyi1(x) + aiyz(x)

where
yx) = "ilx +2)

2 | (=1)? s =13 6
1 — x+2) + T(x—i—Z) + ﬁ(X-FZ) + -
and
»E) = Yalx +2)
(

_1\4
a2 +

SLAMD I
2 6-4

_ D 3
= 042 + S+ +

By the way, it can be shown that

o (—1)m
2Mmm!

>\ (=2)"m!

W(xu)z'" and  y(x) =
m=0 ’ m=0

yi(x) = (x +2)¥+!

30.5k. Using the power series about xo = 0 for y, y’ and y”, we get

0=y" -2y — xy

o o o
Zk(k — l)ak)ck_2 -2 Zkakxk_l - X Zakxk
k=2 k=1 k=0

o0 o0 o0
D ktk = Dagx* 2 + 3 " (=karx ! + > (= Dagx*H!
k=1

k=2 k=0

n=k—2 n=k—1 n=k+1
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= Y @+ 2@+ Dansox" + Y (=D + Dagprx" + Y (=Dap-1x"

n=0 n=0 n=1
o
= |:(0 +2)(0 + 1)a0+2x0 + Z(n +2)(n + 1)an+2x"i|
n=1
o o
+ [ =20+ Daop1x’ + ) (=2)(n + l)anﬂx”} + ) (= Day_1x"
n=1 n=1

o
[2a = 2a11x° + ) [(n+2)(n + Dans2 = 2(n + Datyr1 — a1 x"

n=1

Thus,
a) = a1
and
n+2)(n+ Dapyz — 2+ Day41 — ay—1 = 0 for n>1
—> a - 2 a + ! a for n>1
n+2 — N2 n+1 n+2)(n+1) n—1 =
—> ay = 2a + ! a for k>3
k= %1 Kk —1) k—3 =
The last is the recursion formula.
Using the above (and not attempting to find any ‘pattern’):
a = ar ,
ay = 2a + ! a
3= 391 3G-1) 3-3
_ Za 4 1 u
- 32T 3
—2a +1a —1a +2a
= 3% g% = g0 34
a, = 2a + a
MR TP RN T R
_ Za I la
T 48T Y
_ 2[2a +1a]+ Ly = Loy 5,
— 43T % 29T RN T R
as = 2a + ! a
5 = 595-1 56-1D 5-3
. 2a n la
T 50T 0%

LI B £
207 T 307 T 0™

2[1, 5,
5| 12907 4 30
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30.6 a.

30.6 c.

30.6e.
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So,
y(x) = ap + a1x + a2x2 + a3x3 + a4)c4 + a5x5 + .-
- 2 ! 2 3 B El 4
= ay) + a1x + [a1]x” + [6610 + 3a1]x + [12a0 + 12al]x
1 13 5
+ [%ao + @al]x + .-
= apy1(x) + aiy2(x)
where . . |
_ 1.3 1 4 15
yx) =1+ AT R e
and
— 2,23, 3.4 Bs
y(x) = x + x +3x +12x +60x+
The differential equation

(1+xHy" —2y =0

is in preferred form. So the singular points are the points on the complex plane where the
first coefficient is zero:
L+22=0 — z, =i

Thus,
R =|xo0—z| = 10—-(Fi)] =1
and
I = (xo—R,xo+1) = 0-1,0+1) = (-1,1)

The differential equation
(4 +x2) y' 4+ 2xy =0
is in preferred form. So the singular points are the points on the complex plane where the

first coefficient is zero:
4422 =0 > gz, = £2i

Thus,
R = |xo—zs| = 10— (£2i)] = 2
and
I = x—R,xo0+1) = (0-2,0+2) = (-2,2)
The differential equation

(4—x2>y” —5xy =3y =0

is in preferred form. So the singular points are the points on the complex plane where the
first coefficient is zero:
4 -2 =0 — z3 = £2

Thus,
R = |xo—z5] = [0-(£2)] = 2
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and
I = xp—R,xo+1) = (0-2,0+2) = (-2,2)

30.6 g. The differential equation is in preferred form, and the first coefficient is the constant 1
(which is never 0). So there are no singular points, R = co and
I = (-xo - Rv-x0+1) = (_OO, OO)
30.6i. The differential equation is in preferred form, and the first coefficient is the constant 1
(which is never 0). So there are no singular points, R = co and
I = (xo—R,xo+1) = (—00,00)
30.6 k. The differential equation is in preferred form, and the first coefficient is the constant 1
(which is never 0). So there are no singular points, R = oo and

I = (XO_R,X0+I) = (—O0,00)

30.7a. Starting with the first and using the hint:
6-4.2 = (2-3)2-2)2-1) = [2-2-2][3-2-1] = 2°3!

For the second:
8:6-4-2

Q2-H2-3)2-22-1)
[2-2:2-2][4-3-2-1] = 233!

In general:

2Cm)2m —2)2m —4)---6-4-2
= 2m)Q2m —1D2m —2])---(2-3)(2-2)(2- 1)
=2-2---22lm-m—-1)-m—=2)---3-2-1] = 2"m!

m times
30.8. This exercise set is similar to exercise set 30.9, which is worked out in detail.
30.9a. Letting y = y,(x) = > oo axxk,
0 = (1 —xz)y” —xy + Ay

o o0 o
= (1 —xz)Zk(k— l)ak)ck_2 — kaakxk_1 + AZakxk
k=1 k=0

k=2

o0 o0 o0 o0
IZk(k — l)akxkf2 — x? Zk(k — 1)ak)ck72 - X Zkakx/“l + X Zakxk
k=2 k=2 k=1 k=0
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o0 o0 o0 o0

> ktk = Dagx* ™ + Y (= Dkk — Dagx®* + > (=Dkagx* + > rapx®
k=2 k=2 k=1 k=0
&\/_/
n=k—2 n=k n=k n=k

Z(n +2)(n + Dapox" + Z(—l)n(n — Dayx" + Z(—l)nanx”

n=0 n=2 n=1

(o 0]
+ Zkanx"
n=0

[(0 +2)(0+ Dagy2x® + (1 +2)(1 + Darox' + Y (n+2)(n + l)an+2x"i|

n=2

+ Z(—l)n(n—l)anx" + [— lajx! +Z(—1)nanx”}

n=2

o0
+ |:)La0x0 + rajx! + Z)\anx”:|
n=2

n=1

= [2a2 + raglx® + [3-2a3 — (1 — A)a;]x'

+ Y[+ 20+ Dansz = 02 = 2a | 5"

n=2
This means
a, = _)”a a 1_)La
2 = ) 3= 35w
and )
— A
anyy = n—an for n>2
n+2)(n+1)
k—2)%—x
—> ay = ——————ay_» for k>4

k(k—1)

However, if we plug k = 2 and k& = 3 into the last equation, we find that we rederive the
already derived formulas for a; and a3 . So our recursion formula is

(k —2)% —
= — >
aj Kk —1) ak—2 for k = 3

30.9b. Because the recursion formula is

(k=221
ay = Wﬂk_z for kZZ .

p (k)

theorem 30.5 on page 612 immediately applies and tells us that

(x) = apyre(x) + aiyr o)
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where y; g and y, o are, respectively, the even- and odd-termed series

o0 o
2 2m+1
v e(x) = E comx" and yao(x) = E Comy1x"T

with cop = ¢; = 1 and the other ¢;’s satisfying the recursion formula

k—2)2 —x

_ for k>2
K= 2 or k>

ck = pk)ck—2 =

30.9c. Using the recursion formula derived earlier,

(IN+2]1-2% -1

INF2aN 2 -y = 0-an

ay+2 = p(N +2)ay =

NZ -2 )
—> N+2)= — ~ =0 »™ Av =XA =N
PINED = Wi+ N

30.9d. Let p be as above,
k=22 —x

pk) = D)

Remember, for any positive integer K , the corresponding coefficients of y, g(x) and
Y1, 0(x) are given, respectively, by

ok = pRK)ak—2 = p2K)pQ2K —2)c2x—4
= . = p2K)p2K =2)---p(2)co

and

ok+1 = pRK+1Deok-1 = pRK+DpRK —1) k3
== pRK+1DpR2K—-1)---pB)ci

Since cgp = ¢; = 1, this reduces to

2K pPR2K)p2K —2)---p(2)
and

cok+1 = pRK+1D)pR2K —1)---p(3)
From this, we see that

e ¢k = 0 if and only if there is an even nonnegative integer m = 2n < 2K with
p(m) =pQ2n) =0,
and

e (k41 = 0 if and only if there is an even nonnegative integer m = 2n+1 < 2K 41
with p(m) = p(2n+1) =0,

Combining this with the fact (derived in earlier) that p(k) = 0 if and only if A = N 2 and
k = N + 2 for some nonnegative integer N , then yields the following:
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1. If A = N? for some nonnegative even integer N = 2n, then p(m) = 0 for
m = N + 2 = 2n + 2, which, in turn, means that

com = 0 for 2m = 2n+2,2n+4,2n+6, ...
com = 0 for 2m = 0,2,4, ..., 2n

and
com+1 # 0 for 2m+1 =1,3,5, ...
Hence,
o0
@) = Y comx™"
m=0
n x
— Zszxzm + Z szme — PN(X) + 0
m=0 m=n+1

where, taking into account the facts that co = 1 and ¢, = cy # 0,
pm(x) = 1 + cax? + cax® + -+ + cyxV

is an even N degree polynomial.
Moreover, because every coefficient in

oo

2m+1

0@ = ZCZm-Hx mt
m=0

is nonzero, this series does not reduce to a polynomial.

2. If » = N2 for some nonnegative odd integer N = 2n + 1, , then p(m) = 0 for
m = N + 2 = 2n + 3, which, in turn, means that

com+1 = 0 for 2m+1 = 2n+3,2n+5,2n+7, ... ,

comt1 = 0 for 2m+1 = 1,3,5,...,2n+1
and
com £ 0O for 2m = 0,2, 4, ...
Hence,
o
Y@ = Y compx®t!
m=0
n [o/0]
= Y camrx™ + > comp ™ = pux) + 0
m=0 Jj=n+1

where, taking into account the facts that ¢c; = 1 and ¢y = 241 # 0,
_ 3 .5 N
pN(&x) = x 4+ c3x” + csx° + -+ 4+ cnx

is an odd m™ degree polynomial.
Moreover, because every coefficient in

oo

2

ME®) = Y copx®”
m=0

is nonzero, this series does not reduce to a polynomial.
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3. If A # N? for any nonnegative integer N , then for every nonnegative integer m

com # 0 and com+1 # 0

Hence, no term in either y;, g(x) or y, o(x) is zero, and, thus, neither reduces to a
polynomial.

0
309ei. o =0"=0 and po(x) = Y comx™ =co = 1
m=1

1
30.9 e iii. A =22 =4 and pa(x) = Zczmxzm =co + cax? = 1 4+ cox?

m=1
where )
2—2)—A 0—-4
= p2)co = (2(2)7_1)2'1 = 5 = -2
So, prx) =1 — 2x2

309ev. 4 = 4> = 16 and

2
pa(x) = Zczmxzm = ¢co + czx2 + C4x4 =1+ czx2 + C4x4
m=1

where s
_ _2=2%-3  _0-16 _
2 = pQ)co = e-1 1 = — = 8
and
_ _4=27—x_ 4-—16,
4 = p@Aer = o) 2T & (-8 =8
So, ps(x) =1 — 8x2 + 8x*
30.9f. The singular points for the Chebyshev equation
(1—x2>y” —xy + 1y =0
are given by
1_22:O>_>Zs=Z::l:1
So, R = |xo — zg| = |0 — (£1)| = 1 and the series are guaranteed to converge on

I = (XO_R»XO‘FR) = (_171)

The two series solutions are

o o0
D ax®™  and Y agupx!
m=0 m=0
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To apply the limit ratio test, we need to compute

) (k + DS term
lim |—————
k—oo | k™ term

For either series, this is

k+2
Af42X +

k

ok + 2) apxk+2

= lim k

k—o00 agXx

lim
k— o0

agx

lim |p(k + 2)x2‘

k—o00
. k—2)%—a

= lim k=2"—4a = ‘xz‘ ,
k—oo| k(k—1)

provided the series does not reduce to a polynomial. By the limit ratio test, the series
converges if

k+2
. Agqox
1 > lim % = ‘xz‘
k—o00 agXx
and diverges if
k+2
. a, X
1 < lim % = ‘xz‘
k—00 apx

Thus, the series converges if |x| < 1 and diverges if |x| > 1. Consequently, each series
that does not reduce to a polynomial has a radius of convergence of R = 1, and the largest
interval of convergence is

I = (XO_R»XO"FR) = (_171)

30.9g. Both i and ii follow immediately from the results given in exercise 30.9 d, while iii is the
result obtained from exercise 30.9 f.

® 0
YO x* with the derivatives at 0 all in terms of two arbitrary

5
30.11a. Weneed to find Z 0

k=0
constants ag and aj .

We start by rewriting the equation as

"

yoo= -4y ey
and setting
y0) =a and Y0 = a

Thus,
y'(0) = —4y(0) = —4ag

Differentiating equation (1) gives us

" d

d
= E[yﬂ] = =l = —4y’

So,
Y = -4y )
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In particular,
Y0 = 4 (0) = ~4ar

Differentiating equation (2) gives us

@ _ 4 _d _
y — E[yw] — E[_4y/] — _4y//
So,
YW= 4y 3)
In particular,
yP0) = —4y"(0) = —4[—4ag] = 4%a

Differentiating equation (3) gives us

<5):d_[<4)]:d__ M — a3
y — v —[-4"] 4y
So,
yO = —ay® @
In particular,
YD) = —4y®(0) = —4[—4a)] = 42a

Plugging the above values for the derivatives at 0 into the corresponding 5™ degree
Taylor polynomial then yields

5
(k) i " 3)
YO ¢ yO) o Y (0) Y(0) o y(0) 3
Zk!x_ozx+1zx+2!x+3!x
k=0
4 )
y (0)x4 y (0)x5
4! 5!
_ap o ap | —4ag - —4ay 3
I R TR TR A T
42a0 4 42(11 5
+ 1 X+ = X
_ 4Ll() 2 4611 3 4200 4 42(11 5
T T TR T
_ 4 5, 4y 4 5 4% 5
_ao[l—ix —I—Ex +GIX—§X +§x

Since this is a second-order linear equation with constant coefficients, there are no singular
points, and theorem 30.7 on page 613 assures us that / = (—00, 00) .

4 y®©0) . L . .
30.11c. We need to find Z X with the derivatives at O all in terms of two arbitrary

k!
k=0
constants ag and aj .

We start by rewriting the equation as

Y= =y M
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and setting
y©0) =a and  yY(0) = a

Thus,
y'(0) = —e*%y(0) = —ap

Differentiating equation (1) gives us
y(3) — d_[y//] — d_[_eZXy] — _zery _ e2xy/ — _er [2y+y/]
dx dx

So,
YV = = 2y +y] )
In particular,
YD 0) = =0 [2y0) +y' ()] = —2a0 — a

Differentiating equation (2) gives us

(4):d_[(3)]=d_[_2x ,]
y — v | 2y +Y]
— _2e2x [2y + y/] _ er [2y/ + y//] ,

which simplifies to
YV = —e™ 4y +4y +y"] . 3)
In particular,
YOO = —[4y(0) +4y'(0) + " (0)]
= —4ap — 4a1 — [—ap]l = —3ap — 4a;

Plugging the above values for the derivatives at 0 into the corresponding 4™ degree
Taylor polynomial then gives

(0 30 ® 0
Jry()x2 y ()x3 y ()x4
0! 1! 2! 3! 4!

4

(k) /
Zy k'(O)xk _ y(O)xo n y(O)xl
k=0 ’

_ —ap > —2a0 — a1 3 —3ag — 4a; 4
T TR a
_ 1 o 235 34 1 3 4 4
= alt = g = 5= ] x5 - 4]
30.11e. Rewrite the equation as
y' = sin(x) — xy , ()
and set
y(0) = ao and  Y'(0) = a
Thus,

y"(0) = sin(0) — 0y(0) = 0

Differentiating equation (1) gives us

@ _ 4 rm_4d . _ _ oy
Y = [y] = —lsin(x) — xy] = cos(x) — y — xy



Worked Sol

So,

utions

¥ = cos@x) — y — xy/

In particular,

yP(0) = cos(0) — y(0) — 0y'(0) = 1 — ap

Differentiating equation (2) gives us

d d .
y@ = d—[y(3)] = —[cos(x) — y — x)/] = —sin(x) — ¥y — y — xy
X dx
So,
y® = —sin(x) — 2y — xy”
In particular,
y®(0) = —sin(0) — 2y'(0) — 0y"(0) = —2a,

Differentiating equation (3) gives us

d d
o _ @ _ : / ”
" = 5] = Hlsine -2 - 0]
4 4 "

= —cos(x) — 2y’ — y — xy

So,
yO = —cos(x) — 3y" — xy”
In particular,
yP0) = —cos(0) — 3y"(0) — 0y"(0) = —1 — 3[0] = —1
Thus,
5
(k) / 7 3)
YO  _ y0O) o Y@ y'(0) » y(0) 3
PR R TR N TR TR
k=0
@) (%)
y(0) 4 Yy (0) 5
a si
0 1—a —2a -1
= ap + a1x + ixz + 3 0x3 + 4!1x4 + ?xs
_ l—ap 3 2a1 4 1 s
= ayp + a;x + 3 X —Tx —ix
30.11g. Rewrite the equation as
/" 2
y =y
and set
y(0) = ag and Yy (0) = a
Thus,

Y'(©0) = YO = a?
Differentiating equation (1) gives us

(3):d_ //:d_[2]:2/
y —D'T = yy

"

281

@)

3)

3)

ey
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So,
y@ = 2yy . )
In particular,
y@(0) = 2y(0)y'(0) = 2apa

Differentiating equation (2) gives us
(4>:d_[(3>]=d_2 M = 29y & 29"
y | T [2] =2y + 2yy

So,
2
y(4) = Z[y/] + 2yy" . 3

In particular,
2
yP0) = 2[y/O] + 250)y"©0) = 2ai® + 2ap[ar’] = 2[ao® +ai?]
Differentiating equation (3) gives us

d d
5
S y —

dx[ ///] _ El:z [y/]Z + zyy//] _ 4y/y// + zy/y// + zyy(3)

y

So,
¥y = 6yy" + 2yy® . 3)

In particular,

y30) = 5(0)y"0) + 2y(0)yP(0) = 6ai[ao®] + 2ao[2a0a1] = 10a*a;

Thus,
5
(k) / " 3)
y (O)Xk _ y(O)xo n y(O)xl LY (0)x2 y (0)x3
k! 0! 1! 2! 3!
k=0
@) ©)
y (0)x4 y(0) S
4 5!

2 2 2[ag3 + a;? 10ay?
= ap 4+ ajx + 2 4 2093 [ao 1]x4 a0=a1 s

2! 3! 4! 5!




