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Differentiation and the Laplace Transform

Chapter 24: Differentiation and the Laplace Transform

24.1a.

24.1c.

24.1e.

24.1g.

Letting Y (s) = L[y(N)]l,,

{

{

{

Ly’ +4y][; = ciol
c[y']l, + 4chylly = 0
[sY(s) —y(0)] + 4Y(s) = O
——
3
(s+4Y(s) =3 — Y(s) = %
Ly +3y][; = £fsteps ]|,
, e—4s
e[yl + 32 = =
o4
[sY(s) —y(0)] + 3Y(s) =
—— s
0
o4 o4
(s +3)Y(s) = . — Y(s) = 613
ey + 4], = £f20e" ]|
[y, + 4Ly, = 202]e"]
[s2Y(5) — s y(0) = Y/ (O)] + 4¥(s) = 20 —
—_ = s—4
3 12
2+ V() — 3s — 12 = 2
s—4
_ 20 35412 35228
e = Z+His -4 244 -4 (s2+4)

Ly +4y]|, =

Ll + 4L =

[s2Y (s) — s y(0) — y'(0)] + 4Y(s)
—_ =

0 5

<s2+4> Y(s) — 05 — 5 =

L[3step,(1)][

3L[step, (0],

2s
e
3

N

3e2s 5

Y(s) =

s(s2 + 4)
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24.1i. ey =5y +6y]], = £[e¥]|
— ey, = selyll, + ecil, = £fes?]|
— [s?Y (s) — 5 y(0)] — y'(0)]
— =~
0 2
= SIsY(s) = y(©) +6Y(s) = cle* 2 ]|
0 £()
s <s2—55+6)Y(s)—2=F(S—4)
Here,
2! 2
—> F(X):i — F(s_4):L
X3 (s — 4)3

Using this, we rewrite the last line in our computations for ¥ and continue:

2 . . . _ 2
(s 5s+6) V) = 2= FG—4) = o
2 2
S Y(s) =
(<) s2—55+6 * (s —4)3(s2 — 55+ 6)
24.1Kk. cly” —4y +13y]|, = c[e* sin(3t2]|s
f@
— e[y, - 42l + 1L, = Fi-2)
— [s2Y (s) — s y(0) — ¥'(0)]
——
4 3
3
— 4[sY(s) — y(O 13Y(s) = — >
[5Y(6) = yO + 137(6) = s
4
3
> 2_ — — 3 —4(—4) = —
(a5 +13) Y() — s = 3 = 4(-4) = 5———
3
> 2_ - = >
(s 4s—|—13> V() —ds + 13 = S
4s — 13 3
C% Y =
() 52 —4s+13 (S2_4s+ 13)2
24.1m. cly” =27y, = E[e’“] Y
1
[N " _ —
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> [PY(s) — s2y(0) — 5y (0) — y'(O)] — 27¥(s) = —

s+3
s (s3—27>y(s)—2s2—3s—4= !
s+3
252 +3s+4 1
—> Y =
(%) G-z (s +3)(s* —27)
dF
24.2 a. LltcosBN)]ls = LItf O]y = ——
—— ds
f@)
where
S
F =L 3N, = ——
() = LleosBDl, = 57
Using this with the first line, we have
2
d s 1(s“4+9)—s52s) s2_9
[:[tCOS(3t)]|s = 7 |:2—i| = - ( ) 2 = 2
ds | s*+9 (32_|_9) (s2+9)
_ dF
24.2c. Llre™ ™|y = Lif D], = -
[
where
1
_ =Tt _
Fo = e[| = 5
Combining the above two lines, we have
R P R
s ds Ls+7 (s +7)2 (s +7)2
24.2e.
d
Llrstept = 3], = = [L[stept = 3] ]
_ _d_ o3 _ _—38733‘5'—6735 _ 143s _a,
T ds s o 52 - 2 e
. dF
243 a. Lltsin(wt)]ls = LIf O, = ———
—— ds
f@
where
. w
F(S) = E[Sln(a)t):”s = m
Combining these two lines, we have
Llrsin(n)]], = d | e _ —w(2s) _ 2ws
ds | 52 + w? (s2+w2)2 (32+w2)2
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24.4a. First note that, by the differentiation identities and given initial conditions,

dY
iyl = -5
ﬁ[j—f] = SY6) = 3O = V() — 1
and
d?y _d [ .[d%
"[’ﬁ]s = 5 e J
d /
= -2 -0 -y 0]
= —Z—S —szY(s)—s]
_ [2sY(s)+s2 ar 1] = 2 oy 41
So,
E[ fl_y+—+ y} = {01,
d?y d
> z[dzﬂ +£[d—y]\ + Llrylly = 0
2 dY av
s [—s - 2r ) + 1] + Y@ -1 - 5 =0
s ( +1>—S—2sY+(1—1)=0
— (s ~|—1)—+25Y=0

24.4c. Keeping in mind that y(¢r) = Jo(¢) in this problem, we see that

Y(0) = /Ooy(t)e*‘)’dt = foo Jo(dt = 1
0 0

24.5a. Identify and apply the appropriate identities one-by-one, and carefully keeping track of the
different functions you end up dealing with. Beginning with the computation of the transform
of the given function and identifying the first identity to be used yields

ﬁ[ze‘“ sin(3t)]‘s = LlresinGn]|, = Lusoll, = —‘% *)
)
where
F@) = LU0l = £[e¥sinGn]| = £[esinGn ]|, = GG —4)
g
where

3

G(s) = LlgM]ly = L[sin(B1)]|y = YR
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Thus,
3
GX) = ———
%) X249
Returning to the formula for F and using X = s — 4, we get
3 3
F(s) = G(s—4) = =
) (5«,-) X249 (s—4H2+9
X
And, thus, equation (x) becomes
4 g - daF_ 4y 3
E[te sm(3t)] ST T4 T T as |:(S —4)2 +9i|
. -3265-4)  _ 6s—4
[s—42+9]  [66-42+9]
dF
245c. clrestept = 3)]| = Llre*sepe =), = LUfOl =~ @
s —_— |
£
where
F(s) = LIFONly = L[e¥steptt =3) ]|, = G(s —4)
——
8(1)
where 3
—J35
G(s) = LIgOl, = L[stepr — ]|, = ¢
Thus,
o—3X
G(X) = ¥
Returning to the formula for F and using X = s — 4, we get
03X o—3(s—4)
F(s) = G(s—4) = Y T a4
X
And, thus, equation (x) becomes
4 B _ _d_F _ _d_ e—3(s—4)
E[te step(t 3)]‘s o ds ds [ s —4
3¢ 36D (5 —4) — 36D
- (s — 4)2
_ 3s — 11 6_3(S_4)
(s —4)?
t .
24.7. LIS, = g[[ sin(7) d‘l,'i| _ f®
0 T s N
——
f@
where .
F(s) = £|:51n(t):| = arctan(l)
t N §
So,

1
cisioll, = 7 = wan(5) Larctan (1)
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24.8a. Since letting r = 0 in the given function yields %, we must compute the limit using
L’Hopital’s rule:
d
ot —[1—=e! —t
fim ~—° =1imd’[ ]— im £

t—0 t t—0 d t—0 1
— |t
dt[ ]

which is finite. So theorem 24.6 on page 475 applies, giving us

E[l_:t]‘ = L:[@](S - [OOF(a)da

where
F(s) = LIFOIl, = £[1—¢7"]],
= {1, — £le™]], = l - sil for s >0
Thus, for s > 0,
[3[1—6'} _ /OOF(o)do
t P s
s
= fs [é_ a—ll-l] do
= [Inlo| —Info +1/][%

o0

. o S
= lim ln( )—ln( )
0—00 o+1 s+1

. 1 s+ 1 1
Jimooln(m> (=) =m(1+5)

0

Il

—_

5
/N
Q
+|a
—_
N—"

24.8c. Since letting r = 0 in the given function yields %, we must compute the limit using
L’Hopital’s rule:
6721 e3t _26721 _ 3631

lim~——" = lim——~— "~ — -5 |,
t—0 t t—0 1

which is finite. So theorem 24.6 on page 475 applies, giving us

E[e_zzt_gm] _ E[M”s — /Oo F(o)do
where

t S
F(s) = LIfD]l, = a[e—Zf _e3f]

Thus, for s > 3,
o
/ F(o)do
K s

£|:e2’—e3’:|
t
o
s o+2 o—3

N

= — for s>3
s s+2 s—3
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= [Inlo +2|—Injo —3]][{°

-n(GH))

. o+2 s+2 s—3
= lim ln( )—ln( ):1n< )
0—00 o—3 s—3 s+2

24.8e. Since letting r = 0 in the given function yields %, we must compute the limit using
L’Hopital’s rule:
.1 —cosh(zt) . —sinh(?)
lim ——= = lim = ,
t—0 t t—0 1

which is finite. So theorem 24.6 on page 475 applies, giving us

£I:l—c;)sh(t)i| _ E[&]L = /SOO F(o)do

t
F@s) = LIfO]ly = L£[1 = cosh(n)]l

t —t
=£[1—e+e ]
2

N

where

So, for s > 1,

£|: 1- c;)sh(t):|

S
*r1 1 1 1 1
:/ [———~———-—]d0
s o 2 o-—1 2 o+1
o
A

- [lnlol—%ln|6+1|—%ln|o—1|]

2lnlo| —In|o? -1
[

o
N

o]




