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Power Series Solutions II:
Generalizations and Theory

A major goal in this chapter is to confirm the claims made in theorems 31.2 and 31.6 regarding the
validity of the algebraic method. Along the way, we will also expand both the set of differential
equations for which this method can be considered and our definitions of “regular” and “singular”
points. As a bonus, we’ll also obtain formulas that, at least in some cases, can simplify the
computation of the terms of the power series solutions.

32.1 Equations with Analytic Coefficients

In the previous chapter, we discussed an algebraic method for finding a general power series
solution about a point x to any differential equation of the form

Ax)Y + Bx)y =0 or Ay + Bx)y + Cx)y =0

where A(x), B(x) and C(x) are polynomials with A(xy) # 0. Note that these polynomials
can be written as

N
Ax) = Y a(x—xo)*  with ag#0
k=0
N N
B(x) = ) bhi(xr—x* and  C() = Y alx —xo)f
k=0 k=0

where N is the highest power appearing in these polynomials. Now, I know just what you are
wondering: Must N be finite? Or will our algebraic method still work if N = oo ? That is, can
we use our algebraic method to find power series solutions about xy to

Ax)y + B(x)y = 0 and Ax)y" + B(x)y + C(x)y = 0

when A(x), B(x) and C(x) are functions expressible as power series about xq (i.e., when A,
B and C are functions analytic at xg ), with A(xg) # 0.

And the answer to this question is yes, at least in theory. Simply replace the coefficients in
the differential equations with their power series about x( , and follow the steps already outlined
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in sections 31.2 and 31.4 (possibly using the formula from theorem 30.7 on page 30-12 for
multiplying infinite series).

There are, of course, some further questions you are bound to be asking regarding these
power series solutions and the finding of them. In particular:

1. What will be the radii of convergence for the resulting power series solutions?

and

2. Are there any shortcuts to what could clearly be a rather lengthy and tedious set of
calculations.

For the answers, read on.

32.2 Ordinary and Singular Points, the Radius of
Analyticity, and the Reduced Form
Introducing Complex Variables

To properly address at least one of our questions, and to simplify the statements of our theorems,
it will help to start viewing the coefficients of our differential equations as functions of a complex
variable z . We actually did this in the last chapter when we referred to a point z; in the complex
plane for which A(z;) = 0. But A was apolynomial then, and viewing polynomials as functions
of a complex variable is so easy that we hardly noted doing so. Viewing other functions (such
as exponentials, logarithms and trigonometric functions) as functions of a complex variable may
be a bit more challenging.

Analyticity and Power Series

Let us start by recalling that we need not restrict the variable or the center in a power series to
real values — they can be complex,

o0
Zak(z—zo)k for |z—z0l <R ,
k=0

in which case the radius of convergence R is the radius of the largest open disk in the complex
plane centered at 7o on which the power series is convergent. !

Also recall that our definition of analyticity also applies to functions with complex variables;
that is, any function f of the complex variable z is analytic at a point zo in the complex plane
if and only if f(z) can be expressed as a power series about zg,

f@) =Y az—z)"  for |z—zl <R
k=0

for some R > 0. Moreover, as also noted in section 30.3, if f is any function of a real variable
given by a power series on the interval (xo — R, xo + R),

f) =) alx—x)*
k=0

L1f you don’t recall this, quickly review section 30.3.
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then we can view this function as a function of the complex variable z = x 4 iy on a disk of
radius R about x, by simply replacing the real variable x with the complex variable z,

@) =) az—xo)
k=0

We will do this automatically in all that follows.
By the way, do observe that, if

lim [f(z)| = o0 ,
20
then f certainly is not analytic at zg !

Some Results from Complex Analysis

Useful insights regarding analytic functions can be gained from the theory normally developed
in an introductory course on “complex analysis”. Sadly, we do not have the time or space to
properly develop that theory here. As an alternative, a brief overview of the relevant parts of that
theory is given for the interested reader in an appendix near the end of this chapter (section 32.6).
From that appendix, we get the following two lemmas (both of which should seem reasonable):

Lemma 32.1
Assume F is a function analytic at zo with corresponding power series Y - fi(z — z0)*, and
let R be either some positive value or 400 . Then

o0
F(z) = ka(z — zo)¥ whenever |z —zo| < R
k=0

if and only if F is analytic at every complex point z satisfying

|z —z0l < R

Lemma 32.2
Assume F(z) and A(z) are two functions analytic at a point 7. Then the quotient ¥/, is also

analytic at zq if and only if
F(2)
im
z—>z0 A(x)

is finite.

Ordinary and Singular Points

Let zo be a point on the complex plane, and let a, b and ¢ be functions suitably defined on the
complex plane. We will say that z is an ordinary point for the first-order differential equation

a(x)y' + b(x)y = 0

if and only if the quotient
b

a(z)
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is analytic at zo. And we will say that z( is an ordinary point for the second-order differential
equation
a(x)y” + b(x)y" + cx)y = 0

if and only if the quotients
b(z) c(2)
— and —
a(z) a(z)

are both analytic at zj.

Any point that is not an ordinary point (that is, any point at which the above quotients are
not analytic) is called a singular point for the differential equation.

Using lemma 32.2, you can easily verify the following shortcuts for determining whether
a point is a singular or ordinary point for a given differential equation. You can then use these
lemmas to verify that our new definitions reduce to those given in the last chapter when the
coefficients of our differential equation are rational functions.

Lemma 32.3
Let zy be a point in the complex plane, and consider the differential equation

ax)y' + b(x)y = 0
where a and b are functions analytic at zy . Then
1. If a(zp) # 0, then 7z is an ordinary point for the differential equation.
2. If a(zp) =0 and b(zp) # 0, then zq is a singular point for the differential equation.
3. The point z is an ordinary point for this differential equation if and only if

. b
Iim —=
z—20 a(z)

is finite.

Lemma 32.4
Let zy be a point in the complex plane, and consider the differential equation

a(x)y" + b(x)y + cx)y =0
where a, b and c are functions analytic at zy. Then:
1. If a(zp) # 0, then z¢ is an ordinary point for the differential equation.

2. If a(zg) = 0, and either b(zy) # 0 or c(z9) # 0, then zo is a singular point for the
differential equation.

3. The point zq is an ordinary point for this differential equation if and only if

b@ and lim £

z—z0 a(z) z—>20 a(z)

are both finite.
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> Example 32.1:  Consider the two differential equations
y' + sin(x)y = 0 and sinx)y" + y =0
We know that the sine function is analytic at every point on the complex plane, and that
sin(z) = 0 if z =nm with n =0, £1, £2, ...

Moreover, it’s not hard to show (see exercise 32.4) that the above points are the only points in
the complex plane at which the cosine is zero.
What this means is that both coefficients of

y" + sin(x)y = 0

are analytic everywhere, with the first coefficient (which is simply the constant 1 ) never being
zero. Thus, lemma 32.4 assures us that every point in the complex plane is an ordinary point
for this differential equation. It has no singular points.

On the other hand, while both coefficients of

sin(x)y" + 5y =0

are analytic everywhere, the first coefficient is zero at zy = 0 (and every other integral multiple
of m ). Since the second coefficient (again, the constant 1) is not zero at zy = 0, lemma
32.4 tells us that zp = 0 (and every other integral multiple of 7 ) is a singular point for this
differential equation.

Radius of Analyticity
The Definition, Recycled

Why waste a perfectly good definition? Given
a(x)y + b(x)y =0 or ax)y’ + b(x)y + c(x)y = 0

we define the radius of analyticity (for the differential equation) about any given point z( to be
the distance between zy and the singular point closest to zg , unless the differential equation has
no singular points, in which case we define the radius of analyticity to be +o0c.

This is precisely the same definition as given (twice) in the previous chapter.

Is the Radius Well Defined?

When the coefficients of our differential equations were just polynomials, it should have been
obvious that there really was a “singular point closest to z( ” (provided the equation had singular
points). But a cynical reader — especially one who has seen some advanced analysis — may
wonder if such a singular point always exists with our more general equations, or if, instead,
a devious mathematician could construct a differential equation with an infinite set of singular
points, none of which are closest to the given ordinary point. Don’t worry, no mathematician is
devious enough.
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Lemma 32.5

Let zo be an ordinary point for some first- or second-order linear homogeneous differential
equation. Then, if the differential equation has singular points, there is at least one singular point
Zs such that no other singular point is closer to z .

The z; inthis lemmais a “singular point closest to zo > There may, in fact, be other singular
points at the same distance from z,, but none closer. Anyway, this ensures that “the radius of
analyticity” for a given differential equation about a given point is well defined.

The proof of lemma 32.5 is subtle, and is discussed in an appendix (section 32.7).

32.3 The Reduced Forms
A Standard Way to Rewrite Our Equations

There is some benefit in dividing a given differential equation
ay' + by =0 or ay” + by +cy =0

by the equation’s leading coefficient, obtaining the equation’s corresponding reduced form?
y + Py =0 o y + Py +Qy=0

(with P =%, and Q = 9,). For one thing, it may reduce the number of products of infinite
series to be computed. In addition, it will allow us to use the generic recursion formulas that
we will be deriving in a little bit. However, the advantages of using the reduced form depends
somewhat on the ease in finding and using the power series for P (and, in the second-order case,
for Q). If the differential equation can be written as

Ay + By =0 or Ay" + By + Cy =0

where the coefficients are given by relatively simple known power series, then the extra effort in
finding and using the power series for the coefficients of the corresponding reduced equations

y + Py =0 or y  + Py + Qy =0

may out-weigh any supposed advantages of using these reduced forms. In particular, if A, B
and C are all relatively simple polynomials (with A not being a constant), then dividing

Ay" + By + Cy = 0

by A is unlikely to simplify your computations — don’t do it unless ordered to do so in an
exercise.

2 also called the normal Sform by some authors
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Ordinary Points and the Reduced Form

The next two lemmas will be important in deriving the general formulas for power series solutions.
However, they follow almost immediately from lemma 32.1 along with the definitions of “reduced

99 & L2 T3

form’; “regular and singular points’; “radius of convergence” and “analyticity at zp "

Lemma 32.6
Let

ay + by =0
have reduced form

Yy + Py =0

Then z, is an ordinary point for this differential equation if and only if P is analytic at z .
Moreover, if z is an ordinary point, then P has a power series representation

0
P(x) = Y pez—z0)"  for |z—z| <R
k=0
where R is the radius of analyticity for this differential equation about z .

Lemma 32.7
Let
ay” + by +cy =0

have reduced form
y '+ Py +Qy =0

Then zq is an ordinary point for this differential equation if and only if both P and Q are analytic
at zo . Moreover, if zq is an ordinary point, then P and Q have power series representations

o0
P(z) = Zpk(z —z0)* for |z—zol <R
k=0
and

0R@) = Y aqlz—z)"  for |z—zl <R
k=0

where R is the radius of analyticity for this differential equation about z .
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32.4 Existence of Power Series Solutions
Generic Recursion Formulas
First-Order Case

For the moment, let’s assume power series solutions exist, and consider finding the general power
series solution to

y'+ Py =0
about xo = 0 when P is analytic at xo = 0. This analyticity means P has a power series
representation

o
P(x) = ) px*  for x| <R
k=0

for some R > 0. We’ll assume that this series and a value for R are known.
Proceeding with the method described in section 31.2, we set

oo
y) = Y axt
k=0

compute y’, plug into the differential equation, and “compute” (using the above series for P
and the formula for series multiplication from theorem 30.7 on page 30-12):

y + Py =0
o o o0
— Zkakxk_l + (Zakxk> (Zpkxk> =0
k=1 k=0 k=0
o0 o - k -
— szakxk_l + Z Za]pk,] =0
k=1 k=0 = j= -
[ —
n==k—1 n==%k
o0 o - n —_
— Y+ Dagx” + 3| Y ajpaj 2" = 0
n=0 n=0 - j=0 -
00 n -
— Z|:(n+1)an+1 + Zajpn,j X" =0
n=0 j=0 -

Thus,

(n+ Dayp + Y _ajpaj =0  for n=0,1,2,...
j=0

Solving for a,; and letting k = n 4+ 1 gives us
=
a = —%Z(;a,pk_l_, for k=12.3,... . (32.1)

Of course, we would have obtained the same recursion formula with x, being any ordinary point
for the given differential equation (just replace x in the above computations with X = x — xg).
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Second-Order Case

We will leave this derivation as an exercise.

?» Exercise 32.1:  Assume that, over some interval containing the point xy, P and Q are
functions given by power series

P@) = ) ple—x)t and QW) = ) qx —x0)f .
k=0

k=0
and derive the recursion formula

k=2

1 .
% = i ZO[(J + Daj1pr-a—j + aiqe—a-j] (32.2)
j=
for the series solution
o0
Y =) arx = xo)*
k=0

to
y' '+ Py + Qy =0

(For simplicity, start with the case in which xy = 0.)

Validity of the Power Series Solutions

Here are the big theorems on the existence of power series solutions. They are also theorems on
the computation of these solutions since they contain the recursion formulas just derived.

Theorem 32.8 (first-order series solutions)

Suppose x( is an ordinary point for a first-order homogeneous differential equation whose
reduced form is

Yy + Py =0
Then P has a power series representation

e¢]

P(x) = Y plx—x0)*  for |x—xo| <R
k=0

where R is the radius of analyticity about x( for this differential equation.
Moreover, a general solution to the differential equation is given by
o
y(x) = Zak(x — xo)k for |x —x9| <R
k=0

where ayq is arbitrary, and the other a;’s satisty the recursion formula

k—1
1
a = —Ezoajpk_l_j . (32.3)
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Theorem 32.9 (second-order series solutions)
Suppose x( is an ordinary point for a second-order homogeneous differential equation whose
reduced form is

y' '+ Py + Qy =0

Then P and Q have power series representations

P(x) = Zpk(x — xo)k for |x —xo| < R
k=0
and

Q) = Y aqulx —xp)  for |x—xo| <R
k=0

where R is the radius of analyticity about x( for this differential equation.
Moreover, a general solution to the differential equation is given by

o0
y(x) = Zak(x — xo)k for |x —x9| <R
k=0

where ay and a, are arbitrary, and the other a;’s satisfy the recursion formula

k=2
1 .
a, = =D [(.] + l)ajJrlpk*Z*j + ajqkfzfj] ’ (32.4)
=1 &
/:

There are four major parts to the proof of each of these theorems:
1. Deriving the recursion formula. (Done!)

2. Assuring ourselves that the coefficient functions in the reduced forms have the stated
power series representations. (Done! See lemmas 32.6 and 32.6.)

3. Verifying that the radius of convergence for the power series generated from the given
recursion formula is at least R.

4. Noting that the calculations used to obtain each recursion formula also confirm that
the resulting series is the solution to the given differential equation over the interval
(xo — R, xo + R) . (So noted!)

Thus, all that remains to proving these two major theorems to verify the claimed radii of con-
vergence for the given series solutions. This verification is not difficult, but is a bit lengthy and
technical, and may not be as exciting to the reader as was the derivation of the recursion formulas.
Those who are interested should proceed to section 32.5.

But now, let us try using our new theorems.

»Example 32.2: Consider, again, the differential equation from example 31.7 on page 31-33,
y" + cos(x)y = 0

Again, let us try to find at least a partial sum of the general power series solution about xy = 0.
This time, however, we will use the results from theorem 32.9.
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The equation is already in reduced form
y'+ Py + Qy =0

with P(x) =0 and Q(x) = cos(x) . Since both of these functions are analytic on the entire
complex plane, the theorem assures us that there is a general power series solution

o0
y(x) = Zakxk for |x| < o0

with ap and a, being arbitrary, and with the other a;’s being given through recursion for-
mula (32.4). And to use this recursion formula, we need the corresponding power series
representations for P and Q . The series for P, of course, is trivial,

o0
Px) =0 < Pkx) = Zpkxk with p, =0 forall k

Fortunately, the power series for Q is well-known, and only needs to be slightly rewritten for
use in our recursion formula:

Q(x) = cos(x)

= Z(_ )m(z n "

m=0

1 1 ¢
_1—5x+ —ax+---

= (=% + 0x' + (—1)2/2ix2 + 0x?
+(1) x+0x +(1) x+0x + .-
That is,
ks, 1 . .
(-1 25 if k is even

o
0(x) = > qux*  with g = o
_ 0 if k is odd

Using the above with recursion formula (32.4) gives us, for k > 2,

k=2

ax = k(k D 2(; (J+ Daj Pk-2-j + ajf]k—z—j]

I= 0

o2 [ PP L k-2 j iseven

- — a; (k=2—=))! ,
k(k — 1) 4 J 0 . ..
=0 if k—2—j isodd
which simplifies, slightly, to
Lo fEn® L ifk— jiseven

_ . k—2— !
aip = —Zaj ( J
k=1 = 0 itk — j isodd
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Repeatedly using this formula, we see that

2-2 _® P L ifo i iseven
T At
20-1 0 if 2 — j isodd
PN 1 ey
_ lao (-1 a=2=0 if 2 —0 is even
0 if 2 — 0 is odd
1
= Saol-1)
= —=dy N
3-2 P ir3_ i iseven
a = 24 N ]
33-1 0 if 3—j isodd
| %% __ 1 30 iseven
_ g G-2-0)
3-2 0 if 3 —0 is odd
(_1)(3_1)/2; if 3—1 iseven
+oa G-—2-1)!
0 if 3 —1 is odd
= a0 + ay(=1)]
T 32 1
_ b
- T3
4-2 Y ira_ i iseven
T D AR
44— = 0 if 4— j is odd
D% % 1 40 iseven
_ @—2-0)
4-3 0 if 4 — 0 is odd
DL a1 iseven
+oa @—2-1)
0 if 4 — 1 is odd
DL if4 2 iseven
+oa @-2-2)
0 if 4 — 2 is odd
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= 1[1a —I—O—(—lcz)]
~ 43027 20
. 2
- IaO ’
5-2 L irs i iseven
as — 1 Z“i (=D G2 ) J
S6-D 3 0 if5— j isodd
1 (—1)(570)/2; if 5—0 is even
SR G—2-0)!
-4 0 if 5—0 is odd
-1 irs5_3 iseven
+ a; 5-2-3)!
0 if 5— 3 isodd
—L[a O—I—al+a 0+a(—1)]
— 5.4 0 1 ) 2 3
1 1 1
= 5510+ 30 + 0~ (- 53)]
. 4
and o |
= S PRl _ if6—j iseven
ag = 0 ©—2—))!
6(6 —1) J

=0 0 if 6 — j is odd

1 1 1 1 2
= ﬁ[‘m"o +0+ a(‘z%) + 0‘(5“0)]

Thus, the sixth partial sum of the power series for y about 0 is

2 3 4 5 6
Se(x) = ap + aix + axx® + azx’ + asx” + asx” + aex

_ —ao0 _2 —al 3 2a0 4 4a; 5 —9ap ¢
I T T TR

1, | 1 ¢ 1 ;5 1 5
= 1 — = —xt - = - 2 —
ao[ 2x + 12x 80xi| +a1[x X + X R

just as we had found, using the Taylor series method, in example 31.7 on page 31-33.

If you compare the work done in the last example with the work done in example 31.7, it
may appear that, while we obtained identical results, we expended much more work in using
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the recursion formula from theorem 32.9 than in using the Taylor series method. On the other
hand, all the computations done in the last example were fairly simple arithmetic computations
— computations that we could have easily programmed a computer to do. So there can be
computational advantages to using our new results.

You also certainly noticed that a few computations were skipped over. You do them.

?» Exercise 32.2:  Fill in the missing details in the computations of as and ag in the last
example.

32.5 The Radius of Convergence for the Solution
Series

To finish our proofs of theorems 32.9 and 32.8, we need to verify that the radius of convergence
for each of the given series solutions is at least the given value for R. We will do this for the
solution series in theorem 32.9, and leave the corresponding verification for theorem 32.8 (which
will be slightly easier) as an exercise.

What We Have, and What We Need to Show

Recall: We have a positive value R and two power series

o0 o0
Z Xk and Z g Xk
k=0 k=0

that we know converge when |X| < R (for simplicity, we’re letting X = x — xo ). We also have
a corresponding power series
o0
> ax
k=0

where ay and a; are arbitrary, and the other coefficients are given by the recursion formula

k—2
1

= TRk = Z [+ Dajeipes—j + ajqe—r-] for k=234, ...

Jj=

We now only need to show that Z,fio ap X* converges whenever |X| < R, and to do that, we
will produce another power series Y -, b X* whose convergence is “easily” shown using the
limit ratio test, and which is related to our first series by

la| < bi for k=0,1,2,3,...

By the comparison test, it then immediately follows that > -, |ak Xk | ,andhencealso Y 2, ap X*
converges.
So let X be any value with |X| < R.
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Constructing the Series for Comparison
Our first step in constructing Y -, bx X is to pick some value r between |X| and R,
0<|X|] <r <R

Since |r| < R, we know the series

o o
Z pkrk and Z qkrk
k=0 k=0

both converge. But a series cannot converge if the terms in the series become arbitrarily large in
magnitude. So the magnitudes of these terms — the | pirk | ’s and |qkrk | ’s — must be bounded;
that is, there must be a finite number M such that

lper*| < M and  |qur*| < M for k=0,1,2,3,...
Equivalently (since r > 0),
M M
Ipl < X and lgil < X for k=0,1,2,3,...

These inequalities, the triangle inequality and the recursion formula combine to give us, for
k=2,3,4,...,

k=2
1
lax] = ‘_k(k— D Z[(j + Daji1pr——j + ajqi—j]
j=0
| k=2
= WD [G+ D ajar| | P2y + laj||gr—2-5]]
j=0
TR M M
= WD [(J'+1)|aj+l|ﬁ + |af|m] ’
j=0
which we will rewrite as
k-2
1 MG+ D) aji| +a;]]
jax| < k(k_l)z R
Now let by = |ag|, by = |a;| and
k=2
MG+ D] + o]
bk:z(; P for k=2,3.4,...
J=

From the preceding inequality, it is clear that we’ve chosen the b;’s so that
lar] < by for £=0,1,2,3,...

In fact, we even have

1
k(k — 1)

by for k=2,3,... . (32.5)

lar] <
Thus,
lax X*| < bilX|* for k=2,3,... ,

and (by the comparison text) we can confirm the convergence of ;- a; X* by simply verifying
the convergence of Z/?io be | X|*.
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Convergence of the Comparison Series

According to the limit convergence test (theorem 30.2 on page 30-6), > .-, bi | X | converges
if
bk+1xk+l

7kak < 1

k— 00

Well, let £ > 2. Using the formula for the b;’s with k replaced with k£ 4 1, we get

[k+1]-2 .
M[G+ D lajz] + |aj]]
it = Z ,,[k+1]iz—j ’

j=0
k—1

_ ZM[(J'“) |aj41] +a;]]

1=
j=0
_ N MG+ D aj ]+ Jag] M [t =11+ 1) Jay—n 1| + |aw—n]]
o rk=1=j k—1—[k—1]
j=0
1 MG+ D aje] + )]
= z{; k2= + M [klak| + |ag—1l]
]=

1
= ;bk + kM |ax| + M |ax—|

But, by inequality (32.5),

1 M
kM |ay| < kM ——b;

KD = 1= lbk . (32.6)

Moreover, because the terms in the summation for b; are all nonnegative real numbers,
k—2

M[G+ D lajs1] + |aj]]
b = Z rkfzjfj ’

j=0
> the last term in the summation

MG+ Dlaj| .
= — g with j=k—-2

M([k =21+ 1) |ag—21+1]

k—2—[k—2]
= Mk - 1) la]
Thus,
Mgl = b (32.7)

Combining inequalities (32.6) and (32.7) with the last formula above for b;,; gives us

1
b1 = ;bk + kM |ax| + M |ag—|

1 M 1 1 M+1
;bk + by + by = |:_+ :|b/<

A

(k—=1) k—1) r k—1
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That is,
bir+1 - l M+1
b ~ r k—1

From this and the fact that | X| < r, we see that
.| by X , 1 M+1 1 |X|
1 | =1 -+ —1X] = |-4+0||X] = — 1,

kin;o Xk kin;o r+k—l X1 r+ X1 rs

br

confirming (by the limit ratio test) that Y ;- b X k converges, and, thus, completing our proof
of theorem 32.9.

To finish the proof of theorem 32.8, do the following exercise:
7> Exercise 32.3:  Let Y -, pkX k" be a power series that converges for |X| < R, and let

Yoo axX® be a power series where ay is arbitrary, and the other coefficients are given by
the recursion formula

k—1
1

ay = _EX(:)a]pklj fOI‘ k=1’2537“‘
J:

Show that Z/fio a; X* converges also for |X| < R.
(Suggestion: Go back to the start of this section and “redo” the computations step by
step, making the obvious modifications to deal with the given recursion formula.)

32.6 Appendix: A Brief Overview of Complex Calculus

To properly address issues regarding the analyticity of our functions and the regions of con-
vergence of their power series, we need to delve deeper into the theory of analytic functions —
much deeper than normally presented in elementary calculus courses. Instead, we want the theory
normally developed in introductory courses in complex analysis. That’s because the complex-
variable theory exposes a much closer relation between “differentiability” and “analyticity” than
does the real-variable theory developed in elementary calculus. If you’ve had such a course,
good; the following will be a review. If you’ve not had such a course, think about taking one, and
read on. What follows is a brief synopsis of the relevant concepts and results from such a course,
written assuming you have not had such a course (but have, at least, skimmed the introductory
section on complex variables in section 30.3, starting on page 30-19).

Functions of a Complex Variable

In “complex analysis’, the basic concepts and theories developed in elementary calculus are
extended so that they apply to complex-valued functions of a complex variable. Thus, for
example, where we may have considered the “real” polynomial and “real” exponential

p(x) = 3x> + 4x — 5 and h(x) = €* for all x in R
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in elementary calculus, in complex analysis we consider the “complex” polynomial and “com-
plex” exponential

p(z) = 322 + 4z — 5 and h(z) = €° forall z=x+1iy in C

Note that we treat z as a single entity. Still, the complex variable z is just x +iy. Consequently,
much of complex analysis follows from what you already know about the calculus of functions
of two variables. In particular, the partial derivatives with respectto x and y are defined just as
they were defined back in your calculus course (and section 3.7 of this text), and when we say
f is continuous at z,, we mean that

f(zo) = lim f(z)
Z—>20
with the understanding that

lim f(z) = limo fx+iy) with  zg = xo + iyo
=20 X —> X
Y=o

Along these lines, you should be aware that, in complex variables, we normally assume that
functions are defined over subregions of the complex plane, instead of subintervals of the real
line. In what follows, we will often require our region of interest to be open (as discussed in
section 3.7). For example, we will often refer to the disk of all z satisfying |z — z9| < R for
some complex point zo and positive value R. Any such disk is an open region.

Complex Differentiability

Given a function f and a point zg = xp + iyo in the complex plane, the complex derivative of

f at zop — denoted by f'(zo) or df/dz|zo — is given by
/ d . —
F(z0) = afl _ g L@ = o)
dz 720 Z—20

20

If this limit exists as a finite complex number, we will say that f is differentiable with respect
to the complex variable at 7o (complex differentiable for short). Remember, z = x + iy} so,
for the above limit to make sense, the formula for f must be such that f(x 4 iy) makes sense
for every x + iy in some open region about z .

We further say that f is complex differentiable on a region of the complex plane if and only
if it is complex differentiable at every point in the region.

Naturally, we can extend the complex derivative to higher orders:

d’f d df
dz2  dzdz

/,/ d? d d*
o= fo_ f

dz3 T dzdZ?

f// —

As with functions of a real variable, if f®) exists for every positive integer k (at a point or in a
region), then we say f is infinitely differentiable (at the point or in the region).

In many ways, the complex derivative is analogous to derivative you learned in elementary
calculus (the real-variable derivative). The same basic basic computational formulas apply,
giving us, for example,

d
dz

d =kt Tt = ae and Tlef@ + B = of @) + L)
Z dZ
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In addition, the well-known product and quotient rules can easily be verified, and, in verifying
these rules, you automatically verify the following:

Theorem 32.10

Assume f and g are complex differentiable on some open region of the complex plane. Then
their product fg is also complex differentiable on that region. Moreover, so is their quotient
11, , provided g(z) # O for every z in this region.

Testing for Complex Diffentiability
If f is complex differentiable in some open region of the complex plane, then, unsurprisingly,
the chain rule can be shown to hold. In particular,
a . / . 3 . / . / .
SfaHiy) = faHiy) - liiv]l = fatin -l = fx+iy)
and
G] . . 0 . Sy ; ;
af(x-Fly) = flx+iy)- @[X""Y] = flxc+iy)-i = if'(x +iy)
Combining these two equations, we get
9 . s ot . .0 .
Sl tiy) = if (x+iy) = i—flx+iy)
y ax
Thus, if f is complex differentiable in some open region, then

O fediy) = i fx+iy) (32.8)
dy 0x

atevery point z = x +iy in that region.® Right off, this gives us a test for “nondifferentiability”:
If equation (32.8) does not hold throughout some region, then f is not complex differentiable on
that region. Remarkably, it can be shown that equation (32.8) can also be used to verify complex
differentiability. More precisely, the following theorem can be verified using tools developed in
a typical course in complex analysis.

Theorem 32.11
A function f is complex differentiable on an open region if and only if

S = i i)
y ax

at every point z = x + iy in the region. Moreover, in any open region on which f is complex
differentiable,

f@ =950 = Liatiy
2z 0x

3 The two equations you get by splitting equation (32.8) into its real and imaginary parts are the famous Cauchy-
Riemann equations.
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Differentiability of an Analytic Function

In the subsection starting on page 30—13 of section 30.2, we discussed differentiating power
series and analytic functions when the variable is real. That discussion remains true if we replace
the real variable x with the complex variable z and use the complex derivative. In particular,
we have

Theorem 32.12 (differentiation of power series)
Suppose f is a function given by a power series,

o
f@ = Zak(z—zo)k for |z —2z0l <R
k=0
for some R > 0. Then, for any positive integer n , the n' derivative of f exists. Moreover,

FO@) =Y k=D =2)- (k—n+Daz —z20)" ™"  for |z—2z| <R
k=n

As an immediate corollary, we have:

Corollary 32.13
Let f be analytic at zo with power series representation

o0
f@ =) az—z20"  whenever |z—z| <R
k=0

Then f is infinitely complex differentiable on the disk of all z with |z — zo| < R . Moreover

AR E)

ar =
k k!

for Kk =0,1,2, ...

Complex Differentiability and Analyticity

Despite the similarity between complex differentiation and real-variable differentiation, complex
differentiability is a much stronger condition on functions than is real-variable differentiability.
The next theorem illustrates this.

Theorem 32.14
Assume f(z) is complex differentiable in some open region R . Then f is analytic at each
point zo in R, and is given by its Taylor series

AP ARED) ‘

fz) = Z o (z —z0) whenever |7 — 20| < R
k=0

where R is the radius of any open disk centered at zo and contained in region R .

This remarkable theorem tells us that complex differentiability on an open region automat-
ically implies analyticity on that region, and tells us the region over which a function’s Taylor
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series converges and equals the function. Proving this theorem is beyond this text. It is, in fact,
a summary of results normally derived over the course of many chapters of a typical text in
complex variables.

Keep in mind that we already saw that analyticity implied complex differentiability (corollary
32.13). So as immediate corollaries to the above, we have:

Corollary 32.15
A function f is analytic at every point in an open region of the complex plane if and only if it
is complex differentiable at every point in that region.

Corollary 32.16
Assume F is a function analytic at zo with corresponding power series > - fi(z — z0)*, and
let R be either some positive value or 400 . Then

oo
F@) = Y fiz—z0)"  whenever |z—zo| < R
k=0

if and only if F is analytic at every complex point z satisfying

lz—z0l < R

The second corollary is especially of interest to us because it is the same as lemma 32.1 on
page 32-3, which we used extensively in this chapter. And the other lemma that we used, lemma
32.2 on page 32-3? Well, from the first corollary above and theorem 32.10 on the products and
quotients of complex differentiable functions we immediately have:

Corollary 32.17

Assume F(z) and A(z) are two functions analytic at a point zo . If A(zo) # 0, then the quotient
F/4 is also analytic at zo . However, if A(zg) = 0 with F(z9) # 0, then the quotient ¥/, is not
analytic at z; .

By then taking into account the power series formulas of analytic functions that vanish at a point
Z0 , you can easily extend this last corollary to the following (which is the same as lemma 32.2):

Corollary 32.18
Assume F(z) and A(z) are two functions analytic at a point 7z, . Then the quotient t/4 is also
analytic at zo if and only if
. F(2
lim
z—>z0 A(x)

is finite.

The details are left to you (see exercise 32.11).
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32.7 Appendix: The “Closest Singular Point”

Here we want to answer a subtle question: Is it possible to have a first- or second-order linear
homogeneous differential equation whose singular points are arranged in such a manner that
none of them is the closest to some given ordinary point?

For example, could there be a differential equation having zo = 0 as an ordinary point, but
whose singular points form an infinite sequence

; 1
21, 22, 235 - .- with  |zx] = 1+% ,

possibly located in the complex plane so that they “spiral around” the circle of radius 1 about
zo = 0 without converging to some single point? Each of these singular points is closer to
zo = 0 than the previous ones in the sequence, so not one of them can be called “a closest
singular point”,

Lemma 32.5 on page 32—6 claims that this situation cannot happen. Let us see why we
should believe this lemma.

The Problem and Fundamental Theorem

We are assuming that we have some first- or second-order linear homogeneous differential equa-
tion having singular points. We also assume z( is not one of these singular points — it is an
ordinary point. Our goal is to show that

there is a singular point z; such that no other singular point is closer to z .

If we can confirm such a z; exists, then we’ve shown that the answer to this section’s opening
question is No (and proven lemma 32.5).
We start our search for this z, by rewriting our differential equation in reduced form

y + Px)y =0 or Yy + Px)y + Qx)y =0

and recalling that a point z is an ordinary point for our differential equation if and only if the
coefficient(s) ( P for the first-order equation, and both P and Q for the second-order equation)
are all analytic at z (see lemmas 32.6 and 32.7). Consequently,

1.z, is a closest singular point to zo for the first-order differential equation if and only if
Zs 1s a point closest to zo at which P is not analytic,

and

2. z, is aclosest singular point to z for the second-order differential equation if and only
if z; is a point closest to zo at which either P or Q is not analytic.

Either way, our problem of verifying the existence of a singular point z; “closestto zo” is
reduced to the problem of verifying the existence of a point z; “closest to zo” at which a given
function F is not analytic while still being analytic at zo. That is, to prove lemma 32.5, it will
suffice to prove the following:

Theorem 32.19

Let F be a function that is analytic at some, but not all, points in the complex plane, and let z
be one of the points at which F is analytic. Then there is a positive value R, and a point z; in
the complex plane such that all the following hold:
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I. Ry = |zy — 20l
2. F isnot analytic at z; .

3. F isanalytic at every z with |z — 20| < Ry .

The point z; in the above theorem is a point closest to zo at which F is not analytic. There
may be other points the same distance from zy at which F is not analytic, but the last statement
in the theorem tells us that there is no point closer to zo than z, at which F is not analytic.

Verifying Theorem 32.19
The Radius of Analyticity Function

Our proof of theorem 32.19 will rely on properties of the radius of analyticity function R, for
F, which we define at each point z in the complex plane as follows:

e If F isnotanalytic at z,then R (z) =0.

e If F isanalytic at z, then R,(z) is the largest value of R such that
F is analytic on the open disk of radius R about z . (32.9)

(To see that this “largest value of R” exists when f is analytic at z, first note that the set of
all positive values of R for which (32.9) holds forms an interval with O as the lower endpoint.
Since we are assuming there are points at which F is not analytic, this interval must be finite,
and, hence, has a finite upper endpoint. That endpoint is R4(z) .)

The properties of this function that will be used in our proof of theorem 32.19 are summarized
in the following lemmas.

Lemma 32.20
Let R4 be the radius of analyticity function corresponding to a function F analytic at some, but
not all, points of the complex plane, and let zy be a point at which F is analytic. Then:

1. If |t —z| < Ra(2), then F is analytic at ¢ .
2. If F is not analytic at a point ¢ , then |{ — z| > R4 (2) .
3. If p is any nonnegative real number such that
|z — 20l < Ra(z0) + p == F isanalyticat z
then p =0.
Lemma 32.21

Let F be a function which is analytic at some, but not all, points of the complex plane, and let
R4 be the radius of analyticity function corresponding to F . Then, for each complex point z ,

F isanalyticat 7 <=  Ra(z) >0

Equivalently,
F isnotanalyticat z <=  Rus(z)=0
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Lemma 32.22

If F is a function which is analytic at some, but not all, points of the complex plane, then R, ,
the radius of analyticity function corresponding to F', is a continuous function on the complex
plane.

The claims in the first lemma follow immediately from the definition of R4 ; so let us
concentrate on proving the other two lemmas.

PROOF (lemma 32.21): First of all, by definition

F isnotanalyticat z = Ru(z) = 0

Hence, we also have
Rs(z) > 0 = F isanalyticat z

On the other hand, if F is analytic at z, then there is a power series Y -, ax (¢ — z)* and
a R > 0 such that

F() = Zak(é‘ — )k whenever [ —z] < R
k=0

Corollary 32.16 immediately tells us that F is analytic on the open disk of radius R about z.
Since R4(z) is the largest such R, R < R4(z). Andsince 0 < R, we now have

F isanalyticat 7z = Ru(z) > 0

This also means
Ry = 0 = F isnotanalyticat z

Combining all the implications just listed yields the claims in the lemma. |

PROOF (lemma 32.22):  To verify the continuity of R4, we need to show that
lim Ry(z) = Ra(z1) for each complex value z;
=21
There are two cases: The easy case with F not being analytic at z; , and the less-easy case with
F being analytic at z; . For the second case, we will use pictures.
Consider the first case, where F is not analytic at z; (hence, R4(z1) = 0). Then, as noted

in lemma 32.20,
0 < Ro(2) = |z1 — 7| forany z in C

Taking limits, we see that
0 < lim Ra(z) < lim[z;—2z] =0 ,
=271 Z—>27]

which, since R4(z;) =0, gives us

lim Ra(z) = Ra(z1)

Z—71

Next, assume F' is analytic at z; (sothat R4(z;) > 0), and let z be a point “close” to z; .
For notational convenience, let
8 = |z —z4] and Ri = Ru(zy)

Also, let D; be the open disk centered at z; of radius R, as sketched in figure 32.1a. Note
that, by the definition of R;,
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(b)

Figure 32.1: (a) Limits on the radius of analyticity at z based on the radius of analyticity
Ry at 77, with Ryy = Ry + 28 and R, = R| — §, and (b) three points in a
line with |z — z9| < Ro+ Ry, |z1 — z0l < Ro and |z — z1| < Ry .

1. F is analytic at every point in £, , but

2. any open disk centered at z; which is larger than £; (such as the one in figure 32.1a
enclosed by the dashed-line circle) must contain a point at which F is not analytic.

Because we are just interested in limits as z — z; , we can assume z is close enough to z; that
8 < R;. Let D,, and Dy, be the open disks about z with radii

R, = R — 6§ and Ry = R + 26 ,

as also illustrated in figure 32.1a. Now since D,, is contained in &, F is analytic at every
pointin O, . Hence,

R, < Rs(2) with R, = Ra(z1) — |z — z1]

On the other hand, inside &), is another open disk that we had already noted contains a point
at which F is not analytic. So F is not analytic at every point in D, . Thus,

Rs(z) < Ry with Ry = Ra(z1) + 2|z — 2ol
Combining the two inequalities above gives us

Ra(z1) — lz—z1l = Ra(z) < Ru(z1) + 21z —z1]

which, after letting z — z; , becomes

Ry(z1) — 0 < lim Ra(z) < Ra(z) +2-0 ,
=271
clearly implying that
lim Ro(z) = Ra(z1) i

=21
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Proof of Theorem 32.19

Remember: F is a function analytic at some, but not all, points in the complex plane, and z; is
a point at which f is analytic.
Let
Ry = Ra(z0)

Because of the definition and properties of R4 , and the analyticity of F at z(, we automatically
have that Ry > 0 and that F is analytic at every z with |z — z9| < Rp. All that remains to
proving our theorem is to show that there is a z; at which F' is not analytic and which satisfies
lzs — 2ol = Ro .

Now consider the possible values of R4(z) on the closed disk |z — zo| < Rp. Since Ry
is continuous, it must have a minimum value at some point in this closed disk. Let z; be this
point. Keep in mind that

lzs — 20l = Ro

If we can also show that
|ZS - ZO| > RO 9

then we must have the desired equality
lzs — 20l = Ro

But lemmas 32.20 and 32.21 remind us that, to show that |z, — zg| > Ry, it suffices to show
F' is not analytic at z;, and to show that, it suffices to show that R (z;) = 0.
Thus, we can complete the proof of our theorem by showing R4(zs) = 0. To do this, pick
any point z satisfying
|z —z0l < Ro + Ra(zy)

and observe that there must also be a point z; on a straight line between zo and z such that
lz1 — 20l < Ro and lz —z1] < Ra(zs) - (32.10)

(see figure 32.1b). By the first of these two inequalities (and the definitions of Ry and z; ), we
know f is analytic at z; with
Ra(zs) < Ra(z1)

Consequently, the second inequality in set (32.10) tells us that z is within the radius of analyticity
of z;;thatis, F is analytic at z. Thus, (after recalling that Ry = R4 (zo) ), we see that

|z — 20l < Ra(z0) + Ra(z;) ==  f isanalyticat z |,

which, as stated in lemma 32.20, implies that R4(z;) = 0, completing our proof. |

Additional Exercises

32.4 a. Using the fact that
et = e*[cos(y) +isin(y)]

show that e* can never equal zero for any z in the complex plane.
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b. In chapter 16 we saw that

eiz _ e—iz eiz + e—iz
and cos(z) = —

Sin = —
@) 2i 2

at least when z was a real value (see page 350). In fact, these formulas (along with
the definition of the complex exponential) can define the sine and cosine functions at
all values of z, real and complex. Using these formulas

i. Verify that

sin(x +iy) = {[ey + e*y] sin(x) + i [ey — e“'] cos(x)}

N =

and

cos(x +iy) = {[ey + e_y] cos(x) — i [ey — e_y] sin(x)}

N =

ii. Using the above formulas, verity that

sin(z) = 0 <= z = n7w with n = 0, 1, £2, ...
and
cos(z) = 0 «— z = [n+%]n with n = 0, £1, £2, ...
c. The hyperbolic sine and cosine are defined on the complex plane by

eZ — e*Z eZ + e*Z

sinh(z) = 3 and cosh(z) = >

Show that

sinh(z) = 0 <« z = inn with n = 0, &1, £2, ...

and
cosh(z) = 0 = zzi[n—i-%]n with n = 0, £1, +2, ...

32.5. Find all singular points for each of the following differential equations. You may have
to use results from the previous problem. You may even have to expand on some of
those results. And you may certainly need to rearrange a few equations.

a y —e'y=0

b. y — tan(x)y = 0

c. sin(mx)y” + x%y — ey = 0

d. sinh(x)y” + x*y — &'y =0

e. sinh(x)y” + x?y — sin(x)y = 0

f. ¥y + sin(x)y + y =0

2

"o 1+e*
g vy a=e”

=

[x*—4]y" + [x*+x—6]y =0



Chapter & Page: 32-28 Power Series Solutions II: Generalizations and Theory

i

J-

32.6.

xy" + [1—=€]y =0
sin(rx?) y" + x*y = 0
Using recursion formula (32.3) on page 32-9, find the 4"-degree partial sum of the

general power series solution for each of the following about the given point xy . Also
state the interval over which you can be sure the full power series solution is valid.

a y —e'y =0 with x=0

b.

y + ¥y =0 with xg=0

c. y +cos(x)y =0 with xg=0

d.

32.7.

y + Injx|]y = 0 with xo=1

Using the recursion formula (32.4) on page 3210, find the 4"-degree partial sum of the
general power series solution for each of the following about the given point xy . Also
state the interval over which you can be sure the full power series solution is valid.

a. y' —e'y =0 with x0=0

b.

C.

y' + 3xy' — ey =0 with xg=0
xy” + sin(x)y = 0 with xo=0

d. Yy +Inlx|]y =0 with xg=1
e. Vxy' —y =0 with xo=1
£y + [I4+2x+6x°]y + [2+12x]y = 0 with xo=0
32.8 a. Using your favorite computer mathematics package (e.g., Maple or Mathematica),

1

along with recursion formula (32.3) on page 32-9, write a program/worksheet that
will find the N™ partial sum of the power series solution about x, to

y+Px)y =0

for any given positive integer N , point xo and function P(x) analytic at x, . Finding
the appropriate partial sum of the corresponding power series for P should be part
of the program/worksheet (see exercise 30.8 on page 30-23). Be sure to write your
program/worksheet so that N, xo and P are easily changed.

Use your program/worksheet to find the N™-degree partial sum of the general power
series solution about x( for each of the following differential equations and choices
for N and xy.

/

i yy —e'y =0 with xp =0 and N =10
ii. y + vx2+1y =0 with xp = 0 and N =38

iii. cos(x)y) + y =0 with x =0 and N =38

iv. y + vV2x24+1y =0 with xo =2 and N=5

32.9 a.

Using your favorite computer mathematics package (e.g., Maple or Mathematica),
along with recursion formula (32.4) on page 32-10, write a program/worksheet that
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will find the N partial sum of the power series solution about x, to

V' +Px)y+0x)y =0

for any given positive integer N , point x , and functions P(x) and Q(x) analytic at
xo . Finding the appropriate partial sum of the corresponding power series for P and
QO should be part of the program/worksheet (see exercise 30.8 on page 30-23). Be
sure to write your program/worksheet so that N, xo, P and Q are easily changed.

b. Use your program/worksheet to find the N"-degree partial sum of the general power
series solution about x( for each of the following differential equations and choices
for N and x .
i y/ —e'y =0 with x =0 and N =38
ii. y" + cos(x)y = 0 with xo = 0 and N =10
iii. y" + sin(x)y’ + cos(x)y = 0 with xo = 0 and N =7
iv. V/xy" + 3y 4+ xy =0 with x =1 and N=5
32.10. In this problem, we will compare two ways of finding the general power series solution
Y oo arx to
BG-x)y =y =0

a. Using the algebraic method from section 31.2:
i. Find the corresponding recursion formula for the a;’s.

ii. Find the 6™-degree partial sum for the general power series method.

b. Observe that the reduced form of our differential equation is

and verify that

o
1 1,
3—x = Z 3k+1 X :
k=0
Then, using theorem 32.8:
i. Find the corresponding recursion formula for the a;’s .

ii. Find the 6™-degree partial sum for the general power series method.

c. Which of the two approaches just used is simpler?

32.11. The goal of this exercise is to confirm corollary 32.17 on page 32-21 (also known as
lemma 32.2 on page 32-3). In the following, A and F are two functions analytic at
some point zy on the complex plane.

a. Show that, if G is any function analytic at z, then
G(z) = (z—20)"Go(2)

where m is some nonnegative integer, and G is a function analytic at zy with
Go(z0) #0.
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Some notes on this:

i. The above holds trivially with m = 0 and Gy = G if G(z9) # 0. So you
only need consider the case where G(zo9) = 0.

ii.  If G(zp) = 0, the integer m is positive and is called the multiplicity of the
zeroof G at zg.

iii. If you need a hint, see equation (30.3) on page 30-8 and the discussion just
before that equation.

b. Using the above and corollary 32.17 on page 32-21, show that there is an integer y
and a function H which is analytic and nonzero at zy such that

FQ)

10 - (z—=2z0)"H(2)

(What must y be for this quotient to also be analytic at zq ?)

c. Finish proving corollary 32.17. That is, show that the quotient /4 is analytic at z

if and only if
F(z)

m
z—20 A(2)

exists as a finite number.
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Chapter & Page: 32-32 Power Series Solutions II: Generalizations and Theory

Some Answers to Some of the Exercises

WARNING! Most of the following answers were prepared hastily and late at night. They
have not been properly proofread! Errors are likely!

Sa. No singular points

Sh. 7= [n—i—%]n with n = 0, £1, +2, ...
5¢. z=0, =1, £2, £3, ...

5d. z =inmw withn = 0, £1, £2, ...

S5e. z=inm withn = +£1, £2, ...

St oz =22
S5g. z=in2x withn = 0, 1, £2, ...
S5h., z=-2

Si. no singular points
5j. z=_:|:ﬁ withn=1, 2,3, ...
6a. q 1+x+x2+2x3+§x4] , (—00, 00)
(1 x_ L2y L 34] _
6b. ap|l—x ST g gy , (=00, 00)
6¢c. ap l—x—lxz—lx“] , (—00, 00)
'_1_21_3L_4]
6d. ao|l—-(x—D"+c(x =D+ 70 —1D7], (0,2

(ERSES R R i AP,
7a. ao_l+x+6x +12x +a1x+6x +12x , (—00, 00)

2
(1412 13_14] [_13 iq _
7b. a0:1+12x +61x e~ —|—a11x X +12x , (—00, 00)
Lo 1oy _ 1.3 _
Te. ap|l le +18x]1+a1[x 6x],(oo,oo)1
I T BN SN T Y
7d. a1 - e =1+ 5@ =D+ a[c-D- S -DY L 0.2

7&%1—;»4f+gu—w+%a—nﬂ+mpen—gwﬂf+§a—w]Aam

L 1

a1 = §x3 + %"4] ta [x B %xz N %xs B §x4] , (—00, 00)
8b ii. 00[1—x+%x2—%x3+;—4x4—%x5+%x6—%)ﬂ_i_%xs
8b iii. ao[l—x+%x2_%x3+;_4x4_%x5+76710x6_%x7+;%x8]
8biv. ap[1-30x—2)+ (=22 = [T (r =2+ o (=2 + 288 — 2]
9bi. ao [1+%x2+éx3+%x4+§x5+%x6+%x7+%xs]
Obii. ap |1 - 1x> 4 Lot Lyog s 12;00)“10]

+ aj [X— éx3+;—0x5—%x7+%x{|
9b . ao[l—%x2+éx4_%x6] +oa [x—%x3+1—10x5—%x7]

. 1 1 1 31
9biv. ao [1 — = D? + 0= 13— TG D* + i 1)5]
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ta|@ =D == D S =2 = = D o= 4]

10a i. ak=1ak 1 fork>1

.e 1 1 1 1
10a ii. dao [1 + =x + + 3—3x3 + 3—4x4 + 3—5x5 + 3—6)66]

. 1 1
10b i. ak:Eng 74, for k>0
j=0
.o 1 1 2 1 3 1 4 1 5 1 6
10b ii. do[1+§x+3—2x +3x g +3—6x]

960



