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Higher-Order Linear Equations:
Introduction and Basic Theory

We have just seen that some higher-order differential equations can be solved using methods
for first-order equations after applying the substitution v = %/, . Unfortunately, this approach
has its limitations. Moreover, as we will later see, many of those differential equations that can
be so solved can also be solved much more easily using the theory and methods that will be
developed in the next few chapters. This theory and methodology apply to the class of “linear”
differential equations. This is a rather large class that includes a great many differential equations
arising in applications. In fact, so important is this class of equations and so extensive is the
theory for dealing with these equations, that we will not seriously consider higher-order nonlinear
differential equations (excluding those in the previous chapter) for many, many chapters.

12.1 Basic Terminology

Recall that a first-order differential equation is said to be linear if and only it can be written as

Z_y +py = f (12.1)
X
where p = p(x) and f = f(x) are known functions. Observe that this is the same as saying
that a first-order differential equation is linear if and only if it can be written as
ad—y + by = g (12.2)
dx
where a, b,and g are known functions of x . After all, the first equation is equation (12.2) with
a=1,b=p and f = g, and any equation in the form of equation (12.2) can be converted to
one looking like equation (12.1) by simply dividing through by a (so p =%, and f = &,).
Higher order analogs of either equation (12.1) or equation (12.2) can be used to define when
a higher-order differential equation is “linear”> We will find it slightly more convenient to use
analogs of equation (12.2) (which was the reason for the above observations). Second- and
third-order linear equations will first be described so you can start seeing the pattern. Then the
general definition will be given. For convenience (and because there are only so many letters in
the alphabet), we may start denoting different functions with subscripts.
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260 Higher-Order Linear Equations: Definitions and Some Basic Theory

A second-order differential equation is said to be linear if and only if it can be written as
wl & a® 4oy = (12.3)
0 d.XZ 1 dx 2y - g .

where ag, a;, ay, and g are known functions of x . (In practice, generic second-order differ-
ential equations are often denoted by

d2y

dy
ey p — i
adx2 + dx t oy &

instead.) For example,

d*y 2dy s d’y dy
— — — 6 = 1 d 3— 8= —6y =0
dx? X dx x x+ an dx? + dx Y
are second-order linear differential equations, while
e d e dy\’
Do VEET w2 (2)
X

dx? dx?

are not.
A third-order differential equation is said to be linear if and only if it can be written as

a3 d?

y y dy _
aodx3 + a1dx2 + azdx + a3y = g

where ay, a;, a,, asz,and g are known functions of x . For example,

d>y d>y dy d>y
3 2 X —
o TV T Ty = o gs oy =0
are third-order linear differential equations, while
Iy &>y dy
— - =0 d — — =0
dx3 Y an dx3 + Y dx
are not.
Getting the idea?

In general, for any positive integer N , we refer to a N'"-order differential equation as being
linear if and only if it can be written as

an aN-ly d*y dy
ade—N + alm + -+ aN72W + aNfla +ayy = & (12.4)
where ag, a;, ..., ay,and g are known functions of x . For convenience, this equation will

often be written using the prime notation for derivatives,
apy™ + aiy™ "V + -+ ayy’ + a1y + any = g

The function g on the right side of the above equation is often called the forcing function
for the differential equation (because it often describes a force affecting whatever phenomenon
the equation is modeling). If g = 0 (i.e., g(x) = 0 for every x in the interval of interest), then
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the equation is said to be homogeneous.! Conversely, if g is nonzero somewhere on the interval
of interest, then we say the differential equation is nonhomogeneous.
As we will later see, solving a nonhomogeneous equation

ay™ + apy™ V4 ayay” +ayay +oany = ¢

is usually best done after first solving the homogeneous equation generated from the original
equation by simply replacing g with 0,

apy™ 4+ ary™ Y + o+ ay 2y + ayay + ayy = 0

This corresponding homogeneous equation is officially called either the corresponding homoge-
neous equation or the associated homogeneous equation, depending on the author (we will use
whichever phrase we feel like at the time). Do observe that the zero function,

yx) =0 forall x ,

is always a solution to a homogeneous linear differential equation (verify this for yourself). This
is called the frivial solution and is not a very exciting solution. Invariably, the interest is in finding
the nontrivial solutions.

The rest of this chapter will mainly focus on developing some simple but very useful theory
regarding linear differential equations. Since solving a nonhomogeneous equation usually first
involves solving the associated homogeneous equation, we will concentrate on homogeneous
equations for now, and extend our discussions to nonhomogeneous equations later (in chapter
20).

By the way, many texts state that a second-order differential equation is linear if it can be
written as

Y+ py +qy=f

(where p, g and f are known functions of x ), and state that an N'-order differential equation
is linear if it can be written as

Y™ 4 piy™ D o vy opvaY ooy = f (12.5)

(where f andthe p;’s are known functions of x ). These equations are the higher order analogs
of first-order equation (12.1) on page 259, and they are completely equivalent to the equations
given earlier for higher order linear differential equations (equations (12.3) and (12.4) — just
divide those equations by ag(x)). There are three reasons for using the forms immediately
above:

1. Ttsaves a little space. If you count, there are N + 1 a;’s in equation (12.4) and only N
pi’s in equation (12.5).

2. It is easier to state a few theorems. This is because the conditions normally imposed
when using the form given in equation (12.4) are

All the a;’s are continuous functions on the interval of interest, with ay never
being O on that interval.

I You may recall the term “homogeneous” from chapter 6. If you compare what “homogeneous’ meant there with
what it means here, you will find absolutely no connection. The same term is being used for two completely
different concepts.
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Since each p; is %/, , the equivalent conditions when using form (12.5) are

All the p;’s are continuous functions on the interval of interest.

3. Afew formulas (chiefly, the formulas for the “variation of parameters” method for solving
nonhomogeneous equations) are best written assuming form (12.5)

In practice, at least until we get to “variation of parameters” (chapter 23), there is little advantage
to “dividing through by aq " In fact, sometimes it just complicates computations.

12.2 Basic Useful Theory about ‘Linearity’
The Operator Associated with a Linear Differential Equation

Some shorthand will simplify our discussions: Given any N%-order linear differential equation

aodNy + aldN_ly + o+ aN—Z& —+ aNfld—y + ayy = g ,
dxN dxN-1 dx? dx

we will let L[y] denote the expression on the left side, whether or not y is a solution to the
differential equation. That is, for any sufficiently differentiable function y,

N dN—l d2

d
L[y] = ao M y+--'+aN—2ﬁ

dy
TN al—de_l + aN—la + any

To emphasize that y is a function of x, we may also use L[y(x)] instead of L[y]. For much
of what follows, y need not be a solution to the given differential equation, but it does need to
be sufficiently differentiable on the interval of interest for all the derivatives in the formula for
L[y] to make sense.

While we defined L[y] as the left side of the above differential equation, the expression for
L[y] is completely independent of the equation’s right side. Because of this and the fact that the
choice of y is largely irrelevant to the basic definition, we will often just define “ L by stating

aN aN-1 42

L =a—F + + -+ ana

d
TN G NTT + ay-1—- + an

dx? dx
where the g;’s are functions of x on the interval of interest.>

> Example 12.1:  If our differential equation is

then

21t using “L” is just too much shorthand for you, observe that the formulas for L can be written in summation

form:
dN_k

N N
_ y _
Lyl = ]gakdxl\'*k and L = Zak

You can use these summation formulas instead of “L” if you wish.
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and, for any twice-differentiable function y = y(x),

d? d
Lly(x)] = L[y] = d—xﬁ + xzﬁ -

In particular, if y = sin(2x), then
LIyl = L[sinQx)] = é[sin@x) ] + x2d—[ sin(2x) | — 6[ sin(2x) |
dx? dx
= —4sin(2x) + x?-2cos(2x) — 6sin(2x)
= 2x?cos(2x) — 10sin(2x)

Observe that L is something into which we plug a function (such as the sin(2x) in the above
example) and out of which pops another function (which, in the above example, ended up being
2x2 cos(2x) — 10sin(2x) ). Anything that so converts one function into another is often called
an operator (on functions), and since the formula for computing the output of L[y] involves
computing derivatives of y, it is standard to refer to L as a (linear) differential operator.

There are two good reasons for using this notation. First of all, itis very convenient shorthand
— using L, we can write our differential equation as

Lly] = ¢
and the corresponding homogeneous equation as

Lly] =0

More importantly, it makes it easier to describe certain “linearity properties” upon which the
fundamental theory of linear differential equations is based. To uncover the most basic of these
properties, let us first assume (for simplicity) that L is a second-order operator

2
d +bd—+c

L =a"
adx2 dx

where a, b and ¢ are known functions of x on some interval of interest 7. So, if y is any
sufficiently differentiable function,

Lyl = ay” + by’ + ¢y

(Using the prime notation will make it a little easier to follow our derivations.)
Uncovering the most basic linearity property begins with two simple observations:

1. Let ¢ and ¥ be any two sufficiently differentiable functions on the interval 7. Keeping
in mind that “the derivative of a sum is the sum of the derivatives’, we see that

Lig+y] = alp +¢1" + bl +¥]1 + clp +v1]
= al¢” +¥"] + blg' + ¥l + clp + V]
= {a¢" +bp' + cp} + {av" + by + cyr}
= Ll¢] + LIy]
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Cutting out the middle, this gives
Li¢p +v¥] = Ll¢] + L[y]
That is, “ L of a sum of functions is the sum of L’s of the individual functions”.

2. Next, let y be any sufficiently differentiable function, and observe that, because “con-
stants factor out of derivatives’,

L[3y] = a[3y]" + b[3y] + c[3y]
= a3y” + b3y’ + 3y

= 3[ay” + by +cy] = 3LI[y]

Of course, there was nothing special about the constant 3 — the above computations hold
replacing 3 with any constant c¢. That is, if ¢ is any constant and y is any sufficiently
differentiable function on the interval, then

Llcy(x)] = cL[y(x)]
In other words, “constants factor out of L

Now, suppose y;(x) and y,(x) are any two sufficiently differentiable functions on our
interval, and ¢; and c; are any two constants. From the first observation (with ¢ = ¢1y; and
Y = c2y2 ), we know that

Llciy:(x) + c2y2(x)] = Llciy2(x)] + Llcay2(x)]

Combined with the second observation (that “constants factor out”), this then yields

Llciy2(x) + coya(0)] = eiLy2(0)] + c2L[y2(0)] . (12.6)

(If you’ve had linear algebra, you will recognize that this means L is a linear operator. That is
the real reason these differential equations and operators are said to be ‘linear’.)

Equation (12.6) describes the basic “linearity property” of L. Much of the general theory
used to construct solutions to linear differential equations will follow from this property. We
derived it assuming

Llyl = ay" + by + ¢y
but, if you think about it, you will realize that equation (12.6) could have been derived almost as
easily had we assumed
dv dN—! d? d
+ aldeq + -+ aNfzﬁ + aNqE + an
The only change in our derivation would have been to account for the additional terms in the
operator. Moreover, there was no real need to limit ourselves to two functions and two constants
in deriving equation (12.6). In our first observation, we could have easily replaced the sum of
two functions ¢ + i with a sum of three functions ¢ + i + x , obtaining

Ll¢g+v + x] = Ll¢] + L[y] + L[x]
This, with the second observation, would then have led to
Llciyi(x) + cay2(x) + c3y3(x)] = c1L[y1(x)] + c2L[y2(x)] + c3L[y3(x)]

for any three sufficiently differentiable functions y;, y, and y;, and any three constants ¢y,
¢y and cj3.

Continuing along these lines quickly leads to the following basic theorem on linearity for
linear differential equations:

L =

aop
dxN
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Theorem 12.1 (basic linearity property for differential operators)

Assume
aN N-1 2

d
L =aq—+a—-——+ - +ayo2— + an-1— + a
O dx YaxN-T N=2 32 N=ldx N
where the a;’s are known functions on some interval of interest I. Let M be some finite
positive integer, and assume

{Cl’ Cy ooty CM} and {)’I(X), }’Z(X), s yM(x)}

are sets, respectively, of constants and sufficiently differentiable functions on 1 . Then

Llciyi(x) + c2y2(x) + - - + cuyu (x)]
= cLlyi®)] + 2L[y2(0)] + -+ + ey Llyn(x)]
This leads to another bit of terminology which will simplify future discussions: Given a

finite set of functions — yy, y», ... and yy — a linear combination of these y;’s is any
expression of the form

cayr + oy + -+ + cuym

where the ¢;’s are constants. To emphasize the fact that the ¢;’s are constants and the y;’s are
functions, we may (as we did in the above theorem) write the linear combination as

ayi(x) + cy(x) + -+ + eyym(x)

This also points out the fact that a linear combination of functions on some interval is, itself, a
function on that interval.

The Principle of Superposition

Now suppose y;, y2, ... and yy are all solutions to the homogeneous differential equation
Lly] =0
Thatis, y;, y2, ... and yy, are all functions satisfying
Lyl =0 , Lyl =0, ... and Llyy] =0

Now let y be any linear combination of these y;’s,

y =cyr + &y + - + cuym

Applying the above theorem, we get

Llyl = Llciyi +coy2 + - + cuyil
= ciL{yn] + cL[y:] + --- + cu L[yl
=c-0+c¢c-04+ -4+ cy-0
=0
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So y is also a solution to the homogeneous equation. This, too, is a major result and is often called

the “principle of superposition”® Being a major result, it naturally deserves its own theorem:

Theorem 12.2 (principle of superposition)
Any linear combination of solutions to a homogeneous linear differential equation is, itself, a
solution to that homogeneous linear equation.

This, combined with a few results derived in the next few chapters, will tell us that gen-
eral solutions to homogeneous linear differential equations can be easily constructed as linear
combinations of appropriately chosen particular solutions to those differential equations. It also

means that, after finding those appropriately chosen particular solutions — y;, y», ... and yy
— solving an initial-value problem is reduced to finding the constants ¢y, ¢z, ... and ¢y such
that

y(x) = cn(x) + cay2(x) + -+ + cyyn(x)

satisfies all the given initial values. Of course, we will still have the problem of finding those
“appropriately chosen particular solutions — y;, y2, ..., Yy

»Example 12.2:  Consider the homogeneous second-order linear differential equation

d?y

dx?

We can find at least two solutions by rewriting this as

d?y

dx?

and then asking ourselves if we know of any basic functions (powers, exponentials, trigono-
metric functions, etc.) that satisfy this equation. It should not take long to recall that

+y=0

= —y(x) ,

yi(x) = cos(x) and y2(x) = sin(x)

are two such functions:

’ 2
Cnyzl - ZXZ[COS(X)] - Z_x[_ sin(r)] = —cos(x) = _yl(x)
and
> 2
_‘ny; = —sz[sin(x)] = %[cos(x)] = —sin(x) = —y(x)

The theorem on superposition then assures us that, for any pair of constants ¢; and c;,
y(x) = cijcos(x) + cpsin(x) (12.7)

is a also a solution to the differential equation.
In particular, taking c; =4 and c, = 2 gives us another particular solution,

y3(x) = 4cos(x) + 2sin(x)
Thus, we now have three particular solutions,

yi(x) =cos(x) , y(x)=sin(x) and y3(x)=4cos(x)+ 2sin(x)

3 The name comes from the fact that, geometrically, the graph of a linear combination of functions can be viewed
as a “superposition” of the graphs of the individual functions.
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Linear Independence
The Basic Ideas

As commented above, we will be constructing general solutions in the form

y(x) = cyi(x) + coy2(x) + -0 + eyym(x)

where the ¢’s are constants and

{y1(x), »2(x), -+ .yu(x)}

is a set of “appropriately chosen” particular solutions. Naturally, we will want the smallest
necessary sets of “appropriately chosen” solutions. This, in turn, means that none of our chosen
solutions should be a linear combination of the others. After all, if, say, we have a set of three
functions {yi, y,, y3} with

y3(x) = 4yi(x) + 2y2(x)

(as in the last example), and we have another function y given by
yx) = cyi(x) + caya(x) + c3y3(x)
for some constants ¢y, ¢, and c3, then we can simplify our expression for y by noting that
yx) = anx) + cy(x) + cysx)

= cy1(x) + cay(x) + c3[dyi(x) + 2y2(x)]
= [c1 +4c3lyi(x) + [c2 + 2¢3]y2(x)

Since c¢; + 4¢3 and ¢; + 2¢3 are, themselves, just constants — call them a; and a, — our
formula reduces for y reduces to

y(x) = aryi(x) + axyx(x)

Thus, our original formula for y did not require ys; at all. In fact, including this redundant
function gives us a formula with more constants than necessary. Not only is this a waste of ink,
it will cause difficulties when we use these formulas in solving initial-value problems.

This prompts even more terminology to simplify future discussion. Suppose

{yi(x), »2(x), -+ .yu(x)}

is a set of functions defined on some interval. This set is said to be linearly independent (over
the given interval) if none of the y;’s can be written as a linear combination of any of the others
(over the given interval). If this is not the case and at least one y; in the set can be written as a
linear combination of some of the others, then the set is said to be linearly dependent (over the
given interval).

> Example 12.3:  The set of functions

{y1(x), y2(x), y3(x)} = {cos(x), sin(x), 4cos(x) + 2sin(x) }

is linearly dependent (over any interval) since the last function is clearly a linear combination
of the first two.
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By the way, we should observe the almost trivial fact that, whatever functions y;, y,, ...
and y,; may be,

0=0-yi(x) +0-y0) + - + 0-ynulx)
So the zero function can always be treated as a linear combination of other functions, and, hence,
cannot be one of the functions chosen for a linearly independent set.
Linear Independence for Function Pairs
Matters simplify greatly when our set is just a pair of functions
{y1(x), y2(x)}

In this case, the statement that one of these y;’s is a linear combination of the other over some
interval 7 is just the statement that either, for some constant ¢, ,

yi(x) = cyr(x) forall x in T
or else, for some constant c¢; ,
nE) = cyi(x) forall x in T

Either way, one function is simply a constant multiple of the other over the interval of interest.
(In fact, unless ¢; = 0 or ¢; = 0, then each function will clearly be a constant multiple of the
other with ¢; - ¢ = 1.) Thus, for a pair of functions, the concepts of linear independence and
dependence reduce to the following:

The set { y;(x), y2(x)} is linearly independent.
<= Neither y; nor y, is a constant multiple of the other.
and
The set { y;1(x), y2(x)} is linearly dependent.
<= Either y; or y; is a constant multiple of the other.
In practice, this makes it relatively easy to determine when two functions form a linearly inde-

pendent set.

> Example 12.4: In example 12.3 we obtained
{y1(x), y2(x)} = {cos(x), sin(x)}
as a pair of solutions the homogeneous second-order linear differential equation
Y +y=0

Clearly, neither sin(x) nor cos(x) is a constant multiple of the other over the real line. So
this set is a linearly independent set (over the entire real line), and solution formula (12.7),

y(x) = c;sin(x) + c¢;sin(x)

not only describes many possible solutions to our differential equation, it contains no “redun-
dant” solutions.
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Linear Independence for Larger Function Sets

If M > 2, then the basic approach to determining whether a set of functions

{yi(x), »2(x), -+ .yu(x)}

is linearly dependent or independent (over some interval) requires recognizing whether one of
the y;’s is a linear combination of the others. This may — or may not — be easily done.
Fortunately, there is a test involving something called “the Wronskian for the set” which greatly
simplifies determining the linear dependence or independence of a set of solutions to a given
homogeneous differential equation. However, the definition of the Wronskian and a discussion
of this test will have to wait until chapter 14, after we’ve further developed the theory for linear
differential equations.

12.3 Fundamental Sets of Solutions and Some
Suspicions
Let N and M be any two positive integers, and suppose
{)’17 Y25 o YM}

is a linearly independent set of M particular solutions (over some interval) to some homogeneous
N™-order differential equation

apy™ + aiy™ TV + o+ ay oy + ay_1y + ayy = 0

From the principle of superposition (theorem 12.2) we know that, if {ci, ca, ..., cx} is any set
of M constants, then

y@x) = cyi(x) + cayn@x) + -+ cnyu(x) (12.8)

is a solution to the given homogeneous differential equation. The obvious question now is
whether every solution to this differential equation can be so written. If so, then

1. the set {yi, y2, ..., yu} is called a fundamental set of solutions to the differential
equation,

and, more importantly,

2. formula (12.8) is a general solution to the differential equation with the ¢;’s being the
arbitrary constants.

> Example 12.5: In example 12.4, we saw that
{cos(x), sin(x) }
is a linearly independent set of two solutions to

y+y =0
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If (as you may suspect) every other solution y to this differential equation can be written as
a linear combination of cos(x) and sin(x),

y(x) = cysin(x) + cycos(x)

then {cos(x), sin(x)} is a fundamental set of solutions for the above differential equation,
and the above expression (with ¢, and c, being arbitrary constants) is a general solution for
this differential equation.

At this point, though, we cannot be absolutely sure there is not another solution to the
above differential equation (but see exercises 12.9 and 12.10).

At this point, we don’t know for certain that fundamental sets exist (though you probably
suspect they do, since we are discussing them). Worse yet, even if we know they exist, we are
still left with the problem of determining when a linearly independent set of particular solutions

{ye, y2o oo ym )
to a given homogeneous N™-order differential equation
apy™ + aiy™V + o+ ayay” + avay + avy =0,
is big enough so that
y&x) = an@x) + cayx) + - + euym(x)

describes all possible solutions to the given differential equation over the interval of interest.
How can we know if there are solutions not given by this formula?

We will deal with these issues in the next few chapters. However, you should have some
suspicions as to the final outcomes. After all:

e The general solution to a first-order linear differential equation contains exactly one
arbitrary constant.

e The general solutions to the few second-order differential equations we saw in the previous
chapter all contain exactly two arbitrary constants.

e It has already be stated that an N™-order set of initial values
yoo) L Y@ L Y@ . y'(o) . ... and Y™V (x)

is especially appropriate for an N'"-order differential equation (in particular, it was stated
in the theorems of section 11.4 starting on page 253).

All this should lead you to suspect that the general solution to an N™-order differential equation
should contain N arbitrary constants. In particular, you should suspect that

yx) = cayi(x) + cay(x) + - + cuym(x)

really will be the general solution to some given N"-order homogeneous linear differential
equation whenever both of the following hold:

1. {y1, y2, ..., yu} is a linearly independent set of particular solutions to that equation
and
2. M=N.

Let us hope we can confirm this suspicion. It could prove invaluable.
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12.4 “Multiplying” and “Factoring” Operators”

Occasionally, a high-order differential operator can be expressed as a “product” of lower-order
(preferably first-order) operators. When we can do this, then at least some of the solutions to
corresponding differential equations can be found with relative ease.

Actually, what we will be calling a “product of operators” is more closely related to the
composition of two functions

feogl) = flglx)

than to the classical product of two functions

fex) = fx)gx)

Our terminology is standard, but, to reduce the possibility of confusion, we will initially use the
term “‘composition product” rather than simply “product’.

The Composition Product
Definition and Notation

The (composition) product L, L; of two linear differential operators L, and L, isthe differential
operator given by

LyLy[¢] = Ly[Li[¢]]

for every sufficiently differentiable function ¢ = ¢ (x).*

> Example 12.6: Let

L1=Z—x—i—x2 and Lz:j_x+4
For any twice-differentiable function ¢ = ¢ (x), we have
LLilg] = Lo[Lig]) = Lo [j—f + x%]
= ;l—x[fl—f + x2¢:| + 4[23—)( + x2¢]
= ZZTQ; + Z—x[xqu] + 4Z—f + 4x%¢
= L;Tq;+2x¢+x2j—f+4%+4x2¢
_ ;% F A% 4 e are

* The material in this section, though of some interest in itself, will mainly be used later in proving theorems.
4 The notation Ly o Ly ,instead of L,L{ would also be correct.
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Cutting out the middle yields

d? d
LyLi[¢] = d_;’; + [4+x2]£ + [2x +4x*] ¢

for every sufficiently differentiable function ¢ . Thus

2

d
L)L, =

=+ [4+x2]j—x + [2x 4 4x?]

When we have formulas for our operators L; and L, , it will often be convenient to replace
the symbols “ L1 ” and *“ L, ” with their formulas enclosed in parentheses. We will also enclose
any function ¢ being “plugged into” the operators with square brackets, “[¢]” This will be
called the product notation.>

> Example 12.7:  Using the product notation, let us recompute L,L; for

d ) d
L]—d—x+x and Lz—d—x+4

Letting ¢ = ¢(x) be any twice-differentiable function,

d d 5 _(d de )
(5 + ) (5 )= (5 + ) [ + 0]

= d—[di’ + x2¢i| + 4[2—2’? + x2¢]

dx | dx
L L) 4 4% 1 ae
=‘j7f+2x¢+xzj—f+4%+4x2¢
= ;’27"25 + [4+x2]fl—f + [2x +4x%] 9

SO,
— d d 2 d2 2 d 2
lzll = (—+4><—+X> _2_|_[4_|_x]__|_[2x+4x] ,

just as derived in the previous example.

5 Many authors do not enclose “the function being plugged in” in square brackets, and just write LyLj¢ . We are
avoiding that because it does not explicitly distinguish between “ ¢ as a function being plugged in” and “¢ as an
operator, itself”” For the first, LoL|¢ means the function you get from computing L, [L1 [q.’)]] . For the second,
L, L1¢ means the operator such that, for any sufficiently differentiable function v,

Ly[Li[o[y1l] = La[Liley]] .

The two possible interpretations for Ly L¢ are not the same.
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Algebra of the Composite Product

The notation L,L[¢] is convenient, but it is important to remember that it is shorthand for
compute Li[¢] and plug the result into L,
The result of this can be quite different from
compute L,[¢] and plug the result into L, ,
which is what L, L;[¢] means. Thus, in general,
LoLy # LiL,

In other words, the composition product of differential operators is generally not commutative.

> Example 12.8: In the previous two examples, we saw that

d d d? d
(E + 4) (5 + xz) =5+ [4+x2]a + [2x + 4x7]

On the other hand, switching the order of the two operators, and letting ¢ be any sufficiently
differentiable function gives

d 5\ (d _(d 5\ [do
(5 + ) (& + 4o = (5 + =) 38 + ]

_d | d¢ 2| do
T dx |:dx + 4¢:| t |:dx + 4¢:|
d*¢ d¢ 2d¢ 2
= — 4= — 4
dx? + dx T dx + a7
_d*¢ 2149 2

Thus,
d 5\ (d _ ,q d )
(E+x><a+4>—ﬁ+[4+x]a+4x

After comparing this with the first equation in this example, we clearly see that

(5 +) ( 9) = (o) ()

?» Exercise 12.1: Let
L = — and L, =x ,

and verify that

d
L,L, = x— while LiL, = x— + 1
X
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Later (in chapters 18 and 21) we will be dealing with special situations in which the compo-

sition product is commutative. In fact, the material we are now developing will be most useful
verifying certain theorems involving those situations. In the meantime, just remember that, in
general,

LoLy # LiL,

Here are a few other short and easily verified notes about the composition product:

1.

In the above examples, the operators L, and L, were all first order differential operators.
This was not necessary. We could have used, say,

L, = x3d3 + sin(x) & xe3xd + 874/x
2T A dx? dx
and
d26 d3
L= S — P55
dx?26 dx3

though we would have certainly needed many more pages for the calculations.

There is no need to limit our selves to composition products of just two operators. Given
any number of linear differential operators — L;, Ly, L3, ... — the composition
products LiL,Ly, L4L3L, L1 ,etc. are defined to be the differential operators satisfying,
for each and every sufficiently differentiable function ¢,

LiLyLy[¢] = L3[Lo[Li[4]]] .

L4LsLyLy[¢] = La[Ls3[Lo[Lil9]]]] .

Naturally, the order of the operators is still important.

Any composition product of linear differential operators is, itself, a linear differential
operator. Moreover, the order of the product

Ly LyL,
is the sum
(the order of Lg) + --- + (the order of L;) + (the order of L)

Though not commutative, the composition product is associative. Thatis, if L, L, and
Lj are three linear differential operators, and we ‘precompute’ the products L,L; and
L3L,, and then compute

(L3sLy)Ly , L3(LoLy) and L3LoL;
we will discover that
(L3Lo)Ly = L3(LoLy) = LiLoL,

Keep in mind that we are dealing with linear differential operators and that their products
are linear differential operators. In particular, if o is some constant and ¢ is any
sufficiently differentiable function, then

Lg---LyLi[ag] = aLk---LyL[¢]

And, of course,
Lyg---L,L{[0] = 0
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Factoring

Now suppose we have some linear differential operator L . If we can find other linear differential
operators L, Lp, L3, ...,and Lk such that

L = Lg---LoLy

then, in analogy with the classical concept of factoring, we will say that we have factored the
operator L. The product Ly ---L,L; will be called a factoring of L, and we may even refer
to the individual operators L, Ly, L3, ... and Ly as factors of L. Keep in mind that, since
composition multiplication is order dependent, it is not usually enough to simply specify the
factors. The order must also be given.

> Example 12.9: In example 12.7, we saw that

d? d d d
i [4+x2]5 + [2x +4x7] = (E + 4) (E + x2)

(b))

is a factoring of

d? nd 2

ys i [4+x]d—x + [2x +4x7]
with factors 4 4

— +4 d =— 2

dx + an dx T

In addition, from example 12.8 we know

d? r d 5 d )\ (d
m+[4+x]a+4x _<E+x T4

Thus 4 J
—_— 2 —_—
. + x and . + 4
are also factors for
> + [4+x2]d— + 4x?
dx? dx ’

but the factoring here is
d S\ (d
(d—x o ) (7 + 4)

Let’s make a simple observation. Assume a given linear differential operator L can be
factoredas L = Lk --- L,L;. Assume, also, that y; = y;(x) is a function satisfying

Li[yi]] =0

Then
Lyl = Lg---LyLi[y]] = Lg---Ly[Lily1]] = Lg---L[0] = 0

This proves the following theorem:
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Theorem 12.3
Let L be a linear ditferential operator with factoring L = Lk --- L, Ly . Then any solution to

Li[yl] =0
is also a solution to
Lly] =0

Warning: On the other hand, if, say, L = L,L, then solutions to L;[y] = 0 will usually
not be solutions to L[y] =0.

> Example 12.10: Consider

d*y 271 dy 2

— 4 — 4 =
dx2+[+x]dx+ x*y = 0
As derived in example 12.8,

dZ

2 d 2 d 2\ (4
d?+[4+x]a+4x =\ )z t4

So our differential equation can be written as

d d
(d—x+x><a+4>[y]=0

That is,
d 2 dy
— — 4 =0 . 12.
<dx+x)[dx+ y:| (12.9)
Now consider J
2 p4y =0
dx

This is a simple first-order linear and separable differential equation, whose general solution
is easily found to be y = cje~* . In particular, e=* is a solution. According to the above
theorem, e~* is also a solution to our original differential equation. Let’s check to be sure:

d2

W[e*“x] + [4+x2]j—x[e*4x] + 4x?e™ = (;l—x + xz) (Z—x + 4)[ ]
)[d ] + 4e ]
2) ok —4x]
?)

&l&.

’Q.|&
=

&l&.
=

-
(5
-

Keep in mind, though, that e W

solutions not given by cje™*" .

is simply one of the possible solutions, and that there will be
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Unfortunately, unless it is of an exceptionally simple type (such as considered in chapter
18), factoring a linear differential operator is a very nontrivial problem. And even with those
simple types that we will be able to factor, we will find the main value of the above to be in
deriving even simpler methods for finding solutions. Consequently, in practice, you should not
expect to be solving many differential equations via “factoring”.

Additional Exercises

12.2. For each of the following differential equations, identify
i. the order of the equation,
ii. whether the equation is linear or not, and,

iii.  if it is linear, whether the equation is homogeneous or not.

a Yy +x%y — 4y =2 b. y' + x%y — 4y =0
c Y + x*y =4y d ) + X%y + 4y = )
e. xy + 3y = & f.y"+y=0

g 0+ =) h y' =2y — 5y + 30e¥

i y®™ 4+ 6y" +3y —8y —25=0 j. oy +6y +3y =y
k. y" + 3y = x%y 1. y©¥ = sin(x)

12.3 a. State the linear differential operator L corresponding to the left side of

d2
— + 5— + 6y =0
dx?
b. Using this L, compute each of the following:
i L[sin(x)] ii. L[e*] iii. Lle ] iv. L[x?]

c. Based on the answers to the last part, what is one solution to the homogeneous linear
equation corresponding to the nonhomogeneous equation in part a?

12.4 a. State the linear differential operator L corresponding to the left side of

d2y
5—5—4-9 =0

b. Using this L, compute each of the following:
i. L[sin(x)] ii. L[sin(3x)] iii. L[e*] iv. L[e* sin(x)]
12.5 a. State the linear differential operator L corresponding to the left side of

2Zy+5xd—y+6y_0
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b. Using this L, compute each of the following:
i. L[sin(x)] ii. L[e*] iii. L[x’]
12.6 a. State the linear differential operator L corresponding to the left side of

d? SN
ﬁ — sm(x)ﬁ + cos(x)y = x2+1

b. and then, using this L , compute each of the following:

i. L[sin(x)] ii. L[cos(x)] iii. L[x*]

12.7. Several initial-value problems are given below, each involving a second-order homoge-
neous linear differential equation, and each with a pair of functions y;(x) and y,(x) .
Verify that these two functions are particular solutions to the given differential equation,
and then find a linear combination of these solutions that satisfies the given initial-value
problem.

a. Lv. problem: y" + 4y =0 with y(0)=2 and y'(0)=6
Functions:  y;(x) = cos(2x) and y,(x) = sin(2x)

b. Lv. problem: y' — 4y = 0 with y(0)=0 and y'(0)=12

X 2x

Functions:  yi(x) = e?* and w(x) = e

c. Lv. problem: y" + y — 6y = 0 with y(0)=8 and y'(0)=-9

2x 3x

Functions: y|(x) = e and y,(x) = e~

d. Lv. problem: y' — 4y + 4y =0 with y(0)=1 and y(0)=6

X 2x

Functions: y;(x) = ¢* and y,(x) = xe

e. Lv. problem: 4x*y" +4xy —y = 0 with y(1)=8 and y'(1)=1
Functions:  y;(x) = +/x and y,(x) = %

f. Lv. problem: x*y" — xy +y =0 with y(1)=5 and y'(1)=3
Functions: yi(x) = x and y,(x) = xIn|x|

g. Lv. problem: xy’ — y + 4x’y =0
with y(y/m)=3 and y'(Jm)=4
Functions:  yi(x) = cos(xz) and y,(x) = sin(xz)

h. Lv. problem: (x+ 1)y —2(x+1)y +2y =0
with y(0)=0 and y'(0)=4

Functions:  yi(x) = x>—1 and wx) = x+1

12.8. Some third- and fourth-order initial-value problems are given below, each involving a
homogeneous linear differential equation, and each with a set of three or four functions
yi(x), y»(x), ... . Verify that these functions are particular solutions to the given
differential equation, and then find a linear combination of these solutions that satisfies
the given initial-value problem.
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a. Lv. problem: y”" + 4y’ =0
with y(0)=3 , y(© =8 and y'(0)=4

Functions: yi(x) = 1 , yy(x) = cos(2x) and y3;(x) = sin(2x)

b. Lv. problem: y" + 4y 0
with y(0)=3 , y(©) =8 and y'(0)=4

and y3(x) = sin(x) cos(x)

Functions:  yi(x) =1 , ykx) = sin®(x)

c. Lv. problem: y® — y =0

with y©0)=0 , y (0 =4 , y"0)=0 and y"(0)=0

Functions:  yi(x) = cos(x) , y»(x) = sin(x) , y3(x) = cosh(x)

and y4(x) = sinh(x)
12.9. In chapter 11, it was shown that every solution to

y//+y:0

can be written as
y(x) = asin(x + b)

using suitable constants a and b. Now, using a trigonometric identity, show that, for
every pair of constants a and b, there is a corresponding pair ¢; and c, such that

asin(x +b) = cysin(x) + c;cos(x)

What does this say about

y(x) = cysin(x) + cycos(x)

being a general solution to

12.10. For the following, assume Y (x) is a particular function on (—o00, 00) satistying

Y"+Y =0 ,

andlet A=Y(0) and B =Y'(0).

a. Verify that
y(x) = Acos(x) 4+ Bsin(x)

is a solution (on (—o00, 00) ) to the initial-value problem

Yy +y=0 with y(0)=A and y'(0)=B

b. Verity that
i. theorem 11.2 on page 253 applies to the initial-value problem just above, and
il. it assures us that

Y(x) = Acos(x) + Bsin(x) forr —o0<x <0
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c. What does all this tell us about {cos(x), sin(x)} being a fundamental set of solutions
for
y// +y = 0 ?

12.11. Several choices for linear ditferential operators L, and L, are given below. For each
choice, compute L,L; and LL;.

d d
. L = — d L, = — —
a 1 I + x an 2 I X
d d
b.L1=——i-x2 and L2=—+x3
dx dx
d d
c. Ly =x— 43 and L, = — 4+ 2x
dx dx
d2
d. L, = ﬁ and L, = x
d2
e. L, = 2 and L, = x3
d? .
f. L, = el and L, = sin(x)

12.12. Compute the following composition products:

d d
d d 1
d 1 d
e. (d—x—l—;) (d_x —|—4x> f.
d_ 4+ x2 i + d_
& dx dx? = dx

12.13. Verify that

=

&
/\\/—\/—3/—\

= 8

+

I

=

2

% + [sin(x) — 3]Z—x — 3sin(x) = (Z_x +sin(x)) <% — 3) ,

and, using this factorization, find one solution to

d?y . dy .
) + [sin(x) —3]5 — 3sin(x)y = 0

12.14. Verity that

d? d ) d d
W + xd—x =+ [2-2)( ] = (d—x—x> (d—x+2x> ,
and, using this factorization, find one solution to

d*y dy 2
Sttt 2oy =0
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12.15. Verify that
& d d :
2
— — Tx— 16 = — —4
X I Tx P + 16 (xdx ) ,

and, using this factorization, find one solution to

d2 d

287y y

x'—= — Tx—= + 16y = 0
dx2 dx






