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Homework Handout VIII

A.  In a previous problem, you sketched the curves

 with 0x� � � � � �> µ Ð>Ñ ß Ð>Ñ œ > ß Ÿ >3 9 # >1

 withx� � � � Š ‹> µ Ð>Ñ ß Ð>Ñ œ > ß 	∞ Ÿ > Ÿ ∞3 9 # 1

$

 with 0 4x� � � � � �> µ Ð>Ñ ß Ð>Ñ œ % ß Ÿ > Ÿ3 9 1>

Now:

1.  Find    in terms of the polar coordinates and the associated tangent vectors   and  .
.

.>

x
e e3 9

Also, on your sketch of each curve, sketch  
.

.>

x
  at different points on the curve.

2.  Find   , the rate at which the arclength along the curve varies as    varies
.=

.>
>

Œ use your formula for  .  Then write out the integral that gives the length of the
.

.>

B

curve traced out at    goes from    to  (if the integral is simple enough, evaluate it!).> ! "

3.  Find     in terms of the polar coordinates and the associated tangent vectors   and
.

.>

#

#

x
e3

e9.  (Doing this requires that you’ve found the acceleration formula for polar

coordinates, which is exercise 9.3 in the online notes.)

B.  Let   be the first coordinate system in the e f� �?ß @ Three Coordinate Systems for the Plane

handout, and let    be the position of George the Gerbil at time  .xÐ>Ñ µ ?Ð> ß @Ð>ÑÑ� � >

1.  Find the general formulas for George’s velocity, speed and acceleration,

. .= .

.> .> .>

x x
, and

#

#
.

2.  Assume    and do the following:� � � �?Ð> ß @Ð>ÑÑ œ #> ß $>

a.  Sketch the resulting curve on the plane.

b.  Compute George’s velocity, speed and acceleration at each time   .>

c.  Set up and compute (if practical) the integral giving the distance traveled by George

between    and   .> œ ! > œ $

3.  Assume    and do the following:� � � �?Ð> ß @Ð>ÑÑ œ > ß >#

a.  Sketch the resulting curve on the plane.

b.  Compute George’s velocity, speed and acceleration at each time   .>

c.  Set up and compute (if practical) the integral giving the distance traveled by George

between    and   .> œ ! > œ $
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C. L  Let   be the parabolic coordinate system for the plane from exercise  of Homeworke f� �?ß @
Handout VII.  Using your results from that exercise, find the Christoffel symbols for this

coordinate system and the partial derivatives

` ` ` `

`? `@ `? `@

    
, , and

	
 	
 	
 	

& & & &? ? @ @

in terms of this coordinate system and  .e f	
 	
& &? @ß

D. B  Redo exercise  , above, but using the parabolic coordinate system  for the planee f� �?ß @
from exercise  of Homework .  Make use of the results from the last problem,L Handout VII

above.

E. N  Let   be the coordinate system for the plane from exercise  of Homework e f� �?ß @ Handout

VII  with  .  Using your results from that exercise, find the Christoffel symbols for this+ œ "
coordinate system and the partial derivatives

` ` ` `

`? `@ `? `@

    
, , and

	
 	
 	
 	

& & & &? ? @ @

in terms of this coordinate system and  .e f	
 	
& &? @ß

F. B  Redo exercise  , above, but using the coordinate system  for the plane frome f� �?ß @
exercise  of Homework .  Make use of the results from the last problem,N Handout VII

above.

G. M  Let   be the polar parabolic coordinate system for the plane from exercise  ofe f� �?ß @ß )
Homework , and let    be the position of George theHandout VII xÐ>Ñ µ ?Ð> ß @Ð>Ñ Ð>ÑÑ� � ß )
Gerbil at time  .>

1.  Find the general formulas for George’s velocity and speed and acceleration,

. .= .

.> .> .>

x x
, and

#

#
.

2.  Find the general formulas for George’s velocity, speed and acceleration,

3.  Assume    and do the following:� � � �?Ð> ß @Ð>Ñß Ð>ÑÑ œ # ß $ � Ð>Ñ ß >) sin

a.  Sketch the resulting curve on the plane as    goes from    to   .> ! #1

b.  Compute George’s velocity and speed and acceleration at each time   .>

c.  Set up and compute (if practical) the integral giving the distance traveled by George

between    and   .> œ ! > œ #1

d.  Compute George’s acceleration at each time   .  Compute whatever Christoffel>
symbols are needed for this.
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H 1.  The polar coordinate formulas for two scalar fields    and    are given below.  ForG G" #

each, find the corresponding Cartesian coordinate formulas:

a.  < 3 9 3 9"
#Ð ß Ñ œ sin� �

b.  < 3 9 9 3#Ð ß Ñ œ sin� �
2.  The Cartesian coordinate formulas for two scalar fields    and    are given below.  ForG G3 4

each, find the corresponding polar coordinate formulas:

a.  <$
#ÐBß CÑ œ B � C

b.  <%ÐBß CÑ œ
"

B � C# #

3.  Is there a moral to this exercise?

I.  (In the plane) For the following, use the two Cartesian coordinate systems and corresponding

orthonormal bases

e f e f e f e f� � � �Bß C ß =ß > ßwith  and withi j e e= >

where

e i j e i j= >œ # � œ 	 #
" "

& &È Èc d c dand

and with the origin    being the same point for each:S

1 a.  Find    and    in terms of   and  .i j e e= >

b.  Sketch the two coordinate systems, showing their relation to each other.

2.  Let    and    be the scalar field and the vector field with    formulasG V e f� �Bß C

G <� � � �x œ Bß C œ B 	 #C#

and

V i j� � � �ˆ ‰x œ B 	 #C � C 	 B#  

Find the formulas for    and    in terms of the   with   system.  UseG V e ee f e f� �=ß > ß= >

what we learned about “change of basis” matrices .MTU
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J.  Assume we have two  coordinate systems (with associated scaling factors andorthogonal

bases) for some -dimensional space  ,R f

˜ ™ˆ ‰ e f e fB ß á ß B ß 2 ß á ß 2 ß œ ß á ß" R
" 8 8U e e1

and

˜ ™ˆ ‰ e f e fB ß á ß B ß 2 ß á ß 2 ß œ ß á ß"w R w w w w w w
" 8 8U e e1     .

Let    be a vector field on    with coordinate/component formulasV f

V e� � � ˆ ‰ ˆ ‰B Bœ Z B ß B ß á ß B µ B ß B ß á ß B
5œ"

R
5 " # R " # R

5 where

and

V e� � � ˆ ‰ ˆ ‰B Bœ Z B ß B ß á ß B µ B ß B ß á ß B
5œ"

R
5 w "w #w Rw w "w #w Rw

5 where .

1. K  Using what we know about “change of basis” matrices, and the results from problem  in

Homework Handout VII, show that the components of this vector field are related by either

Z œ Z Z œ Z3 w 4 3 w 4

4œ" 4œ"

R R� �2

2 `B 2 `B

`B `B24

3
w

4 3 w

3 w 4
3
w

4
or .

Convince yourself that these are equivalent formulas for    (that comes from the resultZ 3 w

obtained in problem  of ).  Hence, in practice, you can useK Homework Handout VII

whichever one is most convenient.

2.  What is the corresponding matrix (matrices)   for computingU

l œ lV U V¡ ¡
U Uw ?

3.  To what does the above simplify to if both coordinate systems are Cartesian?  (Confirm

this observation by redoing the previous exercise using the partial derivative formulas just

derived.)

K 1.  Using the above, find the general formulas for converting the Cartesian coordinate formula

for a vector field on the plane to the corresponding polar coordinate formula, and for

converting the polar coordinate formula for a vector field to the corresponding Cartesian

coordinate formula.

2.  Convert the following from Cartesian to polar, or from polar to Cartesian, as appropriate:

a. b.     V i j V i j� � � �B Bœ BC � œ B �
C

B
C# #

c. d.     V i j V e e� � � �B Bœ B 	 œ Ð Ñ �# C Ð Ñ# sin 9 93 9cos

e. f.     V e e V e e� � � �B Bœ � œ ! �3 3#
3 9 3 9%
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L.  Find    where  .grad� �9 9Ð Ñ œ #B � ÐCDÑB # sin

M.  Find  div   and     where   � � � � � � ˆ ‰ ˆ ‰F curl F F i j kB œ � #B � #C � B � D
B C

D

#
# # # #sin cos

N.  Let  .F i j k� � � � � � � �Bß Cß D œ + B � , C � - D � + B � , C � - D � + B � , C � - D" " " # # # $ $ $

Find values for constants     ,  ... and    (not all zero!) so that+ ß , -" " $

1. 2.    is solenoidal.       is irrotational.F F

O.   For any Cartesian coordinate system  and� � e fCentral Forces, Part 1 ÐB ß B ß á ß B Ñ" # R

position  ,  let   be the position vector corresponding to  B B Br� � ß

r r eœ œ œ B� � 			
 �B SB

5œ"

R
5

5 ,

and let

< œ < œ œ� � � � � �½ ½B B œ Bs sr r rand   .
r� �
� �
B

B<

(   is standard notation for the unit vector in the “radial direction”, not to be confused withrs

just plain     Alternatively, you can use    instead of     Verify the following byr e r  .Þ Ñ< s

computation using the Cartesian formulas:

1.   grad r� � � �< œ < œf B s

2.   div� � � �r rœ œ Rf † B

3.    assuming  curl r r 0� � � � � �œ œ R œ $f‚ B

P.   Assume our space is -dimensional and Euclidean; let   ,  and� �Central Forces, Part 2 R <r

r  s  be as in problem , and let    and    be any two suitably differentiable real-valuedO 0 1
functions on  .� �!ß ∞

Verify all the following using the results from problem , the relations between   ,  andO r <
r  s , and the appropriate product and chain rule from the subsection at the end of section 9.3 of

the online notes.  At no point should you use the Cartesian formulas for anything.

1.   grad r� � � �1Ð<Ñ œ 1 <w s

2.  div   � � � �r rs sf † Bœ œ ÐR 	 "Ñ <	"

3.  div  � � � �� �1 < 1 Ð<Ñ � R 	 "
1Ð<Ñ

<
rs œ w

4.  div  � �� �0 < œ <0 Ð<Ñ � R0Ð<Ñr w

5.   curl r 0� �� �1 < s œ
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Q.  Starting on page 152 of AW&H, do exercises 3.5.1, 3.5.2, and 3.5.3 (and figure out what the

last problem is, geometrically).

R.  Let   be a point on the ellipseB µ Bß C� �
B C

% *

# #

� œ " ,

and find the formula for the unit vector    at    which is perpendicular to the ellipse andn B

points away from the inside of the ellipse.

S.  Starting on page 152 of AW&H, do exercises 3.5.8a or b (   and    are vector-valuedA B

functions of  )  and  3.5.9 (but be cautious of naively treating this as a triple vector>
product)..

T.  Starting on page 157 of AW&H, do exercises 3.6.1, look at 3.6.5&6, and do problems 3.6.7

and 3.6.8.

U.  Using the standard polar coordinate formulas, compute

1.  the gradient of each of the following scalar fields:

g. h.       < 3 9 3 9 < 3 9 9 3" #
#Ð ß Ñ œ Ð ß Ñ œsin sin� � � �

2.  the divergence of each of the following vector fields:

a. b.     F e e F e e� � � �B Bœ Ð Ñ � œ �sin 9 9 33 9 9cosÐ Ñ %#
<

c. d.     F e F e� � � �B Bœ œ3 9

3.  the Laplacian of each of the following scalar fields:

a. b.        < 3 9 3 9 < 3 9 9 3" #
#Ð ß Ñ œ Ð ß Ñ œsin sin� � � �

c.  where  is any real constant.< 3 9 3$
:Ð ß Ñ œ :

V.  Using the cylindrical coordinate formulas, compute

1.  the divergence of each of the following vector fields:

a. b.     F e e e F e� � � �B Bœ Ð Ñ � � œ Dsin 9 93 9 3cosÐ Ñ D
#

c. d.     F e F e� � � �B Bœ œ3 9

2.  the curl of each of the following vector fields:

a. b.     F e e e F e� � � �B Bœ Ð Ñ � � œ Dsin 9 93 9 3cosÐ Ñ D
#

c. d.     F e F e� � � �B Bœ œ3 9
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W.  Find the formulas for the gradient and divergence in

1. L  the parabolic coordinate system from problem  of .Homework Handout VII

2. N  the elliptic coordinate system from problem  of .Homework Handout VII

X.  Find the formulas for the gradient, divergence and curl in

1. M  the polar parabolic coordinate system from problem  of .Homework Handout VII

2. O  the oblate spheroidal coordinate system from problem  of .Homework Handout VII

Y.    Assume our space is -dimensional and Euclidean; let  � � � �Central Forces, Part 3 R < œ < B

be as in problems  and , and let    be any suitably differentiable real-valued function onO P 1� �!ß ∞ .

1.  Compute  f 1 <# � �
2.  Verify that    is a solution to Laplace’s equation in two-dimensional<� �< œ <ln

Euclidean space.

3.  Compute    in -dimensional Euclidean space (where    is any real constant).f < R#� �# #
Then, for   ;  find a corresponding nonzero solution to Laplace’sR œ $ß %ß &ß á
equation.

Z.  Skim §3.6 of AW&H  (Example 3.6.2 is important to anyone studying E&M or optics, but

we won’t be refering to it in this course).  Starting on page 157, do 3.6.9, 3.6.10, 3.6.11 and

3.6.14

AA.  Find the formulas for the Laplacian in

1. L  the parabolic coordinate system from problem  of .Homework Handout VII

2. N  the elliptic coordinate system from problem  of .Homework Handout VII

3. M  the polar parabolic coordinate system from problem  of .Homework Handout VII

4. O  the oblate spheroidal coordinate system from problem  of .Homework Handout VII


