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Chapter 7: The Exact Form and General Integrating Factors

7.1a.

7.1c.

7.2 a.

By definition ¢ = 3xy is potential function for

M—i—Nd—y:O

dx
if
_ 9 _ 0 _ _ % _ 0 _
o = ax[3xy] = 3y and N = By ay[3xy] = 3x
So, ¢ = 3xy is potential function for
d
3y + 32 =0
dx
An implicit solution is given by ¢ = c; that is,
3xy = ¢
Solving this for y gives the explicit solution y = 3i = —
X X
By definition ¢ = x2y — xy? is potential function for
M + Nd—y =0
dx
if . .
M = % = —[xzy—xy3] = 2xy — y3
ax ax
and
N = 4 = a—[xzy—xy3] = x? - ?vcy2
dy dy
So, ¢ = x*>y — xy> is potential function for
2xy — y3 + [x2 — 3)cy2]d—y =0
dx

An implicit solution is given by ¢ = c; that is,
X’y —xy? = ¢

Solving this for y to obtain an explicit solution is, alas, not practical.

By subtracting the left side of the equation from both sides, and then multiplying both sides
by 2xy,

dy L _ >y ., 0y L dy_
dx y 2x 2x y dx
d
—> [y2—2x]+2xy—y=0
TX
M

To show this equation is exact with potential function ¢ = xy> — x>, we only need to show

that %%/, = M and %%/, = N where M and N are as indicated above. Checking this, we
see that

% = a—[xyz—xz] = y2 —2x =M
ax 0x
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and

_=—[xy2—x2]=2xy=N s

confirming the claim.
Starting with the implicit solution ¢ = c,

2
xyz—xzzc b y2:x+C:x+£ bad y:j:/x—|—£
X X X

By definition, the equation M + N9/, =0  is in exact form and has potential function

v if

W e¥yi =¥ [yz—Zx] and W exyz_XZny
ax dy

Computing the derivatives, we get that, in fact,

% — 3_8)(}!2—)(2 — exyz—xz I:yz_zx]

0x 0x
and
d d 22
WD e

22
= "V T 2xy
ay ay

confirming the claim.

Here, the potential function ¢ (x, y) must satisfy the pair of equations

g_¢ = M(x,y) = 2xy + y*>  and g—¢ = N(x,y) = 2xy + x°
X y

Integrating the first equation with respect to x yields

s = [Rax = [[ro4r]an =2+ 02 400 @

where h(y) is a yet undetermined function of y. To determine this function, plug the last
formula for ¢ into the second of the initial pair of equations:

% _ 2xy + x2
dy
N g—y[xzy—i-xyz-i-h()’)] = 2xy + 2
> x2 4+ 2xy + K(y) = 2xy + x°
S Wy =0

Hence, since h(y) is a function of y only,

h(y) = fh/(y)dy _ /Ody — o
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and formula (x) for ¢ becomes
¢, y) = x°y + xy7 + h(y) =y + 23 + c
An implicit solution to the differential equation is then given by ¢ = c3,
2y + o=,
which can be rewritten as
xy2+x2y+C=0 (with ¢ =c¢1 —¢2)

Solving for y via the quadratic formula then yields the explicit solution

2 2)2
—x“ % (x) —4xc X 1 C
= = —— :I: - 2 J—
@) 2 2 Ty Ty

Here, the potential function ¢ (x, y) must satisfy

%9 = M(x,y) =2 — 2x and o9 = N(x.y) = 3y’
x dy
Integrating the first equation with respect to x yields
Y _ 2
d(x,y) = adx = [2—-2x]dx = 2x — x° + h(y) . (*)

Combining this formula for ¢ with the second of the initial pair of equations:

2 _ 0% _ a—[Zx—x2+h(y)] = ()

3 =
Y ay dy

Hence,
by = [Woray = [32ay = 3+ e
and formula (x) for ¢ becomes
d(x,y) = 2x — x? + h(y) = 2x — x? +y3 + ¢
An implicit solution to the differential equation is then given by ¢ = c3,
2x—x2+y3+cl =

Solving for y then yields the explicit solution
l
y(x) = <x2 —2x + C) :

Here, the potential function ¢ (x, y) must satisfy

¥ = My =4y ad 2= Ny =t -y
ax dy

Integrating the first equation with respect to x yields

d(x,y) = /2—fdx = /4x3ydx = x4y + h(y) . (*)
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Combining this formula for ¢ with the second of the initial pair of equations:

3 3
=yt = a—¢ = —[x4y+h(y)] = x* + 1)
y dy

Hence, h'(y) = —y*,

1
h(y) = /h’(y)dy = —/y4dy = —gys +c o,
and formula (x) for ¢ becomes
1
gy =ty +h(y) =2ty - 2+

An implicit solution to the differential equation is then given by ¢ = c¢», which, after
combining arbitrary constants, is

1
y =y =c

Solving this for an explicit solution y is not practical.

Here, the potential function ¢ (x, y) must satisfy

9 _ M(x,y) =1 + & and 9 _ N(x,y) = xe’
0x dy

Integrating the first equation with respect to x yields

o(x,y) = /2—fdx = /[l—i—ey] dx = x + xé + h(y) . (%)

Combining this formula for ¢ with the second of the initial pair of equations:

xe¥ — % _ g_y[x+xe>'+h(y)] = xe' + K(y)

Hence, h'(y) =0,
ho = [woray = [oay =
and formula (x) for ¢ becomes
¢x,y) = x + xe¥ + h(y) = x + xe¥ + ¢

An implicit solution to the differential equation is then given by ¢ = c», which, after
combining arbitrary constants, is

x + xe¥ = ¢

Solving for y then yields the explicit solution  y(x) = In

c—x‘

For parti: For M + N9/ = 0 to be in exact form, we must have

oM aN

By ox
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Here oM ad oN a
M _ 9 4]:43 d _:_[3]:3
ay By[ ty Y an dax ox *y Y
So aM/ay + Ny telling us the equation is not in exact form.
For part ii: We need to find a function & = u(x, y) such that
d a
— [uM] = —[uN
o [uM] = ——[uN]
For this problem, this equation is
9 4 9 5
w1 et]] = el
dy I:MI: Tty ax al
Let us see if the integrating factor p can be a function of x only, u = u(x):
a a
e [1+5%]] = Suew [0 ]
y ax
d
—> ap)yt = Sy 4 ouy?
d
— d—“Xy3 = 3u(x)y’
X
s dp _ 3px)
dx X
The last equation is a differential equation for p(x) not involving the variable y . A solution
(easily found by treating this as a separable or linear differential equation) is
pi) =
This is what we can use as an integrating factor.
For part iii: Multiplying the given differential equation by the integrating factor p just
found:
d
x3|:1 + y4 + xy3—y:| = x3-0
dx
3 4 4 3dy
—> x[l—l—y]—i—xy—:O
dx
Any potential function ¢ of this equation must satisfy
% _ X3 [1+y4] and W _ x4y3 . (%)
dx dy
Integrating the first equation with respect to x :
— ¢ _ 3 4 14 4
d(x,y) = adx— x4y dx—Zx I+y"| + h(y)
Combining this result with the second equation in (x):
d Ja 1
©yd = 220 [—x4 [1 + y4] + h(y)] e A )
dy dy L4
- o) =0 = ko) = [ody = @
@
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So the potential function is
pery) = w140t + h) = 10t + e
and an implicit solution to the given differential equation is
%x“[H—y“] +oeo=c
which we rewrite as
x4 [1 + y4] =C

1,
Solving this for y thenyields y(x) = & (Cx_4 — 1) 4

For part i: Here
oM

By
and
oN d

- = 2 —_ =
dx dx [4x Y 3:| 8xy

So M/, £ /s, telling us the equation is not in exact form.

For part ii: We need to find a function & = u(x, y) such that

g—y[ZMx*Iy] = g—y[uM] = z—x[MN] = g—x[u [4x2y—3]]

Let us see if an integrating factor p can be a function of x only, u = u(x):

g—y[w) (2] ]
d_p,

< ne [267] = L[4ty =3] + weosxy)

e 425 =3]

— Z—l: [4x2y — 3] = —u(x) [Sxy - Zx_l]

—> Z—'M [4x2y — 3] = —2x_1u(x) [4x2y — 1]
X
In this case, we clearly cannot cancel out the y variable, and cannot obtain a differential
equation for ;. = p(x) interms of x and p only. So there is not an integrating factor of x
alone.
Attempting to find an integrating factor of y only, u = pu(y):

2—y[u(y) [2x*‘y]] = g—x[u(y) [4x2y — 3”

Z_l; [gxfly] + u(y) [2(y)x*‘] = (y) [8xy]

{

j—‘y‘ [2671y] = won [8xy —227']

d _
— L= uo[ax? =]
y
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Since we clearly cannot obtain a differential equation for © = w(y) interms of y and p
only, there is not an integrating factor of y alone.
Finally, let us attempt to find an integrating factor of the form p = u(x, y) = x*y#:

lefes) = el -]

> Gl )] = e fsr-a]]

> g—y[Zx"‘*lyﬂH] = g—x[4x°‘+2yﬁ+l — 3x°‘y’3]
— 2084+ Dx* 1y = 4o +2)x¢ P — 3ax* 1y

Combining like terms yields

2B+ 1) +3a]x* 1y — d@+2)x* Ty =0
which requires that

2B+1) + 3a =0 and —4(a+2) =0 ,

and from which it follows that

@ =-2 and B =—1—3a=—-1-2-2 =2
2 2
So,
o= px,y) = xF = x7%)?
For part iii: Multiplying the given differential equation by the integrating factor u just
found:
x2y2|:2x1y + [4x2y—3]d—y:| = x22.0
dx
3.3 3 —2 274y
— 2xy—|—[4y—3x y]—:O
dx

Any potential function ¢ of this equation must satisfy

% = Zx_3y3 and i = 4y3 - 3)6_2_))2 . )
ax dy
Integrating the first with respect to x :
o ¢ _ -3.3 _ .23
d(x,y) = a—xdx = | 2x7y’dx = —x" "y + h(y)
Combining this result with the second equation in (%):
4y =3y = 2o a—[—x*zy%rh(y)]
dy dy
— 4y3 — 3x72y = —3x7 2y + K(y)

— B(y) = 4> — h(y) = f4y3dy =y + ¢
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So the potential function is
¢y = =272+ h(y) =~ () = 7+ a
and an implicit solution to the given differential equation is
2y ra =,

which we rewrite as
but will not attempt to solve for y.

For part i: Here
oM

o = g—y[3y+3y2] =3 4+ 6y

and
IN

— = 8—[2)c—+—4)cy] =2 + 4y
0x 0x

oM IN. . . . .
So “M/yy #£ /sy, telling us the equation is not in exact form.

For part ii: We need to find a function = u(x, y) such that

[y +3?]] = St = N = e+ an ]

Let us see if an integrating factor p can be a function of x only, u = u(x):

g—y[u(x) [3y + 3y2] ] g—x[u(x) [2x + 4xy] ]
@ B+6] = W 20 b 4ry] + u@) 2+ 4]

d
TE 2t dny] = u@) [3+6y —2 -4y

el

d

ﬁzx[wzy] = () [1+2y]
N dp _ px)

dx 2x

The last equation is a differential equation for w(x) not involving the variable y. A solution
(easily found by treating this as a separable or linear differential equation) is

nx) = X'

This is what we can use as an integrating factor.

For part iii: Multiplying the given differential equation by the integrating factor w just
found:

x1/2|:3y + 3y + [2x+4xy]j—)yci| — x"2.0

< 3x 2 [y+y2] + 272 +2y]% =
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Any potential function ¢ of this equation must satisfy

9

3
3 = 2x /2[1+2y] . (%)

9 _ 3x1/2 [y + yz] and
dax

Integrating the first equation with respect to x :

¢(x.y) = /g—fdx = /3x1/2 [y+y2] dx = 2 [y—l—yz] + h(y)

Combining this result with the second equation in (x):

2x3/2[1+2y] - 99 = a—|:2)C3/2 [y+y2]+h(y)]
ay ay

s 2x3/2[1 +2y] = 2x3/2[1 +2y] + 'y

— K(y) =0 > h(y) = dey = ¢
So the potential function is
px.y) = a2 [y+y2] + h(y) = 2272 [y+y2] +o
and an implicit solution to the given differential equation is
—ox2 [y+y2] +c=c

which we rewrite as 3
292 + 2y + ex 2 =0

so that we can solve for y using the quadratic formula,

o 44/22_ 4. -3 /
2442 4. 2cx _% :l:% 1—|—Cx*3/2

yx) = 73 =

7.5g. Forparti:
oM
dy
and
N
dax

= g—[4x3y3—3xy2] = 12)62))3 — 3y2
X

So My, £ /s, telling us the equation is not in exact form.
For part ii: We need to find a function = u(x, y) such that

? oy’ =

- (M) = (V) = 2[4y - 307 ]

ad
dy ax ax

Let us see if an integrating factor p can be a function of x only, u = u(x):

g—y[2u(x)y3] = o [nw [47y =307 |

d
—> 6u(x)y? = % [4)63)13 - 3xy2]

+ nx) [12x2y3 - 3y2]
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d
(I d—“ [4x3y3 — 3xy2] = —ux) [4x2y3 - 3y2 - 6y2]
X
—> Z—Z [4)c3y3 — 3xy2] = —3ux) [4xzy3 - 3y2]
— W 3
dx

The last equation does not contain the variable y, and is a simple differential equation for
w(x) . A solution (easily found by treating this as a separable or linear differential equation)
is

-3
nx) = x
This is what we can use as an integrating factor.

For part iii: Multiplying the given differential equation by the integrating factor p just
found:

x3 |:2y3 + [4x*y® - 3xy2]d—yi| x 3.0
dx

d
—> 2x_3y3 + [4y3—3x_2y ]% =0

Any potential function ¢ of this equation must satisfy

0¢
0x

9

= 2x*3y3 and 5
y

= 4y — 3x72y? | (*)
Integrating the first equation with respect to x :

oty = f%dx = f2x*3y3dx = —x7%% + h(y)

Combining this result with the second equation in ():

4y = 377y = g—f = g—y[—X’zy3+h(y)]
— 4y = 3%y = 3+ )
— W(y) =4y’ — h(y) = f4y3dy =y + a
So the potential function is
p(x,y) = —x 2y + h(y) = —x 2y + )y + o,

and an implicit solution to the given differential equation is
<+ +a=a,

which we rewrite as

Vo x23 =

but will not attempt to solve for y.
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7.5i. Forparti: Here

M- _ a—[6+12x2y2] — 24x%y
ay dy
and
B—N = a—[7x3y+xy71] = 21x2y + y71
dx 0x

So aM/ay # Ny telling us the equation is not in exact form.
For part ii: We need to find a function & = u(x, y) such that
0 d d d _
lefo+12e?]] = Sium) = (Nt = Sfu[7edy 407 ]
dy ay 0x 0x

Let us see if an integrating factor v can be a function of x only, © = p(x):

g—y[ﬂ(x) [6 + 12x2y2]: = 2—)6[/1(36) [7x3y +xy_1]]
= o [24x%y] = fl_’;[hsyﬂy_l]

+ o [212%y 4+ y7]

dx

—> dr [7x3y +xy71_ wi(x) [3x2y — xyz]

In this case, we clearly cannot cancel out the y variable, and cannot obtain a differential

equation for © = u(x) interms of x and w only. So there is not an integrating factor of x
alone.

Attempting to find an integrating factor of y only, © = u(y):
9 2.2 3 3 -1
uo [6+ 12202 | = S [76%y + 07 |
ay dx
d _
> d—‘y‘[6+12x2y2] + u(y) [24x2y] — 1) [21x2y+y ‘]

N 2—5[6+12x2y2] = n() [y_1 —3x2y]

Since we clearly cannot obtain a differential equation for © = w(y) in terms of y and u
only, there is not an integrating factor of y alone.
Finally, let’s attempt to find an integrating factor of the form p = x%y#:

g—y[u [6 + 12x2y2] ] = g—x[,u [7x3y + xyfl] ]

—> a—[x"‘yﬁ [6 + 12x2y2]] = a—[x"‘yﬁ [7x3y +xy71]]
dy 0x

[N ‘;_yl:6xay +12xa+2y/5+2] — g_x[7xa+3yﬂ+l+xa+lyﬂ—l:|

> 68x%yP~1 £ 12(B + 2)x% 2y~ !

— 7(a+3)xa+2yﬁ+1 +(a+1)x0[yﬂ71
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Combining like terms yields

[o — 68 + 11xyP~1 4 [Ta — 128 — 3] xF2yP+l = ¢ |
which requires that

a—68+1=0 and Ta — 128 —3 =0
Solving for o and B:

@« —68+1=0 and Ta—1286-3=0

—> a =68 —1 and 766 —-1) — 128 =3
347 1
[N — _ — — _
o 6 1 and B T 6—12 3
1 1
— a=6-—1=1 and B ==
3 3
So,
1
po=x"yP = xyh
For part iii: Multiplying the given differential equation by the integrating factor u just
found:

xy1/3[6 + 12x%y% + |:7x3y+§} Z—)yci| = xy1/3 -0

1 7 4 2
— 6xy /3 + 12x3y /3 + [7x4y /3 +x2y7 /3] Z—y =0
X

Any potential function ¢ of this equation must satisfy

%

1 7 4 2
Pl 6xy 34 12x3y /3 and % _ Txty B4 x2y~ B (*)
X

dy
Integrating the first equation with respect to x :

s = [Har
X

f[6xy1/3+12x3y7/3] dx = 3x2y1/3 + 3x4y7/3 + h(y)

Combining this result with the second equation in (x):

7x4y4/3 +x2y72/3 — a_¢ = a— [3x2y1/3 + 3x4y7/3 + h(}’):l
dy dy
4 2 2 4
s Ity B2y B = X2y B+ 7B 4 ()
< Wy) =0 — hy) = [Ody =

So the potential function is

1 7 1 7
P y) = 3%y B+ 3%y B+ () = 3%y B+ 3B e
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and an implicit solution to the given differential equation is
1 7
3x2y 5oy 3xty Bt =c

which we rewrite as ' ;
x2y B4 xty B =

but will not attempt to solve for y.

7.6a. If
oM AN

nw = pkx) = el Px)dx with P = P(x) = ————

then d ad oM oM
o luM] = a—[efp(x)""M(x,y)] = o POTE — ) T
y y dy dy
and 5 5
S uN] = [l PN )]
_ [efP(x)de(x)] N(x,y) + efP(x)a’xaa_N
X
= e/ PPN 4 a—N]
0x
v N
ay ax oN
= SO VARl
" N + ox
L [(m vy N o am
- A ay ax ax | " ay
Thus,

d d
5[MM] = 5, [wN]

which, according to the complete test for exactness (Theorem 7.4 on page 137 of the text),
ensures that the given . is an integrating factor for the given equation.



