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Chapter 5: Linear First-Order Equations

5.1a.

5.1c.

5.1e.

51g¢g.

5.1i.

5.2a.

Dividing through by x? we get Z—y + 3y = x Zsin(x)
X

L. d
which is the standard form d_y + px)y = g(x)
X

with p(x) = 3 and ¢(x) = x Zsin(x)

So the equation is linear.

Because of the y2, this cannot be put into the standard form

Z—y + p)y = qx)
X

So the differential equation is not linear.

d d
Doty 43y =14+ @43y — L x+3y =1
dx dx

The last equation is in standard form for a first-order linear differential equation (with p(x) =
—(x 4+ 3) and g(x) = 1). So the equation is linear.

d—y—e2x=0>—>d—y+0-y=ezx
dx dx

This equation is linear since it can be rewritten in standard form

Z—z + p(x)y = q(x) with p(x) = 0 and q(x) = >
This equation cannot be put into standard form because of the y* term. So it is not linear.

The equation is already in standard form with p(x) = 2.
The corresponding integrating factor is

pw(x) = e P@dx _ [2dx _ 2x

Multiplying the differential equation by the integrating factor and proceeding with the pro-
cedure:

d d
w|Z 4y =q] = H[F 2y =6
dx dx
s erd_y + 262xy — 6e2x — d_[ery:I — 6e2x
dx dx
[N —;
le?]
— Xy = /j—[eb‘y] dx = /662xdx = 3¢% + ¢
X
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5.2c. Get the equation into standard form:

D4y 416 — D4y = 16x
dx dx

Find the corresponding integrating factor:

[ p(x)dx [ (4 dx — e—4x

ux) = e =e

Multiply the differential equation in standard form by @ and proceed:

e [d_y — 4y = 16x] — e““‘d—y — 4e‘4xy = l6xe ™

dx dx
— d—[e%)‘y] = 16xe™™
dx
— ey = /Cdl—[e_4xy] dx = [l6xe_4x dx . (%)
X

For the last integral, we use integration by parts ( fudv=uv— [vdu with u = x and
dv = 16e=%):

/16xe_4x dx = x<—4e_4x> - /(—46_4X) dx = —dxe ™ — ™% 4 ¢

Plugging this back into equation (x) and solving for y:

ey = —dxe™ — ¥ 4 ¢
— y = ¥ [—4xe*4x —e ¥ +c] = —4x — 1 4 ce¥
dy 2
5.2 e. Standard form: X 4+ 3y — 10x= =0
—> xd—y+3y=10x2>—>d—y+§y=10x
dx dx X
3
Integrating factor:  wu(x) = ofdx — 3nlxl Ix|?

3

However, as noted on page 99 of the text, we can simply continue with p©(x) = x” as the

integrating factor:

X [d—y+§y - 10x]
dx X
—> x3d—y + 3x% = 10x* — d—[x3y] = 10x*
dx dx
—> x3y = /j—[x3y] dx = /10x4dx = 2% + ¢
X
—> y = x73 [2x5~|—c] = 2x% 4+ ex 73
dy y 3 _
5.2g. Standard form: x— = /x + 3y — —= — Ty = x 2
dx dx X
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Integrating factor:  u(x) = ef< /x>dx = 3l — 73
Continuing with (x) = x> as the integrating factor:
—3[dy 3, _ *1/2]
. [dx xy -
— x_3d_y 3 _4y = x_7/2 bad d_[x_3y] = _x_7/2
dx dx
7
S x*3y = / [x73y] dx = /xi 2 dx 2x7 /2 + c
X
— y = x3 [c ~ 2 /2] X3 - —x1/2
52i. Standardform: % + Gr42)y = 2 — W4 (5+3)y _ 2
dx X dx X x2
2
Integrating factor: p(x) = ef[5+ /x]dx = X2y S5x 2
Continuing with the procedure:
2 2
¥ x? [d_y + <5+—)y = —0] — d—[esxxzy] = 20e>°
dx X x2 X
—> ¥ x?y = fj—[esxxzy] dx = /ZOeSde = 4% 4 ¢
X
— y = e ¥x7? [4esx +c] = x7? [4+ce75x]
5.3a. First, find the general solution:
/-’L(-x) — ef(*?))dx — 673)6
s —3x [dy — 6:| — d I:efibcy:l 6e 3x
d dx
— ef3éy—/6e3xdx— 2% 4+ ¢ — oy =ce -2
Then apply the initial condition:
5=90) =ce®® —2=¢c—-2 > ¢c=5+4+2=1
So the solution is y(x) = 73 — 2.
5.3 c. General solution:
M(X) — edex — eSX
—> esx [dy —+ Sy = ei3x:| — d_ I:esxy] = ezx
dx dx
s eSxy — /eZde — %eZX +c¢ — y= %ef3x + Cefﬁx
—
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Apply the initial condition:

0 =y0) = %e_}o + ce™0 = %

. . 1 _ 1 _
So the solution is y(x) = 3¢ 3x _ 3¢ 3

5.3 e. General solution:
xd—y =y + xzcos(x) — a _ ly = xcos(x)
dx dx X
—1
> nx) = ef( /x)dx = e il — 7! (use nx) = x_l)
> x! [d—y - ly = xcoS(X)] — 4 [X_ly] = cos(x)
dx x dx
— x_ly = fcos(x) dx = sin(x) + ¢ > y = xsin(x) + cx

Apply the initial condition:

0:y(£> = %sin(%) —i—c-% = %-l + c-

(ST
)
|
|

—_

2

Hence, y(x) = xsin(x) — x.

s4a. () = el v =
L+ oy =] o L[] = O
dx dx
X X
—> f d—[e3szy] ds = / &3 sin(s) ds
0 ds 0
X
— e3x2y(x) - 93'02))(0) = f 6352 sin(s) ds
E/_J O
=14
X
s e3x2y(x) =4 + f &3 sin(s) ds
0
—3x2 aET
s y = e % 4—|—/e‘ésm(s)ds
0
54c. xd—y -y = e dy _ ly = xe
dx dx X
_1
SN px) = ef( f)dx _ !
x
(N ! [d_y _! = xe_xz] — 4 [X] —
x Ldx x dx Lx
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