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Chapter 40: Numerical Methods III: Systems and Higher-Order Equations
ro_ - _
x''= —x 4+ 2y R ft,x,y) x + 2y

/

vy =x — 2y gt,x,y) = x — 2y

40.1 a.

From the initial conditions and given parameters

th =0, xo=4 , yy=1, N=6 , At =
and
tmax=t0+NAt=3

Since we are doing these computations “by hand’; let us do a little “pre-computing” to save
time and space later:

1
lk+1=lk+AX=tk+§,
X1 = Xx + At f(tk, Xk, Vi)

1
= xp + s[=x + 2] = 3k T+ Ve

1
2
and
Vi+1 = Yk + At - g(tx, Xk, Yi)
1 1
= w + shu — 2yl = 7%k

Repeatedly using these with £k = 0,1,...:

With £k =0:
1 1
t1_0+§_5’
Xl = x4+ =1t441=3
1= X0 Yo = 3 =
and
1 1
ylzzxkzz"":z
With k =1:
h=n+_.=14+1=
2 =N 5 = 3 5 = )
1 1 7
x2=§x1+y1=5-3+2=5
and
1 1 3
YZ—§x1—§'3—§
With k =2:
1 1 3
t3—t2+§—+1§—§,
1 1 7 3 13
x3—§x2+)’2—§'5+§—Z
and
_ 17
BEIR T T g
With k =3:
1 3 1
t4—t3+§—§+5—27
1 1 13 7 27
MEm AR =TTy
and

= —-X = = — =
ya 73
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With £k =4
1 5
tS—t4+§—2+——§ s
1 1 27 13 53
X5 =¥ty =5+ ¢ =
and
_ 11y
A T
With £k =5:
t—t+1—5+1—3 (= tmax)
6 =I5 7~ 3 7 = = Imax) >
1 1 53 27 107
Yo =35 T =3 %1 %= 3%
and
N R
o =35 =3'% T %
k|t | xk Yk
0] 0 4 1
1] 3 2
I ) 211 h 3
n summary: 3 3/2 13/4 7/4
412 | g | By
5 5/2 53/16 27/16
6 3 107/32 53/32
—x +2y —x +2y
' = —x + 2y e ft,x,y) =
40dc. ., 5 — 2 by — s b,
y = — X / — t =
y . g, x,y)
From the initial conditions and given parameters
=1, =2, =0, N=6, At:%
and
max = o + NAt = 3
Since we are doing these computations “by hand’; let us do a little “pre-computing” to save
time and space later:
1
tk+1=tk+Ax=tk+§ ,
Xip1 = Xk + Ar- f(t, Xk, Yi)
1 —xp + 2y 1
= _— " = — = 2
X+ o3 o X + 3tk[ X + 2kl
and
Yerl = Yk + At - g(t, Xk, Vi)
T i R
= Yk 3 ; = Yk 31 k
—
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Repeatedly using these with £k = 0,1, ...:

With k =0 1 1 )
h=t+z=l+sz=73.
1 1
= — - 2yl = 2 + —[-2+2-0] = -
X1 x0+3t0[ x0 + 2yo] +3.1[ +2-0] 3
and
= Yo+ —ll—xl =0+ > [1-2] = —
Y1 = Yo 3t() ol = 3.1 =
With k = 1:
1 4 1 5
t2—t1+§—§+§—§ s
1 4 1 4 2 2
“ns e = o e (D) -
X2 X1 + 3t1[ x1+2y1] 3 + A 3+ 3 3
and
2 2 2 4 5
= —1— = —— —[1——]:——
=t g it-al 3 T3l T3 6
With £k =2:
1 5 1
t3—t2+§—§+§—2 5
1 2 1 2 5 1
X3 = x2 + 5[—X2+2yz] =3t 3-—53[_§+2'<_5>} =3
and
=yt ll-nl =2+ 2 [1-2] = -]
BERT 5, A="573510 73T T
With k = 3:
1 1 7
t4—t3+§—2+§—§ P
1
x4:x3+3—[—x3+2y3]
3
_1+L[_l+ <_l>]__i
T 5 3.2L 5 10 15
and
2 7 2 1 13
- “n- - _[1__]:__
R T ] 032 5 30
With £k =4
1 7 1 8
tS—t4+§—§+§—§ s
1
X5 =x4—|—3—[—x4—|—2y4]
I4
- h R (5] - -
15 3.74 15 30/1 7 105
and
4 2[1—x]——13—|— 2 [1_<_1>]__9
o= T HT T3 T 3, 151 = "7
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With £ =5:
h=ts+3=3+5=3,
X = X5 + %[_XS'FZYS]
I5
SR A A A
105 3.8/3 105 70 21
and
2 9 2 19 1
)’6=}’5+E[1—X5]2—%4‘3.—%[1—(—%)]:6
k| % Xk Yk
0|1 2 0
1| % 4 —2
In summary: 2.1 % 73 e
: 312 s ~Tho
417 =s | =13
5108 | ="%0s | —%0
6| 3 —4h Ve

40.5a. Letting x = y’,
YV =2y 4y =0 0= Yy =2~y = X =2 -y
So, the system is

"= h(,y,
* Gy Gith b y.x) = 26 —

t0=0’y0=17x0=y/(0)=1,At=—7tmax=2
and, from tpax = fo + NAt,

Thus, the iterative steps are given by

1
tk+1:tk+At:tk+5 ,

1
Xkp1 = Xp + Af-h(t, Yoo X)) = Xp + 5'[2xk — il

and
1
Vil = Yk + Af-xp =y + 5 -x
Repeatedly using these with k = 0,1,...:
With £ =0: . | .

1

Xy = xo + 5'[2160 — yol
1 3
L+ 52111 =3
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and
1
yr = yo + 5 X0
1 3
=14+ --1= 5
With £k =1:
1 1 1
tz_tl—i_i_z—i_i_l’
1
X2 =x1 + 3-[2x =yl
3 1 3 3 9
=s+5[23-3]=3
and
1
Y2 =y + 5 X
3 1 3 9
=32t3373
With k£ =2
1 1 3
t3=l2+§=1+§=§ (= fmax) >
1
X3 = x + 5-[2x — y]
9 1 9 9 27
=i+ [i-3=7%
and
1 9 1 9 27
)’3—)’2+§'x2—1+5'z—§
With k = 3:
1 3 1
l‘4—t3+5—§+5—2,
1
X4 = X3 + §~[2x3 — ys3l
27 1 27 27 81
=S+ 5% =%
and
1
Y4 =yt 503
27 1 27 81
=3 T2 % T T
k| e | vk
0|0 1
In summary: Ll %
Hmary: 201 | %
313 | P4
41 2 | 86
40.5¢. Letting x = ',
2y — 6ty + 10y = 0 — ' = [6ry" — 10y] 12
> x = [6tx — 10y]1 2
O—
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So, the system is
x' = h(t,y,x . _
SRR i Ry, x) = [6ix — 10y]1°2
yo=x
From the initial data and given parameters, we have
=1, y%=1,x=yH=2, At=; , N=4
and, from tpax = fo + NAt,
tmax—3
Thus, the iterative steps are given by
1
tk+l=fk+Al‘=tk+§ ,
Xkl = Xk + At - h(te, Yk, Xk)
1 — _
= + 5 [6n — 10y [0 = xc + B — Sy - (072
and
1
Yit1 = Y+ Af-xpe = Yk oS ox
Repeatedly using these with £k = 0,1, ...:
With £k =0:
n=1+1=-q1412-3
! 2 2~ 2
x1 = xo + [Btoxo — Syol- [l
=2+ [3-1-2-5-1]-[112 =3
and
1
yi= Yo + 5 X0
1
=1+ §~2 =2
With k =1:
1 3 1
t2—t1+§—§+5—2 5
X2 = x1 + [Buxr — Syil-[n]7?
3 372 41
=3+[3-33-52][]] =%
and
1
2=yt 50X
1 7
With k£ =2:
B=h42=241="2
3= 2 2 - 2
X3 = x2 + [Boxa — Syl (0]
41 a7 o 505
=g tpeg s =3
and
1 7 1 41 52
y3—y2+§'x2—§+5'6—3
o i
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With k£ =3:
I4
X4
and
Y4
In summary:
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5

2 + =3 (ztmax) 5

N =

1
t - =
3+2

x3 + [B3x3 — 5y3]- (172

505 5505 52 572 1297

R R
1

y3 + 5 X3

52 1 505 1337

st m T m

k|t Yk

0 1 1

1|3 2
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4 3 1337/144




