Worked Solutions

Chapter 4: Separable First-Order Equations

4.3 a.

4.3c.

4.3e.

43¢g.

44 a.

4.4 c.

44e.

. d .
Factoring out y2 , we get d—y = (3 —sin(x)) y2 R
X

which is % = f)gly) ,
with  f(x) = 3 — sin(x) and g(y) = y>

So the equation is separable.

2
x% = (x—y)2 — % = & xy) # f(x)g(y) forany choiceof f and g.

So the differential equation is not separable.

d d
d_y_|_4y:8 — o8-y =402 -y) = fF0)g()
X dx

with f(x) =4 and g(y) =2 — y. So the differential equation is separable.

4y + 4y = x2 — Z—i} = x? — 4y # f(x)g(y) for any choiceof f and g.

So the differential equation is not separable.

d d d
_y f — y—y = x y—ydx = xdx
dx y dx dx

— T2 _ 12 2 _ 2
— /ydy—/xdx = 5yt =t A+ C =yt =t + 20

c

—> y = £vVxZ+c .
dy 2 ] 1 y dy 1
A I ———— — 2= =
[xydx o+ |:x(y2+9)i| y2+9dx X
1 1 2 1
—> /2y d—ydxz/—dx>—>—/ ydy:/—dx
y>+9dx X 2 y2—|—9 X
> %ln‘y2+9‘ — Inlx| + C ln‘y2+9’ — 2In|x| + 2C
> 2 49 = 420 220 _ 4020t 442
— y2=Ax? =9 > y = £JA2Z-9 .

/cos(y)j—zdx = /sin(x) dx r— /cos(y) dy = /sin(x) dx

—> sin(y) = —cos(x) + ¢ > y = arcsin(c — cos(x))
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4.5a. The general solution (from the solution to Exercise 4.4 a) is
y = +/x2+c .
Applying the initial condition, we have
3= y() = £V/124+¢ = £J/1+¢
Since 3 is positive, we must take the positive square root. For ¢, we then have
3=Vlt+te = ¥ =1+4+c¢c > c=9-1=38

So the solutionis y = vx2+8 .

4.5 c. Finding the general solution to the differential equation:

dy 2 (2 ) y dy
=2 = = 1 — A
ydx T Wt y2+1dx *
1 2
SN / 2y d_ydx =/xdx — —/ Y dy:/xdx
y*+ 1dx 2 y2+1
—> %ln(y2+l>:%x2+C — ln(y2+l):x2+c
> v+ 1= = et = A
2 x2 2
— y° = Ae — 1 > y = £y A" —1

Applying the initial condition:

—2 = y(0) = +y/Ae” —1 = £J/A -1

So we take the negative square root, and then solve for A:

—2=—-A-1 > 4=A-1 > A =5
So the solutionis y = —\/5e — 1.
4.6 a. O=j—y=xy—4x=x(y—4) — 0 =y—4 > y=4
X
4.6 dy 2 dy xy2 — 9x y2 -9
.0 C. y— =xy" — 9% — — == = x-
dx dx y y

> 0=3y2=-9 > yY =9 »— y =49 = +3

So the two constant solutions are y =3 and y = —3.
d 2 2
46e. 0 = 2 — o = e
dx

2 .
But there are no values of y such that ¢~ = 0. So there are no constant solutions.
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4.7a. From the answer to Exercise 4.6 a, we know y = 4 is the only constant solution. To find
the nonconstant solutions:

%:xy—4x — Z—i}:x(y—4) — ﬁj—i:
— LD = fxdx — Inly—4 = 12 + ¢
y—4dx 2
— ly —4] = exp(%x2+c) = ecexpexz)
> y — 4 = :i:e’:exp(%xz) = Aexp(%xz)
s y =4+ Aexp(%xz) (With A = ¢ £0)

Since, the last equation reduces to the constant solution y = 4 when A = 0, that last
equation without restrictions on A can serve as the general solution.

4.7 c. Z—y = 3y2 — y2 sin(x) = y2 (3 — sin(x))
X
Constant solutions:
0= Z_y = y2 (3 —sin(x)) > y = 0 is the constant solution
X
d . _»d .
Other solutions: 2 = y2 (3 —sin(x)) — y 28 _ 3 sin(x)
dx dx
—> /y’zj—ydx = f(3—sin(x)) dx »r— —)F1 = 3x 4+ cos(x) + C
X
—> ! = —3x — cos(x) + ¢ »r— = !
y - Y= ¢ — 3x — cos(x)
In this case, no value of ¢ in the last line yields the constant solution y = 0. So for the
general solution we need both
= ! and =0
Y= ¢ — 3x — cos(x) yo=
4.7e. Constant solutions: 0 = Z—y =2 — y = 0 is the constant solution
X X

Other solutions:
d 1d 1 1d 1
@ _ Y s 1Yy _ 1 __ydx = —dx
dx X ydx X ydx X

— Inly|] = Injx|] + C > y = $NXHC 4 Colnlxl 4y

Since the last equation becomes the constant solution y = 0 when A = 0, we can use that
equation, y(x) = Ax , for the general solution.
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d d 241 .
4.7 g. (x2~|-1)d—y =yl 4+1 — d—y = yzil > 0 > no constant solution.
x x x

Nonconstant solutions: 5
dy _ 41 1 dy _ 1
1 y2 4+ 1dx x2 41

dx

x2 4+
—> ! d—ydx = id)c — arctan(y) = arctan(x) + ¢
y2+1dx - x2 V=

Solving for y then yields the general solution y = tan(arctan(x) + c) .

4.7i. There are no constant solutions since ¢~ > 0 for all y. So all solutions are nonconstant:

d d d
ey o 2= > Ay = [ 1dx
dx dx dx

N e =x+c > y =Inx+c)

d . .
47k. 0 = d—y = 3)cy3 >— y = 0 is the constant solution .
X

Nonconstant solutions:

d d d
A A 3)cy3 — y_3d—y = 3x /y_3—ydx = /3xdx
X dx

2

— ——y*2=%x2+C — oy 2= 3% 4+ ¢

_
—> y = :t(c—3x2> ?

This last equation does not reduce to the constant solution y = 0 for any choice of ¢. So,
to describe the general solution we need both

y = :I:(c—3x2)_1/2 and y =0

47m. L _ 3x2y? = —3x2 — o 3xy? — 3x? = 3x? (yz— 1)
dx dx
Constant solutions:
ozj_y:3x2(y2_1) — Y —1=0 > y==+1
X
—> y =1 and y = —1 are the two constant solutions

Nonconstant solutions:

d 1 d
O 342 (yz—l) — G 342
dx yz—ldx

—> /21 d—ydx=/3x2dx=x3+C . (%)
y>—1ldx
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4.7 o.

For the remaining integral, you can use partial fractions. Begin by noting that

1 1 A B

Vo1 GrDo-D  y+1 T y-1
_ Aly—1) + B(y+ 1) _ Aly—1) + By+1
O+Dy-1) y2 -1

So A and B are numbers such that
1 =Aky-1) 4+ B(y+1 forall vy
Now solve for A and B, possibly by first setting y =1,
1 =A0-1)+ B(1+1) > B =2,
and then setting y = —1,
1 = A-1-1) + B(-14+1) > A= —-
So,
1 _1j 1

= + ’
y2—1 y+1 y—1

and (ignoring the arbitrary constant)

1 d 1 1 1 1
[t [ )
y*—1ldx 2 y—1 2 y+1

1 1
E[ln|y—1| — In|y+1[] = Eln

y—1
y+1

Combining this with equation (%):

1

-1 -1 3 3
5 n y—‘ — x3 + C — y— — ier +2C — Aer

y+1 y+1

— y—-1= yAezx3 T+ A — y — yAez"3 =1 + A

2x3
_ w3\ 2:3 _ 14+ Ae
—> y(l Ae >_1+Ae — y_—l—Ae2X3
If A =0, the last equation reduces to y = 1, but the equation does not reduce to y = —1

for any choice of A. So all the solutions are given by using both

1+ Ae2*
y(x) T and y = —1
Z—y = 200y — 2y> = 2(100 — y)y
X

Constant solutions: 0 = 2(100—y)y >~ y = 0 and y = 100

Nonconstant solutions:

dy 1 dy
— = — — _— =
In 2(100 — y)y /(IOO—y)y oy dx [2dx

1
% /mdy:2x+c . (*)
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Using partial fractions (see the solution to Exercise 4.7 m),

1 dy v =
(100 — y)y dx o

I I N
0/ |y " 100=y| %
1
100

1
——In Y
100~ [100 — y

[In|y] — In[100 —y|] =

Combined with equation (x), this gives

=2x + ¢ — Y 4,100Qx+e) _ 4,200
100 — y

BLERTS
100|100 — y
s y = 10042005 _ 42008 y<1+Ae200"> — 100A200x

1004200

— YT T A2008

The last reduces to y = 0 if A = 0, but does not reduce to y = 100 for any choice of A.
So all the solutions are given by using both

100A¢200%
y = m and y = 100
48a. 2 2y = 10 — L — 2y 10 = 2b-5)
dx dx

Clearly, the only constant solution is y = 5 which does not satisfy the initial condition
y(0) = 8. So we must find the nonconstant solutions:

dy 1 dy
2= 2y — — L =2
dx ¥ =3 y—5dx
1 dy
—> ———dx = [2dx > In|ly—5] =2x + ¢
y—5dx
—> y — 5 =+ = A — y =5 + Ae*

Applying the initial condition:
8 =y0) =5+A*"=54+A4 > A=8—-5=3
So the solution to the initial-value problemis y = 5 + 3¢**.

dy dy

4.8 c. — =2x — 14+ 2xy —y > — = (2x—-1) + 2x—-1)y
dx dx
dy
— — = 2x-D+y)
dx
In this case, the derivative is zero if y = —1. So y = —1 is the constant solution.
Moreover, this constant solution satisfies the initial condition y(0) = —1. So the constant

solution y = —1 is the solution to the initial-value problem.
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dx dx X
Clearly, the only constant solutions are y = 0 and y = 1, neither of which satisfies the
initial condition y(1) = 2. So we must find the nonconstant solutions:
dy _ yo=b | I ody _ 1
dx X y(y —1)dx X
1 dy 1
/y(y—l)dxdx fxdx nlx| + ¢ (»)
Using partial fractions (see the solution to Exercise 4.7 m), we find that
1 . . 1 B l
yiy—1 y—1 y
So, continuing from equation (%), we have
Inly—1] — In|y| = In|x| 4+ ¢
[N In y——l' =Inlx| + ¢ — y_—l = deltllte — Ay
y y
1 1 1
(ﬁ 1 _ = = A_x > —_ = 1 —_ A_x — y g
y y 1 — Ax
Applying the initial condition:
1 1 1
= = — = - = =
Y\ =1 I=4=3 A=3
1 2
SO, y = =
1 _ lx 2 — X
2
dy dy y
48g. (»-1)= = 4 — L= 4x.
8g. (v -1)gr = 4 dx 3

The only constant solution is y = 0, which does not satisfy the initial condition y(0) = 1.
So we must find the nonconstant solutions:

2
2 dy y-—1ldy
(y )dx *y y dx x

—> /y _ldyd /4xdx — f|:y—11|dy=/4xdx
y

> P -l =27 4 = 37— 2yl = 47 4+ 2

Getting an explicit solution here is not practical. So we will apply the initial condition
y(0) =1 to the last equation:

12 -2l =422 +2c > 1 —0=16+2c > 2c = —15
So the (implicit) solution is y2 — 2Inly| = 4x* — 15.

4.10a. From the answer to Exercise 4.8 a we know the solution is y(x) = 5+ 3e2* which is valid
for all values of x . So the interval is (—o00, 00) .
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4.10 c. From the answer to Exercise 4.8 e, we know the solution is

which is continuous everywhere except at x = 2 where it ‘blows up’. And since the initial
condition is given at x = 1 < 2, the interval over which this solution is valid is (—o0, 2) .

4.10e. From the answer to Exercise 4.7 k, we know all the solutions to the differential equation
are given by

_1/
y(x) = i(c—3x2) : and y =0

Obviously, y = 0 does not satisfy the initial condition. So we apply the initial condition
with the nonconstant solution formula:

1
1 2\ "2 1
= — — 3. = J— — =
S =0 :t(c 3 0) £ c =4
and
71/2 1
( V4 —3x2

This is valid over the largest interval containing 0 and with 4 — 3x> > 0. But

— 352 — 2 <4 s _ /4 2z
4 — 3x° >0 <3 \/;<x<+ﬁ

. . 2 2
So the interval -, = ).
o the interva 15( 7 3)



