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278 Delta Functions
Chapter 31: Delta Functions
31.1a. |Z| = |m [vafter — Ubefore]] = 10.145[45 — 0]] = 6.525 ( kg-meter/sec)
31.2a. Solving the equation I = m[vafier — Ubefore] fOr Vafer We get

1
Vafter = — 1 Ubefore
m
In particular, assuming m = 2 and vpefore = —10:
If T =060, then vyer = % — 10 = 20 (meter/sec)
100
If T =100, then vafer = - = 10 = 40 (meter/sec)
20
If T =20, then vafer = 5 = 10 = 0 (meter/sec)
31.2c. Solving the equation T = m[vafer — Ubefore] fOr m we get
1
m= ——
Vafter — Ubefore
In particular, assuming 7 = 30 and vpefore = —10:
30 1
If Ubefore = _10 and Vafter = 50, then m = m = 5 (kg)
30
If vpefore = 0 and vaferx = 15, then m = 50 = 2 (kg)
o0
31.3a. / ?284(t)dt = 4% = 16
0
o0 o0
31.3c. / cos(t) 8(t) dt = / cos(t) 8o(t) dt = cos(0) = 1
0 0
o
31.3e. / t2 rect(1 4 (083 (1) dt = 3%rectqgy(3) = 9-1 =9
0
31.5. Keeping in mind Theorem 31.1, and the fact that ¢« > 0 and ¢ > 0, we have
t
g *x68q(t) = 8q xg(1) = / S (x)g(t — x)dx
0
o0
= / 8q (x)g(t — x)rect(p,(x) dx
0
= g(t —a)rect(,s ()
( ) 1 if O<a<t
=gt —w)-
0 if r<a
0 if r<a«a
= g(t—a)- ) = g(t — o) step, (¢)
1 if a<t
o



Worked Solutions

31.6a.

{

31.6¢.

{

where

Thus,

and

31.6e.

{

{

where

So,

and

31.6¢.

cy']l, = LBl

sY(s) — 0 = 3L[8(1)]l, = 3¢

Y(is) =3

—2s
yt) = LY, = £—1[3e } = 3stepy(?)

"]l = LIssm1l;

s?Y(s) — 50 — 0 = e

e—3s

Y(s) = 7

v = £l = £ e ]| = = seps

=1

o = 4]

t

fX) =X ft=3 =1t -3

y(1) = f{t =3)step3(t) = (r — 3)step;(r)

cly +2y]|, = L4801,

[sY(s) — 0] + 2Y(s) = 4e”*

1

Y(s) = 4e™*
(5) ¢

1

1) = £*1[4e*‘“v+—2

|, = 4re-vsepio

fo = ']

ef2t

t

f0 =X fa—1) = 2D

y(t) = 4f(t — 1)step;(r) = 4e 2"V step, (1)
Lly" 5]l = £[-28:p0]

I:SzY(S) — S'O—O] + Y(s) = —2¢7 "

279



280

31.7 a.

31.7¢c.

—P
Delta Functions
AT 1
—> Y(s) = —2e 2s2+l
_ =l AT 1 _ o
> y(it) = L |: 2e 2S2+1i|, = 2f<t 2>stepn/2(t)
where
a1 o
f@) =L |:s2+l]t = sin(?)
So,
—2f<t—%> - —ZSin(t— %) = 2cos(r)
and
y() = —2f<t— %) Stepy »(f) = cos(t) stepy /5 (1)
Ly +3y]|, = LIbO]l;
— [sY(s) — y(0)] + 3Y(s) = e
—
2
> (s+3)Y(s) — 2 = >
_ 2 —2s 1
- Ys) = s+3 ¢ s+3
Thus, 5 |
_ -1 —2s
yo ==L [s+3+e s+3],
e[ 1 —1[ —2s 1 _ _
= or [s+3], iy [e m]‘t = 2f(1) + f(t —2)step, (1)
where )
_ -l -3
o = 1] -
So,
fOO = -2 = 0P
and
Y@ = 2f(0) + [ —2)stepy(1) = 27 + ¢ step, (1)
ll[y”+3y/]|s = L& (D]l
< [s2Y(s) — 5sy(0)—y'(s)]
—_— =
0 1
+3[SY(s) — y(0) = e *
——
0
> (s2+3)Y(s) — 2 = e *
2 1
- Y(s) = s2 4 3s s2 4 3s
—P
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Worked Solutions 281
Thus,
2
t — [:—1 —S
Y@ |:s2+3s+e s2+3si|t
_ 1 _ 1 1
= 2r 1[52”?} +C ‘[e “m} = 2f(t) + f(t—1)step(r)
b t t
where
F@) = 27 ] E——
o 52 +3s p s(s+3) ‘
(Use partial fractions or convolution.)
1]
3
So,
fx = 1=e™] 0 fe-n = g[1-e00]
and
YO = 20() + f=2)stepy () = 2[1—e] + 1[1= D step, )
31.7e. Lly" —16y]|, = LIsi1oM]l;
s [s2Y(s)—s-0—o] —16Y(s) = e\
1
(% Y — —10s
) ¢ s2 416
_ 1
— y(1) = L:[e 10Sm] = f(t — 10) step;o(t)
t
where
1 1
n =" i [
7® [s2—16], |:(s—4)(s—|—4)i|l
(Use partial fractions or convolution.)
L[ 4 —4
g[e ¢ ]
So,
= If4x _ 4x _ _ L[ ag—10) _ —4(1—10)]
f(X)_S[e e ] . fa 10)_8[e e
and
1 _ —4(—
y(t) = f(t —10)step;p(t) = 3 [e‘“’ 10) _ o4 10)] stepyo(2)
o
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282 Delta Functions
317g. cly” + 4y — 12y]|; = LI,
—> I:SZY(S)—S-O—O]
+ 4[sY(s) — 0] — 12Y(s) = 1
1
> YGs) = —
() 2445 —12
So, using either partial fractions or convolution, we find that
_ 1 _ 1 1 _
H =LY — R [ _ L2 _ 6
v I:s2+4s—12i|t |:(s—2)(s+6):|t S[e ¢ ]
31.7i. L[y +6y +9y]|, = LI810]l;
—> I:SZY(S)—S~O—0:|
+6[sY(s) —0]+9Y(s) = e *
1
s Y — —4s
) ¢ s24+65s+9
' 1
s 1) = Lle®—— || = £t —4)stepy(t
y(0) [e s2+6s+9i| = SE—Hsep()
where
f@) = 1 b
o s2+6s+9 /
1
=
|:(S + 3)2:| t
= ... (Use the first translation identity or convolution.)
— o3
So,
O = XX fa—4) = =4
and
y(1) = f(t —4)stepy(t) = (1 —4)e >V step, (1)
317k LY" +9y]|, = Lisio]l;
—> [s3Y(s)—s2-0—s-0—O]
+ 9[sY(s) —0] = ¢*°
@



Worked Solutions

1
(% Y — —S
) ¢ 53 +9s
_ —1s_ 1 _
— v = L:[e SS3+9Jt — f(t— Dstep; (1)

where

=@l

= ... (Use partial fractions or convolution.)

ot
f =t |:s3+9s]

t

= é[l—cos(3t)]
So,
f(X) = %[1—cos(3t)] . fG—1) = é[l—cos(3[t—1])]

and
¥(t) = f(—Dstep;(t) = g[1—cos3lr — 11)] step; (1)

283



