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Worked Solutions 259
Chapter 30: Piecewise-Defined Functions and Periodic Functions
30.2a. Using the first translation identity, we have

£[e4’ step6(t)]( = L[e¥seps)]|, = L[ f0]|, = Fis -4
N ———
S
with
e 08
F(s) = LIf®)]l, = £[step6(t)]‘s = = for >0
o—6X
—> F(X) = ¥ for X >0
o—6(s—4)
—> F(s—4) = 1 for s—4>0
s —
So the first line in our computations continues as
4 o—6(s—4)
E[e’stepé(t)” — .= F(s—4) = : for s> 4
N s —
e [ —as 1 1 —ds
303a. '\ | = [e 3] —r [e F(s)]‘ — f(— 4)step, (1)
N t N t t
with ) )
_ p-1 e I | B e | _ 12
fo = e FoN, = 75| = 5 =], = 3
> FOO = 35X >[4 = -4
So the first line in our computations continues as
4 e—4s 1 ’
L 3 = - = f(t—4)stepy(t) = 5(t—4) step, (t)
S t
303c. ﬁ—l[ﬁs—%eﬂ] _ | syVT
t 53/2 ;
- a—l[e—“F(s)] — £t — Dstep, (1)
t
with
_ _ b
£ = LTUFG, = £ 1[35}
s72 11
1
_ VT r(;+1) __VE
1 Uot1 1
r(z+1) ‘ , TGy
Replacing ¢ with X and recalling that
1 11 1
r(z+1) = 57(5) = 5v7
o
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we see that :
f(X) =2X"2 = 2JX
f@—1) = 2vt—1
and
a—l[ﬁs—%e—f] — o= f(—1)step,(t) = 237 — Lstep; (1)
13
30.3e. Applying the second translation identity, followed by the first translation identity, we have
P P | RSS1 RS, - £71[674“'F(s)]‘ — f(t — 4)stepy (1)
s—53]], s—53]|, ' 4
where |
F = — = G -5
®) = =55 = G6=9
and
) = LTF@I = LG =), = e g)
In this case,
1
G(s—95) = GX) = —
(s —95) G353 (X) 3
_ i1 1
— g0 = TGN, = £ 5] = 37
— f@) = gt = 1™
(SN f(X) — %X265X
— Fa—4) = J(—40
f e 1 2 5(1—4)
— [ — = f(t—4d)stepy(t) = -t —4)7e step4 (1)
(s =53], 2
30.5a. Computing the inverse transform:
l1—e " 1 1
E_l — [:_ll:__ —S‘_]
|: 52 i|t 52 s2 1l
_ g—l[iz] _ L:—l[e—“ 1 ]( — 1+ f(t—1)step ()
N t N t
——
F(s)
where |
fo = cFEGN, = 5] =
N t
So,
f&X) =X
fae—-10n =1 -1
—
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and
-1 1—e*
L 2 =1t — f(@t—1step(t) =t — (t—1)step;(t)
! t
Converting to a set of conditional formulas:
Ifr<1,
-1 1—e™s
L 2 =t — (t—Dstep;t) =t — (t—-1)-0 =1t
t
Ifl<t¢,
-1 1—e*
L —s— =1t — (t—1)step;(t)
$ t
=t —-—(@t-1-1=t— (-1 =1
In summary:
_ ¢S t if t<1
o[ -
s t 1 if 1<t
30.5c. Computing the inverse transform:
M2 244s _ [ 2 1 o5 2+4s
A, - ) - e
S3 53 ¢ t 53 t S3 t
———
F(s)
= 1 — f(t —2)step,(t)
where -
— — S
fo = cEe = 20|
2 4
RERSY
S3 + S2 t
- ﬁ—l[i] + 4[:—1[1] =2 4 4
S3 t 32 13
So,
f(X) = X* +4X
fE—=2) = -2 +40¢—-2) = 1> — 4
and
_1r2 2+4+4s _
c 1[3—3—S—3e 2S]t — 2 — f(t—2)step,(t) = 12 — [r2—4] stepy (1)
Converting to a set of conditional formulas:
Ifr<?2,
2 2 4 4.
£71|:_3 o +3 Ye—Zs] — t2 _ [t2_4:| Stepz(t)
N N t
= 1> - [t2—4]-0 =12
—
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If2<r¢,

In summary:

30.5e. Computing the inverse transform:

= |:(s +4)e 12 — 8e3s:|

_£—1|:e—3s 8 H
/ s2—16 [

52— 16 ; 52— 16
——
F(s)
- e*%*l[L]( — £t — 3) steps (1)
S—4 t

= e 12eM — f(r—3)step;(1)

where
8
1 = c7F =r!
£ [Fs)1l, L2 - 16} ,
8
=\
|:(s—4)(s+4)] .

= .- (Use partial fractions or convolution.)
_ [e4t _ e—4t]

So,
f(X) — [€4X _674X:| ,

ft—3) = [64@73) _ 674073)]
and

= e 2eM — f(r —3)step;(1)

1[Gt 4)e12 —ge=3
52— 16

t
— A3 _ [64(1—3) _6—4(1—3)] steps (1)

Converting to a set of conditional formulas:
Ifr<3,

= |:(s +4)e~12 8e3s:|

_ LAe-3) _ [4(#3) _ 74(#3)] stepa (¢
216 ¢ ¢ e P3 ()

t
— A3 [64(#3) _674(#3)] L0 = QH-d
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If3<t,
= (s +4)e—12 — g3 — A3 [84073) _674073)] steps (1)
216 . ’
— A3 [64073) _674073)] ] = e H-d
In summary:
o1 (s +4)e 12 —8e=3s AU if t<3
52— 16 ; U R T
30.6a. £ly]]; = £[seps 0]
6733‘
— sY(s) — y(0) =
— s
0
— Y(s) = e*3si2
N
—1f 35 1
> o = 7 5 ]| = fe—3)seps0)
——
F(s)
where 1
_ -l _ -1 Z
f0 = cFON, = 5] =
So,
fX) =X , f@t—=3) =1r-3
and
y(t) = f(t —3)steps(r) = (¢t — 3)step3(?)
30.6c. cly"]l, = £[step, ]
—2s
< $2Y(s) — sy(0) — y(0) = £
~—— ~—— N
0 0
< Y(s) = efzsig
|2
—1f —2s 1
> o) = £7']e 5 ](t = f(t—2)stepy(t)
——
F(s)
where {
= -l Y [ | R
fo = e = c[5]] = 5
So,
FOO = 3X2 . fa=2) = 3a-2)?
and

() = ft=2)stepy) = 3t —2)% step (1)
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30.6e.

30.7 a.

Piecewise-Defined Functions and Periodic Functions

£[y//+9y]|s = £[step10(f)]|s

—10s
— Dy, + oLl = =
—10s
s [s2Y(s)—s-0—0] +9Y(s) = &
N
__—10s 1
- Y(s) = e s(sz+9)
s yt) = £—1[e—10s ﬁ]‘t = f(t —10) step;o(¢)
[ ——
F(s)
where
_ -l _ -l 1
fo = LNF@I, = L L(SQH)]Z
= ... (Use partial fractions or convolution.)
= é[l — cos(31)]
So, | )
X0 = g[1=cos3X)] . f—10) = g1 = cos@[r — 10])]
and
y(t) = f(t —10)step;p(t) = é[l—cos(?)[t—lO])] stepo(t)
Here,
] ift<6_4[Oift<6_4,
f@ = L‘“ it 6<if  ° !1 if 6<t} = ¢ s

Applying the translation along the 7 —axis identity:

©

LUFON, = £[e"stepsn]| = £[3t — 0 step0]], = ¢ *G()

In this case,
gt —6) = ¥
Letting X =t — 6 (hence, t = X 4+ 6), we get

g(X) = AXHO _ 244X

Thus,
g(t) = e
24
G(s) = LlgD]l, = 5[624641] _ e
s s—4
and
6 6. ¢ 654
LIfFO)y = -+ = e PG(s) = e - e )

s—4 s—4
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30.7 c. Applying the translation along the 7T—axis identity:
Ltsteps()]|, = L[ft —6)steps(D)]|, = e F(s)

In this case,

ft—6) =1
Letting X =t — 6 (hence, t = X 4 6), we get

fX) =X + 6

Thus,
f@) =t +6 ,
1 6
F(s) = LIfOIly = LI +6ll; = LIl + L6l = 5 + <
and
_ 6 _ e |1 6] _ 1 6 s
£[tstep6(t)]‘x = ... = %F(@F) = e V'[S—z—i-g] = ¢ S+ ~e s
30.7e. Applying the translation along the 7—axis identity:
c[ﬂ stepG(I):Hs = L[f(—6)stepg(D)]], = e F(s)
In this case,
fa—6) =1
Letting X =t — 6 (hence, t = X 4 6), we get
fX) = (X + 6 = X* + 12X + 36
Thus,
f@) = 1> + 12t + 36
2 12 36
Fo) = cifol, = [?+1z436]| = 2+ 24 20
N N N s
and
c[tzstep6(t)]( e YR = e | 21230
N S3 S2 N

30.7¢g. Applying the translation along the 7—axis identity:

£[sin(20) step, o (]|, = c[ f(t— %)stepﬂ/z(t)]‘s — ¢ "hF(s)

In this case,

f(t— %) = sin(20)

Letting X =1t — (hence, t=X+ %) we get

SR

f(X) = sin<2 [X—i—%]) = sin2X +7) = —sin(2X)
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Thus,
f@) = —sin2t)
F(s) = LIfOlly = —LIsin20)]ly = Ui
and
. _T[S/
L[sin(20) step, p(1)]], = -+ = €7 2F(s)
_ TSh -2 _ 2 —TS)
¢ s24-4 32+4e

30.7i. Applying the translation along the 7—axis identity:

£[sin(20) step, ;6 (1)]|, = L:[ f(t— %)stepn/é(t)]( — " F(s)

)
In this case,
f(t — %) = sin(2r)
Letting X =t — 7/g (hence, t = X 4+ "/g), we get
F(X) = sin(z [x+ %D - sin<2X—|— %)
= sin(2X) cos(%) + cos(2X) sin(%)

= %sin(ZX) + %gcos(ZX)

Thus,
@) = %sin(2t) + ?COS(ZI) ,
F(s) = LIfOl, = z:[% sin(21) + ?oosar)}
N
_ l 2 s/3
25244 5244
and s
L[sin@0) step, (]| = -+ = e JoF(s)
—78/c 1 2 sv/3
= e — _ -
25244 s2+4
1 2 s\/g —TS)e
- El:sz+4+s2+4i|e
30.8 a. f() = e ¥ rect oo, (t) + 0-rect(s o0 (1)
= ¢ M [l —stepg()] + 0 = e — e ¥ stepy(1)

So (using, this time, the first translation identity),

FGs) = CLFD, = E[(f‘“ — stepﬁ(z)](

= £[e*4’] - ﬁ[e*‘” step(,(t)]‘

1 o—6(s+4)

N

s+4 s+4
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30.8c. ) = 2rect oo (1) + 27V rect 3 00) (1)
= 2[1 —step3(1)] + 2e~ 4173 step, (1)
= 2 — 2stepy(1) + 2¢ 4 step, (1)
Hence,
F(&) = LU0l = £[2=2stepy(r) +2e7 stepy )]
N
= 2L[1]], — 2£[steps (]|, + 2£[e " step; (]|,
g(r=3)
—3s
= 2T L 0Gs)e ™
S S
Clearly,
gt —=3) = Y ) = &
N G(s) = [1[64’] = !
s s—4
So,
—3s
Fs) = 2 — 27 4 2G(s)e™ = 2[1—[35‘] + 2>
s s s s—4
30.8e. ) = 1 rect(—oo3)(t) + 9rect(3 o) (t)
= t2[1 —step3(t)] + Osteps (1) = 2 — 12 steps(t) + 9steps(t)
Hence,
FGs) = CLAOI, = £[12 — 2 steps(t) + 9step3(t)]‘
N
= [?]| = [ 2 sepsm]], + oc[steps0)]],
g(t=3)
—3s
— 33 — G(s)e ™ + 9
) )
Here,
gt—=3) =12 — gX) = X+3)?> =X +6X +9
——
X
< G(s)=£[12+6z+9] =200
s S3 52 S
So,
—3s
F(s) = 33 ~ Gs)e ™ 4+ X
S
_2 (2,6 9] s, % 2 2, 6] s
IS |:s3+sz+si|e + s 83 s3+s2 ¢
30.8¢g. f (1) = Trect(—0o,2)(t) + 2rect(p3)(t) + 4rect(3 oo)(t)
= 1[1 — stepz(t)] + 2[step2(t) — step3(t)] + 4 step; (1)
= 1 + stepy () + 2steps(t)
O—

267
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Hence,

F(s) = LIfO]l; = L1 + stepy(r) + 2steps(1)]]

L[]l + L[step, (]|, + 2£[steps(1)][,
3s

—2s —
e + 26

N N

l + — ll:l_i_e—zs_i_ze—&?]
S S

30.8i. F(6) = Orect(—oo,1)(t) + (t — 1) rect(1,3)(t) + 4rect(3,00) (1)
0 + (t — 1)* [step (t) — step3(1)] + 4steps(r)

= (t—1)>step;(t) — (t — 1) steps(1) + 4steps(r)

Hence,

F(s) = E[(t— 12 step, (1) — (t — 1) steps (1) + 4step3(t)]‘s

cl @ —1)*step, (]|, — E[St_:fl_)istep3(t)]|s + 4L[step3 (1)][,

g(t—1) h(t—3)
—3s
= G(s)e™® — H(s)e_3s + de
S
Clearly,
gt—1) = -1 — gX) = X*
— o) = Llgwll, = £[?]| = 5
Also,
Wit —3) = (t—1)?
%N‘—/
X
— hX) = (X+3]1-12% = X2 + 4X + 4
2 4 4
- H(S)=£[lz+4t+4]‘:—+—+_
N S3 S2 S
With these formulas for G and H , we can continue computing the formula for F :
4 —3s
F(s) = G(s)e™ — H(s)e ™ + e
= 2[R en g dem 2 2 (2 4]
N 536 [s3+s2+s]e + Se - 536 s3+s2 e

)
30.9a. stair(1) = Z(n + 1) rect(y, n41) (1)
n=0
= lrect,1)(t) + 2rectq ) (f) + 3rectp3) () + 4rects,4 ()

+ -+ 4 nrecty_1,)(#) + (n+ Drecty 1)) + ---
= 1 [stepy(r) — step;(t)] + 2 [step; () — step,(1)]
+ 3 [step, (1) — steps(1)] + 4 [stepy(r) — stepy(1)] + ---
+ n[step,_; (1) —step,(t)] + (n+ 1) [step,(t) —step,, ()] + ---
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= stepy(r) + step;(r) + step,(¢) + steps(r) + --- + step,(r) + ---

Z step,, (t)

n=0
o
30.9b. Llstair()]], = £[Z stepn(t):|
n=0 s
[ee) o) e 1 o)
— Zﬁ[stepn(t)”s = Z — = ;Z ns
n=0 n=0 n=0
30.9 o | o 1
.7 C. : _ = -ns _ O —
Llstair)]ly, = ~ ) e - (e7) T e
n=0 n=0
30.10 a. L[yl = Lfrectas®]]
> sY(s) — y(0) = L[step;(t) — step3(1)]],
——
0
—s —3s
> sY(@s) = & = ¢
\) \)
Pt ef3s
> Y(s) = — —
(s) 2 2
Thus, 5 3
e e * e * e’
t) = L| — — — = L|— - L
v |:52 52:|t |:52i|t |:52i|t
= El:e_s iz ] — £|:e_3s Lz :|
S )
— ——
F(s) F(s)
= f(t —1)step;(r) — f(t—3)steps(t)
where
_ L] -
o =G| =
So,

J&X) =X

and, letting X =t — 1 and X = — 3, respectively,

y(@®) S —1)step;(t) — f(t—3)steps(r)
(t — Dystep (1) — (t — 3) steps (1)
= (t—1) [stepl(t) — steps (t)] + 2step; (1)

(t — 1)rect(1 3)(t) + 2steps(t)
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30.10 c. Lly"+9y]l; = £frecta s @]

—> [sY(s) —s-0—0] + 9Y(s) = E[stepl(t) — step3(t)]‘s

—s —3s
— <s2+9)Y(s)=e——e
) )
> Yo = —
o s(s2+9) s(s2+9)
Thus,
oS 6733
t) =L -
y(0) |:s(s2—|—9) s(s2+9)},
' 1 ' 1
= Lles - r —3s
[e Nﬂ+%], P wﬁ+%],
~—— —_——
F(s) F(s)
= f(r—1)step;(r) — f(t —3)steps(r)
where

_ -l 1
F = £ [wﬂ+%}

= .- (Use partial fractions or convolution.)

t

1
=3 [1 —cos(31)]

So,
FOO = 511 = cos(3X)]

and, letting X =7 — 1 and X = 1 — 3, respectively,
y(@) = f@t—1)step (1) — f(r—3)steps(?)
= L[1—cosG3lr — 1) ] step; (1) — 2[1 — cosG3lr — 3] ] steps (1)
= 5[ (step; (1) — steps (1)) + cos(3[r — 3] steps (1) — cos(3lr — 1) step; (1)]
= 5 [rect( 3,(0) + cos3lr — 31) steps (1) — cos(3lt — 1) step, (1)]

30.11a. Here we are computing & * f with
h(ry = 1> and  f(1) = steps(t)
So,
2 s stepy(t) = hx f(t) = fxh(t)

t t
/f(x)h(t—x)dx = / stepy (x)(t — x)? dx
0 0

If t <3, then steps(t) = 0, and the above becomes

t t
1% s steps (1) = f step; (X)(t —x)? dx = / 0-(t—x)dx =0
0 0
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If + > 3, then the above becomes

t
1?2 % step3 (1) = / step3 (x) (t — x)2dx
0

3 t
/ steps (x)(t — x)> dx + / steps (x)(t — x)> dx
0 ~——— 3 —
0 1

t 1 3
= Le-3
- ;=3

t
) +/(t—x)2dx - —1(t—x)3‘
3 3

In summary,
0 if t<3

2
t~ x stepy () =
b3 :%(t—3)3 it 3<¢

30.11¢c. Forany tr >0,
t
cos(t) x rect(y z)(f) = rect )(t) *x cos(t) = / rect(o,)(x) cos(t — x) dx
0

If 0 <t < m,then

13
cos(t) x rect ) (1) = / rect(o, ) (x) cos(t — x) dx
0 ———
1

t
= / cos(t —x)dx = —sin(t —x)|._, = sin(r)
0
If t+ > m, then the above becomes

cos(t) * rect(q ) (1)

t
f rect(o, ) (x) cos(t — x) dx
0

t

T
=/ recto,)(x) cos(t —x)dx + / rect(o, ) (x) cos(t — x) dx
0 “— T e’
1 0

g t
= f cos(t —x)dx + / 0Odx = sin(wr) + 0 =0
0

i

In summary,

sin(t) if 0<t<m
cos(r) x rect 7)(t) =
0 if m<t

30.11e. Forany ¢t >0,

e % [eSI rect(1,3)(t)] = [es' rect(y 3) (t)] * e 2
t
= / I:eSx rect(q,3) (x):l e 209 gx
0

'
= 672’/ e’ rect() 3)(x) dx
0
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fo<r<l1,

t '
e 2 x [est rect(lyg)(t)] = e_2’/ e™ rect(y 3)(x) dx = 6_2lf 0dx =0
0 — 0
0

Ifl<t<3,
t
e 2 x |:€5t rect(q,3) (l)] = 6721/ e rect(q 3)(x) dx
0

1 t
— e_2l|:f e rect(y,3)(x) dx +/ e’ rect(y,3)(x) dx:|
0o — e

——

0 1

- Py - 3

If3<t,
e [e rect(y,3) (t) / rect(1 3) (x)dx
0
3
rect(l 3)()6) dx +/ Tx rect(y,3)(x) dx
N——— N—————
1
t
—i—/ e7x rect(1,3)(x) dxi|
3 —
0
— o [O+ ; (621 _ e7> +0] _ % [6214 _ 6772z]
In summary,
0 if <1
e x [65’ rect(1,3)(t)] = ; el — if 1<t<3
21-2t 67721‘ if 3<t

30.11g. Forany t >0,
t
tx f(t) = f()*t = / S - (¢ —x)dx
0

Ifo<tr<4,
t t
tx f(t) = / fx)-(t—x)dx = / [txl/z—x%] dx = it5/2
0 o 15
JE
Ift <4,

t
tx f(t) = f f&) - —x)dx
0

4 t
/ J ) -(t —x)dx + / J ) -(t —x)dx
0 —— 4 =~
Jx 2
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rog 3 !
= / [tx /2—x/2] dx + / 2(t — x)dx
0 4
5
= 24h 4 -2 = B4 -9
In summary,
1 41312 if +<4
px f(1) = — ,
IS | 128 +15(r — 4) if 4<t
30.12a. Using Theorem 30.2,
_ _ Fys)  Fyls)
F(s) = L[f(O]l, = Tl for §>0
where
p 3
Fo(s) = / fe stdt = / e e dt
0 0
3 _
_ / e—(s+2)le—sl dt = 1—e¢ 3(s+2)
0 s+ 2
So
F(s) FO(S) B 1— 673(S+2)
Cl—ed T (5+2)(1—e¥)
30.12 c. Using Theorem 30.2,
_ _ Fols)  Fp(s)
F(s) = LIfD]l;, = [Ceps = [_ o5 for s>0
where
2 1 2
Fo(s) = / f®eSdt = / f@) e dt +/ @) e dt
0 0 —~~— 1~
1 -1
1 2
= / e Stdt — / e St dr
0 1
= l[l—e_s] — l[e_s 6_25]
\) S
1 —s —2s
= —[1 —2e " +e ]
)
So 5
Fy(s) 1 —2e 5 +e =
F = =
) 1 —e2s s (1 — 6*23)
B (1—e)? _ l—e
- s(l—e_s) (1+e_s) - s(l—|—e_3)
30.12e. Using Theorem 30.2,
_ _ Fys)  Fy(s)
F(s) = LIfDIl, = eps = 1_oH for s>0
—
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where
4
Fo(s) = / fye™"dr
0
2 4
= / f@e*tdr + / @) e dt
0 —~— 2 =~
t 4—t
2 4
= f te*dt + f 4 —1te " dt
0 2
— iz I:l _ e—2s _ 2S€—2s:| + iz [zse—Zs _ e—2s +e—4s]
S S
— iz I:l _ 28—2_? +€_4S]
S
So 5 .
Fy(s) 1 —2e =5 +e7 7
F = =
(S) 1 —e4s 52 (1 _ e—4s)
2
(1 - €72S> 1 — e—2s
T 20— ) (1+e ) Z(lt+e )
30.13a. For parti: Theorem 30.5 on page 550 of the text tells us that
y(t+ po) — y(t) = Acos(wot — @)
where
1
A= —JT9? + Te)?
wom
Po Po
Is = / cos(wox) f(x)dx , Ic = —/ sin(wopx) f(x)dx
0 0
and 0 < ¢ < 2 satisfies both
cos(p) = S - — and sin(¢p) = I S
VI? + (T1e)? VI? + (TIe)?
In this case, wy = mo_ o T,
p 2
2
Is = / cos(mwx) f(x)dx
0
1 2
= / cos(mx) f(x) dx + / cos(mx) f(x)dx =0 ,
1 0
2
Ic = —/ sin(zrx) f(x)dx
0
1 2 2
= —f sin(rx) f(x) dx — / sin(mx) f(x)dx = — ,
0 —— 1 —— T
1 0
@
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VP + @e? = Y0 + @) = 11el = 2,
1 1 2 2

A= —\JTs) + T = — = = 5,
wom m 7 T

N
VI + (Io)?

Is

VI + (Ie)?

y(t+po) — y(t) = Acos(wot —¢)

cos(¢) =

and

sin(¢) =

Clearly, then, ¢ = m and

2 -2
= Tcos(nt—n) = Tcos(nt)
mem mTem

For part ii: From formulas (30.22) and (30.18) (on, respectively, pages 551 and 547 of the
text), along with the above computations, it follows that the formula for the solution at time
t =to + npo is given by
y() = y(to) + nAcos(wolo — ¢)
2n

cos(mtg)

2
= y(to) + n——cos(nto —m) = y(to) — —
mem Tem

where
1 o [
Vo) = —— f sin(wolto — x]) f(x)dx = —— f sin(to — x1) £(x) dx
a)()m 0 aTm 0

If 0 <1y <1, then, for the given f,

4]
Vo) = —— / sin(rlto — x1) f(x) dx
Tm Jo ——

1

1 K 1
= ——cos([tg — x]) R [1 — cos(mtg)]
72m x=0 72m

Andfor 1 <1 <2,

]
) =~ [ VsinGrlo =) £ 06 d

1
= L[/ sin([tg — x]) f(x) dx + /
mm 0 N 1
1

fo

sin(mw [ty — x]) f(x) dx]
——

0
1 1
= - cos(n[to—x])’ +0
Tem x=0
= L [cos(m [ty — 1]) — cos(mtg)] = L [—2cos(mtp)]
7T2m nzm
Plugging all the above into the last formula for y(r), we get
1 1 —cos(mtg) if 0<1y<1 n
yit) = —— . — —5 - cos(wio)
mem | —2cos(mwty) if 1 <1t)<?2 Tem
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That is,
1 1 —2n+1)cos(rty) if 0<pt<1
y@) = > . . (*)
TEm —2(n + 1) cos(rrty) if 1<t<2
Forpartiii: Justhow you program your computer math package to graph y(¢) using formula
(%), above, depends on what computer math package you have, and, possibly, which version
you have. Just remember that you are graphing a piecewise-defined function that, because
of the n in formula (x), changes at every integer value of 7. Here is what the author obtained:
A
| /\ /\
30.13 c. For parti: Theorem 30.5 on page 550 of the text tells us that

y(t+ po) — y(t) = Acos(wot — @)

where
1
A= —/Ts)® + (Te)*
wom
In this case, wg = oo 2,
po 1
Po 1
Is = f cos(wpx) f(x)dx = / cos(2mx) sin(4mwx) dx
0 0
and

1
Ic = _[PO sin(wpx) f(x)dx = —/ sin(2x) sin(4mrx) dx
0 0

Using trigonometric identities, these integrals are easily computed. You get Zg = 0 and
Ic = 0. Consequently, we also have A = 0 and

y(&+ po) — y(@) = Acos(wot —¢) =
In other words, resonance is not an issue here.

For part ii: 'We can simply apply convolution formula (30.18) on page 547 of the text:

t

v = [ sinGenls —x1) fdx

wom

t
= ;/ sin(2 [t — x]) sin(4mx) dx
2nrm 0
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= .- (Use trigonometric identities or integration by parts.)

1 . .
= mm sin(2wt) — sin(4mwt)] . (»)

For part iii: Having a computer math package plot formula (x) for y yields




