Worked Solutions

Chapter 28: The Inverse Laplace Transform

28.1a. From the table: E*I[ ! ] = %
s —611;
T 1 [ o
281c. £ _s_2]t_[“ Lm]t =
[ 5 5
281e. £l —— || =7 —— | = sin(5¢
¢ _s2+25}, |:52+52:|t sin(51)
282a. |- | = 6. ! Y — 6o
L s+2]], s— (2|, s—(=2) |,
28.2¢. -3 8 P L | 71[ 1 ]
£[ﬁs—4,3£ﬁ,8£ |
1 J7
= 3L 1[——] — 8e¥
Vs ]|,
3 VT 4t
= > p ¥
- [I} %
3 1 4t 3 4t
= - . — — 8" = — — 38
JT t ¢ Tt ¢
28.2e. 3L | U3 + 1
s24+25]], 52425 s2+25]],

1 5
o
|: s2+52+5s2+52:|t

1 5
=3¢t 2 o
|:s2+52]t * 5 s2 452

3cos(5t) + ésin(St)

t

2ws
(2 + 0?)?
By the definition of the inverse Laplace transform and linearity, it then follows that

2ws K
tSln(a)t) = [:71 [7:| — 20)[:71 [7]
v (ray

s2 + wz)

28.3a. From Exercise 27.3, we have L[t sin(wt)]|, =

t

Dividing through by 2w then yields

' — = Lsinn)
[(S2+w2)2”t 2
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236 The Inverse Laplace Transform
28.4a. [y +9y]|, = cloll,
— Lly]|, + 9£ylly = 0
—> [sY(s) —y(0)] + 9Y(s) = 0
——
4
— GHNV() —4 =0 > Y(s) = —
s+9
Taking the inverse:
_ -l _ a1 4 ] _oap—l 1 —9
Yty = LTY®), = £ [s+9 = L_ (_9)} =
28.5a. First, we must find the partial fraction expansion:
Ts+S A B
+2)6—=1  s+2 s—1
. AG-D B(s+2)  A(s—1)+B(s+2)
+26—-1 = -D6+2) +26-1)
Cutting out the middle and multiplying through by (s +2)(s — 1) then gives
A(s—=1) + B(s+2) =Ts + 5
Solving for A and B is easily done by, respectively, plugging s = —2 and s = 1 into the
last equation and ““solving””:
AC2=1) + B-2+2) = 7(-2) +5 — 4= 28 g
and
Al—1) + BA+2) =7-1+5 =— B =172 _4
1+2
Thus, the partial fraction expansion of our function is
ks _ A B _ 3 4
+2)6s—=1)  s+2 s—1  s+2 s—1
Now we can take the inverse transform:
E,] Ts+5 :LZ,]I: 3 + 4 ]
+26—-D]|, s+2 s — 11l
- 3[1*1[#] n 4£*‘[L] — 3¢ 4 4
s+ 2110 s — 141
1 1
28.5¢. s2—4 7 (s=2)(s+2)
_ A B
T os=2 s+2
 AG+2) Bs—2 _ A+ +B(s-2)
-6 +2) G+ -2 (—2(s+2)
—
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So,
A(s+2) + B(s—2) =1

Letting s = 2 yields

AR24+2) + B2-2) =1 > A = i ,
while letting s = —1 yields
A(—2+42) + B(-2-2) =1 »— B = _%
Thus,
1 A I B 1/4 n —1/4
s2—4 7 s=2 s4+2 T §s=2 s+2
and
-1 1 [ /4 —1/4
c! —r 1[ ]
I:s2—4i|t 5—2+S+2 t
= lﬁ—l[ 1 :| _ lE_ll: 1 ] _ leZt le_zt
4 s — 211 4 s+211; 4 1
! 1
28.5e. _
85e 3 — 452 52(5_4)
_ A + B + ¢ _ A(s —4) + Bs(s — 4) 4 Cs?
52 s s—4 s2(s — 4)
So

A(s —4) + Bs(s—4) + Cs? =1

Multiplying this out and gathering like terms yields

(B+C)s> + (A—4B)s — 4A = 1 = 0s%> + 0s + 1

il

giving us the system

B+ C=0
A —4B =0 ,
—4A =1
which, in turn, means that
1 A 1 1
A:—— B:———— :—B:—
i 4 e do € 16
So
1 _ A B C A 116 1716
§3 452 2 s s—4 52 s s—4
and
1 1 P B V2R Vi T 1/16
£ |:s3—4s2:|t_£ |: 52 s +s—4:|t

1, 1
t + RE [s—4:|,

- =[5, - %'l
;

—1 _ .



238 The Inverse Laplace Transform

28.5g. s2i6s—40 A Bs+c  A(PH16)+Bs+O6+6)
(s+6)(s2+16)  s+6 2416 (s +6) (s + 16)
So
A(s2—|—16)—|—(Bs—|—C)(s+6) — 552 4 65— 40 . )

Multiplying this out and gathering like terms yields
(A+ B)s®> + 6B+ C)s + (16A+6C) = 55> +6s —40 ,

giving us the system
A+ B =5

6B + C = 6 . (%)
16A + 6C = 40

The first coefficient, A, is easily found after first letting s = —6 in equation (x):
A (161 +16) + (BI=6]+C)(~6+6) = S[~6* + 6[-6] — 40

5[—6]2 + 6[—6] — 40
[—6]2+ 16

s A = =2

From this and system (xx), we then obtain
B=5—-A=5-2=23 and C=6—-6B=6—6-3=—-12

So,
5s24+65—40 A L Bs+cC
(s+6)(s2+16)  s+6 = 52416
2 35 — 12 2 3s 12

= + — + _
s+6 s2 416 s+ 6 s2+16 52416

>

and
[ 552+ 65 —40
(s +6) (s +16)

t

_ -l 2 " 3s B 12
- s+6 s2+16 s2 416 ;
1 K 1
2£*1[ ] Yo ~ 127!
s+6 ;+ s2+16 / s24+16

12 4
2 —6t 3£—1 ; _ —E_l o
¢ * 52442 ], 4 52 442

= 2¢7% 4+ 3cos(dt) — 3sin(4t)

t

t

28.5i. 652 + 625 +92 _ 652 + 625 + 92
(s + 1) (s2 4+ 10s + 21) S+ DE+3)Es+T7)
A B c
- s+ 1 + s+3 + s+7
A +3)+TD+Bs+DE+7)+Cs+1)(s+3)

4+ DE+3Ds+T7)
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So
A +3)+T) + B6+DG+7) + Cs+D(s+3) = 65> + 625 + 92
Letting s = —1 in equation (%):
A1+3)(—1+7) + B-0-(—=14+7) + C-0-(—1+3)

= 6[—11% 4+ 62[—1]+92

112 _
N A = S He-1+92
(=1+3)(=1+7)

Letting s = —3 in equation (*):

A-0-(=34+7) + B(-3+1D(=3+7) + C(-3+1-0
= 6[-3]% + 62[-3] + 92
6[—31% + 62[—3] + 92

N B = =5
(=34+D(=3+7)

Letting s = —7 in equation (%):

A=T7+3)-0 + B(=74+1)-0 + C(=T7T+ D(=7+3)
= 6[-7) + 62[-7] + 92

6[—71% + 62[—7] + 92

— C = = -2
(=7+D(=7+3)
Thus,
624625 +92 A LB L cC
+D(s2+10s+21)  s+1  s+3  s+7
3 5 2
Tos+1 s+3 s+7 7
and

1 652 + 625 +92
(s + 1) (s +10s +21) ]|,

3 5 2
= ! -
[s—}-l +s+3 s+7:|

=37 ! ] +5£—1[L]
s+ 111; s+3

3¢ + 5¢73 — 277

t

_ 21:—1[ ! ]
¢ s+7

t

28.6 a. Taking the transform:
L[y =9y]|; = ciol;

> cly"]|, =9ty =0

239
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240 The Inverse Laplace Transform

> [s*Y(s) —sy(0) = y'(0)] — 9¥(s) = 0
—— N~
4 9
45 +9
— (2-9)re) —4s =9 =0 = re) = 5

Finding the partial fraction expansion for Y and then taking the inverse transform:

4+9 _ A4+9 A B AG+I+BG-I)
s2-9  (s=3NG+3) s-3 s+3 (s —3)(s +3)
So,
A(s+3)+B(s—3) = 4s + 9
Letting s =3 and s = —3, respectively, in this last equation:
4.349 7
AB+3 B-0=4-3 9 » A = = -
B+3) + + 343 2
and
A0+ B(-3-3) =4[-31+9 » B = w _ %
Thus,
A B 72 172
Y = =
) s—3+s+3 s—3+s+3 ’
and
_ T 72 1/2
H=rclYel, = ¢ ‘[— ”
y(0) ¥ ()], o 1 |
_ T 1 171[1]_2% 1 3
= of [s—3], EEE R P | S T

28.6 c. Taking the transform:
ey + 8y + 7], = £f165e]

N

< e[y, + e[|, + 7LD, = 165L[e¥]
)
— [s*Y(s) =5 y(0) = y'(0) ]
——
8 1
165
+ 8[sY(s) — y(0)] + 7Y(s) =
— s—4
8
—> (s2+8s+7) Y(s) — 8 — 65 = 165
s—4
Solving for Y :
165 8s + 65

Y(s) =

(s—4)(s2+85+7) 52 4+8s+7

165+ (85 +65)(s —4) 852 +335—95
-H(2+85+7)  G-HE+DGE+D
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Finding the partial fraction expansion of Y :

852 + 335 — 95
E=HE+NDG+1D)
A B c
T os—4 + s+7 + s+1
A+NE+D+Bs—DHs+1D)+Cs—Hs+7)
=D +DEs+1)

Y(is) =

which requires that
AS+NDE+1) + B6e—HG+1D) + Cs—4(s+7) = 82 + 335 — 95
Letting s = 4 in equation (x):
AG+7@E4+1) + B-0-(4+1) + C-0-(4+7)
= 8.4 +33.4 — 95

_8.42433.4 — 95
@+nE+1

<>

Letting s = —7 in equation (*):
A-0-(=74+1) + B(-7T—-4H(-7+1) + C(-7—-4)-0
= 8[-71* + 33[-7] — 95
8[—71% +33[-7] — 95

— B = =1
—T=H(=T+1D)

Letting s = —1 in equation (*):
A(=1+7)-0 + B(=1—-4)-0 + C(—=1 —D(=1+7)
= 8[—1]%> + 33[—1] — 95

8[—112 +33[-11-95
l=-4H(=1+7)

— C =

So,
A B C 3 1 4
Y = =
(s) s—4+s+7+s+1 s—4+s+7+s+1 ’

and

y(t) = LY,

3 1 4
| |
s—4+s+7+s+1 t

- 3£71|:si4]; + £1L_1_7)}

— 3€4t + 677l + 4671‘

28.7 a. Using the translation identity, we have

o 1
=

= LUFs=DI, = " f@)

t

1
ar~!
T [ —h

)
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28.7 c.

The Inverse Laplace Transform

where

Hence,

F(s) =
I U
- ZE |:S4+1:| t

1
Tt 7t 4
e ) = e —t
f() 24

h|._.
[

and

_ el _ e[l
fo = £'FE, = 7] o
Thus, equation (x) becomes

1 1
=

Since the denominator does not factor, we “complete the square” of the denominator:

t

s2 — 6s + 45 =52 — 235 + 3% =32 + 45 = (s—3)> + 36

el - el

= L7[F(s - 3)]l,

So,

S
(s —3)2+36

N
s2 — 65 +45

i (*)
e f (1)

with
S

Fs=3 = 55773

To get F(s), firstlet X = s — 3 (equivalently, s = X + 3) in this equation:

X+3

F&) X2 436

)

which means
3

52 +62

s+3
52436

S
52 +62

F(s) =

Thus,

f@) = L7UF®II,

3
52 +62 ;
6

Yt
|:s2 + 621|

C =) = & [cos(6t)+%sin(6t)]

1 K
52 +62
S

Yt
[s2 +621|

and equation (x) continues as

il

n = cos(61) + 5 sin(6r)

t 1

s
s2 — 65 +45

t
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28.7 e.

28.7g.

Since the denominator factors as
248+ 16 = (s+42 = (s—[-4])° |

we can apply the translation identity as follows:

st - [
52485 +16 ; (s _ [_4])2

with )
F(s—[-4]) =

(s — —4)*
Letting X = s — [—4] this becomes

1

FX) = &
50 1 1
_ b _ p-l _ 117 —
Fo) =5« f0 = FoN = 7[5 =

and equation (x) becomes

1
-1 - ... = —4t — —4t — —4t
. [m] = ¢ ==

t

Since
s+ 125 + 40 = 52 + 125 + 36 + 4 = (s+6)> + 4
we have
- 1 1 1
2 L 19¢1 40 =L el e2aa
524125 440 ||, (s+6)2+4]]|,
= F(s+6) = F(s—[-6]) = ¢ ¥ f(1)
with |
F(s+6) = ———
(540 (s+6)2+4
Letting X = s 4 6, this becomes
1
F(X) = ———
(X X2 +4
Hence,
1 1
F = = N
) s24+4  s2422

B _ 1
f = L7F®I, = L 1|:S2+—22:|

1.4 2
— ol =
t 2 |:52+22:|

and equation (x) becomes

1 1
s2 4+ 125 + 40 ;

bl

L= e ) = e [%sin(Zt)] - %sin(Zt)e_@

243
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244 The Inverse Laplace Transform

28.8a. L[y -8y +17y]|, = clo]|,
— cly"]|, = 8c[y]], + 17L1, = 0
— [s°Y (s) = s y(0) — y'(0) ]
—_— =
3 12
— 8[sY(s) —y(0)] + 17Y(s) = O
——
3
. (s2—8s+17)Y(s)—3s+12=O
So,
35— 12 35— 12 35— 12
Y = = fred .
e i A S e vy M Py S
and
—1 3S — 12 -1 At
y() L [(5_4)2+]]t LTF(s =D, e f() (*)
with
35— 12
F(s—4) = ———_~
(s =4) (s—H2+1

Letting X = s — 4 (equivalently, s = X + 4) we have

3[X+4]—12 3X
F(X) = =
) X2 +1 X2 +1
Thus, ;
S
F(s) =
(s) T
3s K
1 =7} = 3c7! = 3cos(t)
F® [s2+1}, I:s2+li|t cos(r)
and
y(@t) = --- = " f(1) = 3cos(t)e?
28.8c. Lly" + 6y +13y]|, = L[o]l,
—> c[y"]], + 6L[y']], + 13L0yll, = 0
2 /
— [s7Y(s) =5 y(0) —y'(0) ]
——
2 8
+ 6[sY(s) —y(0)] + 13Y(s) = 0
——
2
s (s2+6s+13)Y(s)—2s—20=0
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So,
Y(s) = 2254—20 = - 2s +20
s« 465413 sc4+65s+9+4
25420 25420
(s+3)2+4 (s _[_3])2+4
and
_ 2s +20 _ _
vy = £ 2Tl = TP -3 = e )
(s —1=31)"+4]|,
with
25 +20
Fis—[-3) = ————
(s —1-31)" +4
Letting X = s — [-3] = s + 3 (equivalently, s = X — 3), we have
FX) = 2AX —3]4+20 _ 2X +14
X2 +4 X2 4
Ths, 25 + 14 2 2
s+ 1 s 7-
F = =
) 5244 s2 422 + 2422 7
2s 7-2
n=rct-=— 4+ =
A |:s2+22+s2+22:|t
— o = | 47 =2 || = 2c0os20) + Tsin(2r)
N 52422 ; s2 422 ; B ’
and
Y1) = - = e f(1) = e [2c0s(2t) + Tsin(21)]
28.9a. E[y”]|l = L[ sin(t)]|s
— s2Y(s) — sy(0) — y'(0) = L[e" sin()]]
~—— — —
0 0 Q)
— s2Y(s) = F(s—1)
where |
F(s) = LIfOll; = Llsin()]l; = o
So, the last line containing ¥ becomes
) 1 1
Y = Fis—-1) = F(X) = =
7Y (s) ¢D ) X2+1 (s—D2+1
X
Solving for Y and starting to find the corresponding partial fraction expansion leads to
1
Y() = —5—
) s2((s = D2 +1)
A B Cs+D
S et st e o
A =D?+ 1)+ Bs((s — D>+ 1) + (Cs + D)s*
o s2((s —D2+1) ’
@



246 The Inverse Laplace Transform

which requires that
A(Gs—1D*+1) + Bs((s—D* + 1) + (Cs+ D)s* = 1
Multiplying this out and gathering like terms then yields

s3> + [A—2B+ DJs*> + [-2A+2B]s + 24 = 1
=05 +0s> +0s +1 ,

which, in turn, requires that

B+C=0 ,
A—-2B + D =0 ,
—-2A +2B =0 ,
and
2A =1
From this it follows that
1 1 1 1
A=- , B=A=- , D=2B-A=- , C=-B=—,
2 2 2 2
and, thus, the partial fraction expansion of Y is
A B Cs+ D
Y) = = + — + ———
() 52 * s + (s—=D2+1
_1L+1+Lﬁ—ll+l_i
T2 \s2 s s—D24+1) 2 \s2 s (s—1D2+1
Consequently,

| (LU el N
yo) = L [2 <S2 + - (5—1)2+1>
= e [ e[ - s—1
N 2<£ [s2]‘,+£ [S]t |:(s—1)2—|—1:|t>

1

= t+1—£*‘[G(s—1)]|,)= t+1—e“g(t))

N

where
s—1

Gis—=1 = G-D2+1

Letting X = s — 1, this becomes

X
G =
Hence,
_ _ )
g) = LGOI, = £ 1[271“ = cos(t) .

and the last formula above for y becomes

Y1) = %(t—i—l—el’g(t)) = (1 +1—¢ cos(r)
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289c. ey’ =90yl = £[24e7]
N
> c[y"]], = col, = 24£[e*3f]
2 , 24
—> [s°Y () —sy(0) =y ()] — 9Y(s) = ————
= s —[=3]t
6 2
2 . 24
N (s —9>Y(s)—6s—2_s+3
So,
Y(s) = 24 6s +2

(s+3)(s2-9)  s2-9
24 4 (6s +2)(s +3)
(s+3)(s2-9)
652 +20s + 30
(s +3)%(s = 3)
A B C A —3)+B(s+3)(s—3)+C(s+3)?

(s +3)2 s+3 s—3 (s +3)2(s — 3)

This requires that
A(s —3) + B(s +3)(s —3) + C(s+3)> = 65> + 20s + 30 . (%)
Multiplying this out and gathering like terms yields
[B+Cls* + [A+6Cls + [-34—9B+9C] = 65> + 20s + 30 ,

which, in turn, yields the system
B + C
A + 6C 20 . (%)

—3A — 9B + 9C = 30

Il
o

Letting s = —3 in (x):
A(=3-3) + B-0-(-3-3) + C-0% = 6[—3]% + 20[—3] + 30

32 4 20[—
N 4 — 63 +320[33]+30 _

Letting s = 3 in (x):
A-0 + BB3+3)-0 + C3+3)? = 63 + 20[3] + 30

20312 + 20031 +30 _

> C =
(3+3)?

Using these values with the first equation in system (xx):

B=6-C=6-4=2
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Thus,
A B c 4 2 4
Y = - —
() (s +3)2 + s+3 + s—3 (s +3)2 + s+3 * s—=3
and
4 2 4
n =Lt -
o [ (s+3)2+s+3+s—3i|t
e 1 T 1 T 1
— _ar I:(s+3)2i|t +or [—s+3], +4c [—3—3]t
= —4L7'[F(s —[-3D]], + 27 + 4™
= —4e (1) + 27 + 4e
with ) )
F(s—[-3]) = F 3) = —— FX) = —
613D = FG+3) = (X) = =
1 1
— fo = cF@I, = 5] =
N y
So,
y(t) = —4ef(r) + 27 + 4o
= —de 7t 4 2e7 4 4e¥ = 27 — 4te7Y 4 46
28.10a. From Theorem 27.5 on page 489 and the definition of the inverse transform, we have
t
[P = / f@dr  with f(x) = LTUFG)],
N t 0
In this problem,
1 F(s) . 1
s(s2 + 9) Ry W ) 249
So,
1 1 3 1.
f(r) = £|:52+9:| ] = gﬁ[m} . = 5s1n(3t) ,
and .
_ 1 1T F(s)
c! =22 = d
|:s(sz+9):|l s t f@dr
" 1
= / —sin(3t)dt = -[1 —cos(31)]
0 3 9
28.10 c¢. In this problem,
1 F(s) . 1
— = th F(s) = —
s(s — 3)2 s with F(s) = T30
So,
f@ = | —— || = clF6 =3, = & F0) = - =
(s =32 ],
@
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and

1 1
£ |:s(s — 3)2i|

t

= e = Sle—1] = S[1+ G- ne]

N=J|



