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Chapter 24: Variation of Parameters
24.1a. Here, y;(x) = x and y>(x) = x2. So the solution is given by
YO = yiu 4 yv = xu 4 x’v (%)
where u = u(x) and v = v(x) satisfy the two equations
yiu' 4+ yv' =0 — xu' + x2 =0
and

3 3
' + y'v' = — u' + 2xv vE 3x~h

NN

Solving for u’ and v’:

xu' + x%2 =0 and u 4+ 2xv = 3x73/2
—> u = —xv and —xv 4+ 2%V = 3x_3/2
S u = —xv/ and Vo= 3xx3/2 — 3xh
—> u = —x [3x_5/2] = 3~ and Vo= 3xh

Integrating, we get

3
u = /M'dx = —/3x_/2dx — 6x + 1
and
’ 5 _3
v = vdx = 3x 2dx = —2x 2+C2
Plugging back into formula (%) for y then yields

y(x) = xu + x2v

3
x [6)6_1/2 + cl] + x? [—Zx_ 2 cz]
= 6x1/2 + c1x — 2x1/2 + czx2 = 4/x + cx + czx2
24.1c. Here, y;(x) = cos(2x) and y»(x) = sin(2x) . So the solution is given by

y(x) = yiu + yv = cos(x)u + sin(2x)v (%)

where u = u(x) and v = v(x) satisfy the system

yiu' 4+ yv' =0
yl/ul + yz/v/ — § 5
a
which, in this case, is
cos(2x)u’ + sin(2x)v’ = 0
—2sin(2x)u’ + 2cos(2x)’ = cse@@x) _ . !
1 sin(2x)



Worked Solutions 197

From the first equation in this system, we get

r_ _cos(2x)u,
T sin(2x)

Plugging this into the second equation and continuing:

. s(2 1
—2sin(2x)u’ + 2cos(2x) [—Z?:((z;))u/} = S0
cos?(2x) 1
[N - i =
2 |:sm(2x) + S (20 i| u S0
. B 2sin2(2x) +cos2(2x)u/ _ 1
sin(2x) T sin(2x)
> —2— : u' = = :
sin(2x) sin(2x)
(N u' = _%
Hence, also,
, cos(2x) cos(2x)

sinx) T 2sin(20)

— Tde = — | Lar = -1
u—/udx— fzdx— 2x+c1,

_ , _ cos(2x) _ 1 .
v = /v dx = /Zsin(Zx) dx = 41n|sm(2x)| +

Integrating, we get

and

Plugging back into formula (x) for y then yields
y(x) = cos(2x)u + sin(2x)v
= cos(2x) [—3x + 1| + sin@0) [ In [sin0)] + 2]

= —%x cos(2x) + %sin(Zx)lnIsin(ZxN 4+ c1cos(2x) + c¢psin(2x)

24.1e. Here, y;(x) = e>* and y»(x) = xe?* . So the solution is given by
y(x) = yiu + yv = e*u + xe*v (*)
where # = u(x) and v = v(x) satisfy the system
'+ oy =

y'u + » =

Qe &

which, in this case, is

eru/ + xe2xv/ _—

2070 4+ [14+2x]e®y = -— 1 — [24x2+2] e**
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and which, after dividing out the ¢>*, further simplifies to
u' + xv' =0

2u' + [1+2x = 24x>+2

Solving for u’ and v’ :

W + xv' =0 and 24 + [1+2x] = 24x* + 2

> W = —xv'  and  2[—xV] + [1+2x]v = 24x> + 2
— u = —xv and v o= 24x%* + 2
> u = —x[24x®+2] = —24x> — 2x  and V' = 24x% + 2

Integrating, we get

u = fu’dx = —/[24x3+2x] dx = —6x* — x* + cr o,

and

v o= /v/dx = /[24x2 —I—Z]dx = 83 + 2x + o
Plugging back into formula (%) for y then yields
y(x) = > [—6)(4 —x? +c1] + xe* [8x3 +2x —i—cz]
= [2x4 + x2 + cx + czx] e

24.1g. The solution is given by

Y@) = yiu 4+ yv = xu + x" v (*)

where u = u(x) and v = v(x) satisfy

yit' + yv' =0 — xu + x W =0
and
X 3
i + v =% — u’—xzu’:‘/_;:x /2
a X

Solving for u’ and v’:

xul + x v =0 and W — 2 = x—h
—> u = —x% and —x W - xH = x’3/2
—> W = —x % and Vo= L2 h = L
— 4 = —x? [—ixl/Z] = % and Vo= = —%x%
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Integrating, we get

3
u = fu’dx = f%x_/zdx = —)c_l/2 +c o,
and

1 3
v = /v’dx = —/%x/de = —%xb +

Plugging back into formula (x) for y then yields

yx) = x [—x_l/Z +c1] + x7! [—%x% —i—cz]

1
= —gx 24 ocix + ex? = cix + ex? — %ﬁ
24.1i. The solution is given by
y(x) = yiu + yw = x’u + x*In|x|v (*)

where u = u(x) and v = v(x) satisfy the system

yiu' 4y’ =0
wu + ypv =% ’
a
which, in this case, is
20+ xPInjx|v = 0
2
/ / X
2xu” + [2xIn|x|+x]v = = = 1
X
From the first equation in this system, we get
u = —In|x|v

Plugging this into the second equation and continuing:

2x[—In|x|]] + 2xIn|x|+x]v =1

N x =1
’ 1
—> Vo= —
X
Hence, also,
W = —Inlx|v) = —x 'In|x|

Integrating (using integration by parts to compute the integral for u ), we get

u = /u’dx = —/xillnlxldx = —%(lnlxl)2 + 1,

v:/v/dx:/ldx:1n|x|+q
X

Plugging back into formula (x) for y then yields

and

@) = 2[5 ) + e | + 2 Inlx| o x| + o]

%xz(ln |)c|)2 + c1x? 4+ cx?In |x|
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24.1k. The solution is given by

y&x) = yiu + yv = xu + x (%)
where u = u(x) and v = v(x) satisfy the system
yiu' + yv' =0
yl/ul + yz/v/ — § B
a
which, in this case, is
2 + xW =0
P2 T T VP —
x2(x =2)
From the first equation in this system, we get
U = _x—3v/

Plugging this into the second equation and continuing:

1
2x [—x73v’] —x7% =

x2(x =2)
—> e N
xX2(x=2)
— S
3(x —2)
Hence, also,
/o 3.7 _ 1
u = —x = —
3x3(x —2)

which can be expanded via a partial fractions to

;L 1 _A+B+C+ D
T 33 —2) 3 x2 x x—2

—1/6 —1/12 —1/24 1/24
/ i / I / n /
x3 x2 X x—2

Integrating, we get

y = A dx — —1/6 n —1/12 n —1/24 " 1/24 dx
x3 x2 X x—=2
1

- 1 1 1
= —X —X — —In|x —Inlx —2 c
5 + 5 o x| + o I | + c1

and

_ Iy — —1 = _1! _
v—/vdx—/3(x_2)dx— 3ln|x 2l +

Plugging back into formula (x) for y then yields
1

— 2Ll L1 S _
yx) = x [12)6 +12x 24lnl)c|—i—241n|x 2| + cl]

T [-% In |x — 2|]

_ 1 _ 12 12 _ 2
= E[x—i—l] 5a* 1n|x|+24x In|lx —2| + c1x

1 _
- 3X 11n|x—2| + cox !
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24.1m. The solution is given by

YO =y 4 oy = x4 x e (*)

where u = u(x) and v = v(x) satisfy the system

yiu' + yv' =0
/v ’or 8 ’
nu + yv = -
a
which, in this case, is
x4+ e =0
. _ _ _ Se*2x _ )
—x 2u/_[x 2 4 oy 1:|62xv/= — 8yl
X

and which further simplifies to
W+ ey =0

W+ [1+2x]e 20 = —8xe™
From the first equation in this system, we get

U = _e—2xv/

Plugging this into the second equation and continuing:

[—efzxv’] + [1+2x]e v = —8xe**
> 2xe ¥y = —8xe**
— Vo= —4e™

Hence, also,
W = —e Py = —¢ ¥ [—4e4x] = 4¢*

Integrating, we get
u = /u/dx = /4(32xdx = 2% + ¢

and
v o= /v’dx = —f4e4xdx = - + o

Plugging back into formula (x) for y then yields

yx) = x7! [262" —l—cl] + xle™* |:—€4X ~|—cz]

1 1,—2x

= x ' 4+ x4 exle

24.2a. First, we must find yy , the general solution to the corresponding homogeneous equation,

x2y" — 2xyl — 4y =0
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Since this is an Euler equation, we try a solution of the form y(x) = x":
0 = x2y" — 2xy/ — 4y
= x2 [x’]” — 2x [xr]/ — 4[x"]
x? [r(r - l)x’fz] — 2x [rxrfl] — 4 [x’]

X —1) —2r —4] = xr[r2—3r—4]

So,
0=7r>=3r —4=(+D0r—9
— r = —1 and r =4

— () = x4 epx?

Thus, to solve the given nonhomogeneous differential equation using variation of param-
eters, we set

yx) = x 'u + x*v (%)
where u and v satisfy
x T+t =0
and
—x 7%+ 4 = 12? = 10x3

which we can write more simply as the system
W 4+ v =0
—u' + 4x°v = 10x7!

Adding these two equations together and solving:

—5x%0 = —10x7! — o = 2x7°
This with the first equation in the system then yields

W = —xv = —x° [2x76] = —2x7!
Integrating:

u(x) = /u’dx = —/foldx = 2In|x| + ¢ ,
and
v(x) = /v/dx = /2x76dx = —%)fs + o

Plugging back into formula (x) for y:

y(x) = x '[=2In|x| +¢] + x* [_gxfs 4 02]

4

—2x"'In x| + [cl — %]x_l + cox

—2x'In x| + Ax~' 4+ Bx* . (%)
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24.3 a.

203

This is the general solution to the differential equation. Computing it’s derivative, we get

V() = 2x2In|x| — 2x7%2 — Ax"2 + 4Bx?
Applying the initial conditions:

3=y(1) = -2x"'"I[l] + 417" + B-1* = A+ B
and
“15 =y =21 2Inlx| —2-12 — A-1"%2 4+ 4B 1
= -2 — A+ 4B

That is,

A+ B =3 and —A 4+ 4B = —13

Solving this simple system yields A =5 and B = —2, which, plugged back into formula

(»x) for y gives our final answer:

y(x) = —2x 'In x| + 5x71 — 2x*

Here, yi(x) =1, y2(x) = €2* and y3(x) = e 2*. So the solution is given by

yx) = yiu + v + 3w = 1-u + ey 4+ e Py

where u = u(x), v = v(x) and w = w(x) satisfy the system
yiu' + yv' + yw’ =0
yi'u + pv + oy =

0
"o ", 8
a

yi"u' + y" + oy =
which, in this case, is
11/l/ + e2xv/ + e—2xw/ -0
0u' + 220 — 272w =0

30e3%
1

0u' + 4e®V + de u' = = 30e*

and which, after dividing out common factors in each equation, reduces to

u + e2xv/ + 672xw/ -0

erU/ _ e—2xw/ -0
_ 15
e2xv/ + e 2xw/ — 7e3x

(*)

(SD)
(52)
(83)

This is easily solved by adding or subtracting the equations. In particular, subtracting (S3)

from (S1) yields
u = _Ee3x ,
2
adding (S2) and (S3) together gives
262xv/ — Ee:ix — v = Eex ,
2 4
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and subtracting (S2) from (S3) gives
—2x.s __ 15 3¢ r 15 sy
2w = 5e — w = i

Integrating, we obtain

u(x) = /u’dx = —/?ehdx = —263)( +c

and
w(x) = /w’dx = —/%esxdx = %esx + 3
The final answer is then given by plugging these back into formula (%) for y:
yx) = u + e¥v + e Puw
— [_§e3x + Cl:l + er [Eex + 02] + e—2x [365,\7 + C3:|
2 4 4
5 15 3 _
= [—5+I+Z]e3x + ¢ + 26 + 3¢

= 2% + ¢ + 2™ + cze X

244a. Here, yi(x) =x, yo(x) = x2 and y3(x) = x3. So the solution is given by
YX) = yiu + yv 4 y3w = xu + x7v + xw
where u = u(x), v =v(x) and w = w(x) satisfy the system

yi' + yv' + yw’ =0

yi'u + »'v + y'w =0 ,
yl//u/ + yz//v/ + y3//w/ — %
which, in this case, is
xu' + x% 4+ w =0
lu' + 2xv + 3x%w = 0
/ / / e -3 —x
Ou" + 2v° + 6xw = — =x"e
X

24.4c. Here, yj(x) = >, yr(x) = e3*, y3(x) = cos(3x) and y4(x) = sin(3x). So
y(x) = e¥ur + e Fuy 4+ cosBx)uz + sin(3x)us

where , , , ,
yiuy + yauz + y3usz + ysus =

I / ! / / / / /
yiuy + yyuz + yzuz + ysuqg =
" / " I " I " /

Yiur + y2up 4+ y3us + yius =

" / " / " ! " /
yiuy 4+ y2uz + y3uz 4+ ysoug

Qe © O O



Worked Solutions

which, in this case, is

ul 4+ e Fuy’ + cosBx)us’ + sin(Bx)uy’ = 0
3¢ u)’ — 3¢ uy’ — 3sin(3x)uz’ + 3cosGr)us’ = 0
9¢3u;" + 9¢ ¥ uy’ — 9cos(3x)us’ — 9sin(Bx)us’ = 0
ey’ — 27e7 ! + 27sin(Gouy’ — 2T eosGouy’ = T
Dividing out common factors in each equation, this reduces to
u) + e Fuy + cosBx)uz + sinBx)us’ = 0
eul’ — e Fur — sinBx)us’ + cosBx)us’ = 0
e uy + e Fuy — cosBx)uz — sin(Bx)us’ = 0
e u) — e Fuy + sinBx)us’ — cosBx)us = 21—7sinh(x)

24.6. Recall that, for any sufficiently continuous function g,

0

X0
/ g(s)ds = 0 and
X

= s = g
x Jyo

Letting x = x¢ in formula (24.15) yields

o) = <o) [ 29 g5 4y f R
X0
= —y1(x0) -0 + y2(x0)-0 = 0 ,
verifying the claim that y,(xo) = 0.
Differentiating formula (24.15) yields
oy o_od [ y2(5).f (s) OO
e = [ mew [2050 0 1 [0
_ IONIC I d [* 6 fe)
= - (X)/ W) )’I(X)dx /XO W) ds
/ y1(s) £ (s) d ["yi©f6)
+ » (x)/;o st + YZ(X)EfXO st
_ IOVIONI y2(0) f(x)
= - [ 200 () 220
) Y1) £(s) Y1) f(x)
+ »'(x) /xo st + )’Z(X)W
o ¥2(5) £ (s) OO
= yl(x)f W()d+ ()/ W)
— 1030 N @IS
¥2(8) f(5) OO
= — ds
y()/ i +y<>/ I

ds

d
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Thus,

/ ! o y2(s) f (5) / o y1(5) f(s)
yp (x0) = —y1'(x0) /XO W) ds + y2'(x0) /XO st

= —y'(x0) -0 + y'(x0)-0 =0 ,

confirming that y,’(xo) = 0.



