Worked Solutions 161

Chapter 21: Nonhomogeneous Equations in General

21.1a. Plugging y = ¢ into the differential equation, we get

”
g(x) _ y// +y = [e3x] + eSx — 963x + e3x — 1Oe3x

21.1b. Plugging y = ¢3* into the differential equation, we get
"
g(x) — x2y// _ 4y — x2 I:e3x] _ 4e3x

= x29¢3 — 463 = (9x2—4) e

21.1c. Plugging y = ¢** into the differential equation, we get

3) /
gx) = y¥ — 4y + 5y = [e3x] — 4[e3x] + 5¢

= 27¢3 — 4.363% 4 563 = 206

21.3a. Plugging y = sin(x) into the differential equation, we get
gx) =y’ + y = [sin(x)]” + sin(x) = —sin(x) + sin(x) = 0 ,

telling us that g cannot be a nonzero function. So the answer is “No, because y” +y =0
when y(x) = sin(x) "

21.3b. y = xsin(x) > y = sin(x) + xcos(x)

— y" = 2cos(x) — xsin(x)
So, if y = xsin(x), then

gx) = y" + y = 2cos(x) — xsin(x) + xsin(x) = 2cos(x)
21.5a. Plugging y = 3¢* into the left side of the differential equation, we get
4
Vo dy = 3¢5+ 4[3eR] = 3227 4 1267 = 24>

verifying that y, = 3¢2* is one solution to the given nonhomogeneous differential equation.

21.5b. The corresponding homogeneous differential equation is
y// + 4y — 0 ,

Writing out the corresponding characteristic equation, and then continuing:

P44 =0 — r=+/-4 =42

—> yi(x) = et = cos(2x) =+ sin(2x)
——— ——

yi(x) y2(x)
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So the general solution to the corresponding homogeneous equation is
yp(x) = c1cos(2x) + ¢z sin(2x)

21.5¢c. A general solution to any nonhomogeneous linear differential equation is constructed by

adding a particular solution y,, to the general solution yj, of the corresponding homogeneous
differential equation. In this case (using the y, and y; just found),

y@) = yp(x) + yx) = 3¢ + cjcos(2x) + ¢ sin(2x)

21.5d. For the initial-value problems, we need to use the general solution just obtained,

y(x) = 3¢ + c¢jcos(2x) + ¢ sin(2x) (*)
and its derivative

Y (x) = 6> — 2c;sin(2x) + 2¢ cos(2x)

evaluated at x =0,

y(0) = 3¢*0 + ¢1cos(2-0) + ¢28in(2-0) = 3 + ¢
and

V() = 6670 — 2¢;sin(2-0) + 2c2c0s(2-0) = 6 + 2¢»

21.5di. Using the initial conditions with the above formulas for y(0) and y’(0), and then formula
() for y(x):

6 =y0) =3+ ¢ and 6 = y(0) =6+ 2

— ci1 =6 -3=3 and = =0

> yx) = 3¢ + 3cos(2x) + 0sin(2x) = 3e** + 3cos(2x)

21.5dii. Usingthe initial conditions with the above formulas for y(0) and y’(0) , and then formula
() for y(x):

-2 =y0) =3 4+ and 2 =y(0) =6+ 2

{

=3 = -5 and 62—276——2

{

y(x) = 3¢ — 5cos(2x) — 2sin(2x)

21.7a. Plugging y = —4 into the left side of the differential equation, we get

y' — 9y = [-4]" — 9[-4] = 0 + 36 = 36

il

verifying that y, = —4 is one solution to the given nonhomogeneous differential equation.
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21.7b.

21.7 c.

21.9a.

The corresponding homogeneous differential equation is
1

y =9 =0

Writing out and solving the characteristic equation, and then writing out the resulting general
solution y;, to the homogeneous equation:

2 -9 =0 > r =4J9 = 43

— W) = c1e? + cpe™™

Adding this to the particular solution y, just obtained above then yields the general solution
to the given nonhomogeneous differential equation,

Yx) = yp(x) + ya(x) = —4 + e + e
From the last part, we know the general solution is
y(x) = —4 + 1 + e . (*)
Taking its derivative yields
Y (x) = 0 + 3cie* — 3cpe™
Applying the initial conditions:
8 =y0) = 4+ c1® + e =4 4 ¢ +

and
6 =0 = 3c1e? — 3c2e30 = 3¢ — 30,

Solving for the constants and plugging back into formula (x) for y:

8 = 4+ + and 6 = 3¢c; — 3¢

— =12 — and 2 =c —c =12 — ¢ —
> cp =12 — ¢ and ¢ = 122_2 =35
—> cp =12 —5=17 and =15
— y(x) = —4 + 7 4+ 5¢7
y = xeSx — y/ — X + 5xe5x — y// — 2.585): + 25xe5x

So, plugging y = xe>* into the left side of the differential equation yields
y' — 3y — 10y = [Z-Sesx +25xe5"] - S[esx + 5xe5x] — 10xe™

= [10 +25x — 3 — 15x — 10x] &* = 7e&>*
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21.9b. The corresponding homogeneous differential equation is
y' — 3y — 10y =0

Writing out and solving the characteristic equation, and then writing out the resulting general
solution y;, to the homogeneous equation:

0=7r>=3 —10 = (r =50 +2)
—> r =235 and r = -2

— Yh(x) = c1e® 4 e

Adding this to the particular solution y, justobtained above then yields the general solution
to the given nonhomogeneous differential equation,

yx) = yp(x) + w(x) = x> + ¥ + e

21.9c. From the last part, we know the general solution is
y(x) = x> + c1e> + e . (%)
Taking its derivative yields
VY (x) = e* + 5xe> + 5c1eF — 206
Applying the initial conditions:

12 = y(0) = 070 + cles‘o + C2e72‘0 =c +
and

—2 =y (0) = & + 5000 + 5¢1¢°0 — 200770 =1 + 5¢1 — 22

Solving for the constants and then plugging them back into formula (%) for y:

12 = ¢c; + and —2 =14 5¢1 — 2¢
— =12 — and —3 = 5[12—c3] — 2¢c0 = 60 — T
—> cir =12 — and C2=607—+3=9
—> cip =12 —9 =3 and o =9
— y(x) = xe7 + 3¢ 4 9o

2l1la. y =5x +2 — y =5 = y' =0
So, plugging y = 5x + 2 into the left side of the differential equation yields
x2y" — dxy + 6y = x2[0] — 4x[5] + 6[5x + 2]
= —20x + 30x + 12 = 10x + 12
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21.11b. The corresponding homogeneous differential equation is
x2y" — 4xy + 6y = 0

This is an Euler equation. To solve it, we must first find and solve the corresponding indicial
equation obtained by plugging y = x” into the homogeneous differential equation:

0 = x? [xr]” — 4x [xr]/ + 6x"
= x2r(r—Dx"7% — 4xrx”! + 6x"
= [rz—r—4r—i—6])c2 = [r2—5r+6]x2

Dividing out x” leaves the indicial equation. Writing that equation down and continuing
until we obtain the solution y, to the homogeneous differential equation:

0=r>=54+6=(F-—20r—23)

> r =2 and r =23

— yh(x) = c1x* + e’

Adding this to the particular solution y, justobtained above then yields the general solution
to the given nonhomogeneous differential equation,

yx) = yp(x) + yu(x) = 5x + 2 + cx? 4 ox?

21.11c. From the last part, we know the general solution is
y(x) = 5x + 2 + clx2 + czx3 . (»)
Taking its derivative yields
Y (x) = 5 + 2c1x + 3cax?
Applying the initial conditions:

6=y =51+2+ca-P+eP=T+ca+ac
and
82)’/(1)=5+261-1+362.12=5+261_|_362

Solving for the constants and then plugging them back into formula (%) for y:

6 =7+c + and 8 =5+ 2¢1 + 3¢

— ¢ =-1—-0 and 3 =2[-1—c2] + 3¢ = -2 4+
—> cg = -1 — ¢ and ¢ =34+2=5

— cp = -1 —-—5=-6 and ¢ =5

— y(x) = 5x + 2 — 5x% 4 5x°
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21.13a. Being a little more explicit than necessary:
y// . 3)7/ — 10y = e4x — _é [_6e4x]
=~
1
= —c[n" = 3n" — 10y]
17 17 1
= [=en] - s[-gn] - 10[-5x]
So, one solution is
_ _l _ _l 4x
ypx) = =y = —ce
21.13b. Wehave: y” — 3y — 10y = & = %[765)(] = ;g2(x)
So, by the principle of superposition, one solution is
1 1
yp(x) = 7)’2 = 5xe5x
21.13c. Y= 3y = 10y = 186 4 146>
= 3[=6e*] + 2[7¢%]
= 3g1(x) + 2g2(x)
So, by the principle of superposition, one solution is
yp(x) = 3y + 2y = 3e* 4 2xe*
21.13d. Directly applying the principle of superposition:
2 o — Sx dx _ Sx 1 _ R A
y 3y 10y 35¢7" + 12e 5[7e ] 2[\_9&4]
82(x) g1(x)
— Yp(x) = Sy(x) — 2yi(x) = 5xe™ — 2™
21.15ai. With y = x?,
2 2[.2]" 21 2
g(x) = x°y" — Txy' + 15y = x [x] - 7x[x:| + 15x
= x? [2] — 7x[2x] + 15x% = 3x?2
21.15aii. With y =x,
gx) = xzy” — Txy + 15y = x? [x]” — 7x[x] + 15x
= x%[0] — 7x[1] + 15x = 8x
—
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21.15aiii. With y =1,

g(x) = x%y" — Ixy’ + 15y = x?[11" — 7x[1] + 15[1]
= x2[0] — 7x[0] + 15 = 15

21.15b. X%y = Txy + 15y = x* = %[3%]
s _1f 2] _ 12
yp(x) == §|:xi| = gx
21.15c. x2y" — Ixy 4+ 15y = 4x* 4+ 2x + 3 = §[3x2] + &[8)6] + %[15]
_ 42 1 1 42 1 1
— yP(x)—g[x]+Z[x]+g[l]—§x +Zx+§



