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Euler Equations

Chapter 20: Euler Equations

20.1 a.

20.1c.

20.1e.

Letting y(x) = x" = Y@ = ™' — Y'(x) = r(r—Dx"7%

yields
0 = x2y" — 5xy + 8y

= x2r(r— Dx"7% — Sxrx” '+ 8x”
= [rz—r] x" — 5rx” 4+ 8x7
= [rz—r—Sr—i—S]x’ = [r2—6r+8]x’

So the indicial equation is
0=1r>—6r+28,

which factors to
0=@0-2)r—4)

Thus, x" is a solution to the differential equation if » =2 or r = 4, and, consequently, the
general solution to our differential equation is

y(x) = c1x? + cx?

Letting y(x) = x* > y@) = rx"!' — Y'(x) = r(r — Dx" 72,
the differential equation becomes
0 = x%y" — 2xy’
= x2r(r — Dx"72 — 2xrx’"!
[rz—r] x" = 2rx”

= [r2—r—2r]xr = [r2—3r]xr

So the indicial equation is
0=r>=3r=rr=3) = @F—-00r-3 |,

which means r = 0 and r = 3. Thus, two particular solutions to the differential equation
are x9 = 1 and x3, and the general solution is

yx) = ¢ -1 + e’

Letting y(x) = x* = y@) = rx"' — y'&x) = r(r—Dx"2
the differential equation becomes
0 = x2y" — 5xy + 9y
= x2r(r— Dx"72 — Sxrx1 4 Ox”

= [rz—r—5r+9]xr = [r2—6r+9]xr
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20.1g.

20.11i.

So the indicial equation is
0=r>—6r+9=(—37%,

which only has » = 3 as a solution, leading to the one solution x> to the differential equation.
As noted in Section 20.2, an appropriate second solution is obtained by either reduction of
order, or, more simply, by multiplying the first solution, x>, by In|x|. Thus, the general
solution to the differential equation is

y(x) = c1x3 + czx3ln |x|

Letting y(x) = x* = yY&) = rx"' — y'x) = r(r—Dx"72
the differential equation becomes
0= 4x?y +y = 4x%rr—Dx""2 + x" = [4r2—4r+1]x’
So the indicial equation is
0=4&% —4r+1 = @2r—1> ,

which only has r = '/, as a solution. Thus, the general solution to the differential equation
is
1 1
y(x) = c1x L4 X 21n |x]

r —1

Letting y(x) = x" — y'(x) = rx” — Y'(x) = r(r—Dx"7?
the differential equation becomes
0 = x%y" — 5xy' + 13y
= X2r(r—Dx"72 = Sxrx’1 4 1317
= [rz—r—5r+13]xr = [r2—6r+13]xr

So the indicial equation is
0=r>—6r+13 ,

the solutions of which are

=3+2

ry =

—[-61+ V-6 —4-13
2

The corresponding particular solutions (with x > 0) to the differential equation are then

— x3i21 — x3x:|:21

_ x3eln(xj:2i)

x3ez2ln|x\

y+(x) = x'=*

= x7[cos(2In |x]) + i sin(2In|x|)]

= x3 cos(2In |x]) + ix3 sin(21n |x])

yi(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is

Yx) = c1y1(x) 4+ eay2(x) = c1x’ cosInx|) + cox’ sin(21n [x|)
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20.1k. Letting y(x) = x" = y@) = "1 — Y'(x) = rr— 1x" 2

>

the differential equation becomes
0 = x%y" + 5xy + 29y
= x2r(r— Dx"72 + Sxrx’™! 4+ 29x"
= [rz —r+5r+29]xr = [r2—|—4r+29]xr

So the indicial equation is
0=r>+4r+29 ,

the solutions of which are

ry = = -2 x5

—44+/42-4.20
2

The corresponding particular solutions (with x > 0) to the differential equation are then
p2ESE 2 S
_ x_zeln(XiSi)

— 2piSIlx]

yi(x) = x™* =

= x2[cos(5In|x|) +isin(51In |x])]

x2cos(51n|x|) 4+ ix2sin(51n |x|)

yi(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is

y(x) = c1yi(x) + c2y(x) = cix2cos(5In|x]) + cox2sin(51n|x|)

20.1m. Letting yx) = x" > Yx) = rx"" — Y'(x) = rr—Dx"2

s

the differential equation becomes

0= 2x2y// + 5xy + y

= 2X%r(r = Dx"72 + Sarx™ D 4 &7

I:Zr2 —2r +5r + l]xr = [2r2+3r+ l]xr
Writing out the indicial equation, and then continuing
272 +3r +1 =0

. 3+32-4.2.1  -3+1

2.2 4

{

{

and = —1

1

{

1
YX) = ex” 2 4 e
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20.10. Letting y(x) = x" — yx) = X" — y'x) = r(r — Dx™%
the differential equation becomes

0 =x2y" +xy = xrr—Dx""2 4+ xrx"! = [rz—r—i—r]x’ = [rz]x’

Writing out the indicial equation, and then continuing

=0 — r =0

—> y(x) = c1x 0 4+ ox%Injx| = ¢; + c2lnlx]

20.1q. Letting y(x) = x" — YY) = X" — ') = rr—Dx"72
the differential equation becomes
0 = 4x%y" + 8xy + 5y

= 4x%r(r — Dx"7% 4+ 8xrx""! 4 5x”

= [4r2 +4r + Sr] x"
So the indicial equation is

0 = 4rf +4r+5r

which means that

A4+ V42-4.4.5

ST
2.4 2
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The corresponding particular solutions (with x > 0) to the differential equation are then

_1 i _1 ;
yi(-x) = x't = x /2:|:ll = x /zle:l
L
= xil/zeln(x ')
1l
- x /2ezln|x|

= x "2 [cos(In |x|) + i sin(ln |x])]

= x71/2 cos(In |x|) + ix71/2 sin(In |x|)

yi(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is

V&) = eyi(x) + @) = cix 2eos(n|x]) + cax” 2 sin(in [x])

20.2a. Letting y(x) = x° — y(x) = rx"7" — y'x) = r(r—Dx"7?
the differential equation becomes
0 = x2y" — 2xy’ — 10y

= x2r(r—Dx"72 — 2xrx"1 — 10x"

[rz—r—Zr—IO]x’ = [r2—3r—10]x’
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Writing out the indicial equation, and then continuing
0=7r>2=3r—10 = (r—5@r+2)
—> r =35 and r= -2
— yx) = ax’ + ex? )
> Y (x) = 5cix* — 2cox73

Applying the initial data:

5 = y(l) = clol5 +020172 =c +
and

4 =yd) = 3¢ - 14— 2cz-1_3 = 5¢; — 2¢

Solving for ¢; and c¢7, and plugging the values back into formula () for y:

5=c 4+ and 4 = 5¢1 — 2¢p

— g =5-0 and 4 = 5[5—c2] — 2¢c0 = 25 — T
—> cr=5—0 and czzgz?a

> =5-3=2 ad =2 =3
s

y(x) = 2x° 4+ 3x72

20.2¢c. Letting y(x) = x" = Y@ ="' — Y'(x) = r(r — Dx'7?

s

the differential equation becomes

0 x2y" — 1lxy’ + 36y
= x2r(r—Dx"72 — lxrx"™! 4+ 36x" = [’,2_ 12r+36] x"

Writing out the indicial equation, and then continuing

0=r%—12r +36 = (r—6)>°

—> r = 6 is the only root.
—> y(x) = cax® + czx6ln [x| (*)
> Y (x) = 6c1x° + ¢ [6x5 In |x| +x5]
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Applying the initial data:
1

S =) =c-1° + o 11| = ¢

and
2 = y(0) = 6¢;- 15 + 02[6-151n|1|+15] — 601 +

Solving for ¢; and c¢», and plugging the values back into formula (x) for y:

5 =« and 2 = 6c; +

and cz:2—6c1:2—6[%]:—1

—> y(x) = %xé — x%In x|

20.2e. Letting y(x) = x" — y@) =" — Y@ = r(r—Dx"7?

the differential equation becomes

4

0 =x%" —xy + 2y
= X2r(r—Dx"72 — xrx™ 4 2" = [rz —2r+ 2] x"
Writing out the indicial equation, and then continuing

0=r2—2r—|—2

_[— 212 -4.
N r:[z]i\/[zz] 42 4
—> yr(x) = x'# = ... = xcos(In|x|) £ xsin(In|x]|)
—> y(x) = cixcos(In|x|) + coxsin(In|x]) . (%)

Computing the derivative:
yix) = Z—x[clx cos(In |x]) + cpx sin(In |x])]
= ¢| [cos(ln |x]) — xsin(In |x|)x_l] + ¢ [sin(ln |x]) 4+ x cos(In |x|)x_1]
= cq[cos(In|x|) — sin(In|x|)] + ¢ [sin(In |x]|) + cos(In |x]|)]
Applying the initial data:
3 = y(1) = cilcos(In|l]) + c21lsin(In]|l]) = ¢

and
0 = y(1) = ci[cos(In|1]) — sin(In|1])] + c2 [sin(In|1]) 4+ cos(In |1])]
=c +
Clearly ¢; = 3 and ¢ = —c; = —3. Plugging these values back into formula (x) for y
then yields

y(x) = 3xcos(In|x|) — 3xsin(In|x])
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20.4a. Assuming y = x" and taking three derivatives, we get
Y =rmb =y = —1x"2 = Y == D —2)x" 3
Plugging these into the differential equation:
0 = x3y" 4+ 2x2y" — 4xy’ + 4y
= x3r(r - D@ — 2)xr_3 + 2x2r(r — l)xr_2 — dxrx™l 4"

[r3 — 372 4 2}'] x" 42 [r2 - r] xT = Al + 4xT

[r3 —r>—4r —|—4]xr
So the indicial equation is the third-degree polynomial equation

P —4r+4=0

px)

To find the solutions, we’ll first test to see if » = 1 is one root of p(r):
ph) =1 -1 -4 144=1-1—-4+4=0

Hence, r =1 isaroot, and r — 1 is a factor. Dividing out this factor:

r2 —4

r—l) P —d4r+4
_r3+r2

—4r+4

4r — 4

0

This means we can factor our indicial equation as follows:

0=1r>—r2—4r+4

r=1(?=4) = ¢ =D =20 +2)
Thus, the solutions the indicial equation are the three distinct values
r =1 R r =2 and r= -2,

and the corresponding general solution to the third-order differential equation is

y(x) = cx + cax? 4+ c3x?
20.4c. Assuming y = x" and taking three derivatives, we get
Y =mU = Y = —Dx"? = Y = =D =2x"3

which, when plugged into the differential equation yields
0 = x3y" — 5x2y" + l4xy’ — 18y

= X rr =D =2)x"7 = 5x%r(r — Dx" 72 + 1dxrx’™' — 18x"
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= [r3 —32 4 2r:| x" =5 [r2 — r] x" 4+ 14[r]x" — 18x"
= [r3 —8r2 +21r — 18] x"
So the indicial equation is the third-degree polynomial equation

PP — 8% 4+ 2lr — 18 = 0

p(x)

To find the solutions, we’ll compute p(r) for different values of r until we find a value such
that p(r) =0:

ph) =1 —8.12+21-1 —18=1—-8+21 —18 = -4 £0 ,
p2) =2 —8.22 +21.2 - 18 =8 —32+42 —18=0

Hence, r =2 is aroot, and r — 2 is a factor. Dividing out this factor:

2 —6r +9
r—2) r’—8?+421r—18
—r3 422

—6r2 4+21r
6r2 —12r

9r — 18

—9r +18

0

This means we can factor our indicial equation as follows:

0 =r>— 82+ 21r — 18

(r=2) (= =6r+9) = (- =2)¢- =3
Thus, the solutions the indicial equation are » = 2 (with multiplicity 1) and r = 3 (with
multiplicity 2 ), and the corresponding general solution to the third-order differential equation

is
y(x) = c1x? + ex® + c3x’In x|

20.4e. Assuming y = x” and taking four derivatives, we get
/ r—1 /" r—2
y =rx — y = r@r—1x

> V' =rr-Dr-2 = Yy =r-D0-20 -3
which, when plugged into the differential equation yields
0= x4y(4) + 6x3y’" + 15x2y" + 9xy’ + 16y

= x'r(r =D =2 3" + 6xr(r — D(r —2)x" 3
+ 15x%r(r — Dx" 2 + 9xrx™"! + 161"
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= [r4 —6rd 1172 = 6r] x4+ 6 [r3 — 32+ Zr] x"
+ 15 [rz—r] x" 4+ Orlx” + 16x"
= [r4 +0r3 + 824+ 0r + 16] x"
So the indicial equation is
4 2 2 2
0=rt+ 8% +16 = (P+4) |

which has solutions
r = £2i with multiplicity 2 ,

and the four corresponding real-valued solutions to our Euler equation are
cos2In|x]|) , sin2In|x]) , cosIn|x|)In|x|] and sin(2In|x|)In x|
The general solution, then, is

y = crcosIn|x[) + casin(2In|x])

4+ cq4cosIn|x])In|x| + c4sin(21n|x|) In |x|

20.4g. Assuming y = x” and taking four derivatives, we get
y/ — rxrfl — y// — r(r_l)xr72

> V' =rr-Dr-2 — Yy =r-D0-20-3x"*
which, when plugged into the differential equation yields
0 = x4y(4) + 2x3y/// + x2y// . xy/ +

= 2t =D =2 =3 + 25 = D =223

+ xX2r(r—Dx"2 — xrx™ b+ X

= [r4—6r3+11r2—6r]xr + 2[r3—3r2+2r]xr + [rz—r]xr

— [rlx" + x"

[r4 — 43+ 6r2 —dr + l]xr

So the indicial equation is the fourth-degree polynomial equation
-4 er —4r 4+ 1 =0

px)

Fortunately, it’s easy to see that

ph)=1*" -4 +6.12-4.14+1=0,
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telling us that » = 1 is aroot, and r — 1 is a factor. Dividing out this factor,

=32 4+3r—1 ,
r—l) A3 ert —dr +1

—rh 43
— 373 4+ 6r2
3r3 — 32
3r2 — 4r
—3r2 4+ 3r
—r+1
r—1
0

we find that

pr)y =t — 4 + 67 —4r + 1 = (r=D(r’ =37 +3r—1)

q(r)

It is even more easy to see that
gh) =1 -3.1"43-1-1=0

So r — 1 is also a factor of ¢ (). Dividing out that factor,

r2—2r+1 R
r—l) =32 4+3r—1
_r3 +r2

—2r% +3r
2r2 —2r

r—1

—r+1

0

and we see that our indicial equation factors as follows:
0=r*—d’ + 6% —dr +1
= (r— 1)(;’3 —3r2 +3r — 1)
= (r—Dr—D(r*—2r+1)
=-Dr-Dr-Dr—-1) = @F-D*
Thus,

y(x) =cix 4+ caxInlx| + c3x(In le)2 + c4x(In |x|)3

20.6a. Leting y = x" >— y = rx""! — Y = e —-Dx"%

the differential equation becomes

0 = ax?y’ + Bxy + yy

= ax’r(r— Dx"72 + Bxrx™! 4 yx”
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20.6 b.

20.6 c.

Euler Equations
= [ozr2 —ocr—l—,Br—i—y]xr
= [arzr + (B —a)yr+ y] x"
So the indicial equation is
ar2r+(,3—(x)r+y=0 . (»)

Let yx) = Y() where x = ¢ and ¢ = In|x|
We will need to convert the derivatives in the given Euler equation to corresponding derivatives
of Y . For convenience, let us first observe that
dt_ dlnlx| 1 .

dx dx =;=e

Using this and the chain rule, we then have

d d dt d dy
2=y = ZSy0) = '
dx dx dx dt dt
and
d?y d [dy] _drd [e_,dY]
dx2 ~ dx Ldx]l — dxdr dt
dy d%y d’y dy
_ | —tdr -4 1 2|8 Y
=€ |: ¢ dt+e dt2i| ¢ [dt2 dt]
Note that
, dy . . dY dy
Xy = Xx— = e e — = —
dx dt dt
and

2 _ xzﬁ _ (et)2e,2t d?y _av| _ v _ ay
dr? dt

Y dy? a2 dr
Applying the above to the given generic Euler equation gives us
0 = ax®y" + Bxy' + yy

d*y dy dy
[ﬁ_z} + ﬂI + )/Y(l) 5

which, after a trivial bit of algebra, becomes

d%y dy

a second-order, constant cofficient differential equation with characteristic equation

ocr2+(,3—oc)r+y=0 . (%)

Just observe that equation (), the indicial equation for the Euler equation, and equation (xx),
the characteristic equation for the corresponding constant coefficient equation, are identical.



