Worked Solutions 7

Chapter 2: Integration and Differential Equations

2.2a.

2.2¢.

2.2e.

2.2g.

2.21.

2.3a.

2.3c.

Since the equation is in the form dyfy. = f(x), it is directly integrable.

Algebraically solving the equation for the highest derivative gives

d
_y=e2x

— 4
dx Y

Since the righthand side involves y, it is not a formula of x only. Hence the differential
equation is not directly integrable.

Algebraically solving the equation for the highest derivative gives

dy _ 5

dx y

The righthand side involves y, and is not a formula of x only. So the differential equation
is not directly integrable.

Algebraically solving the equation for the highest derivative gives

d2
dx

1

x2

<

[\S}

Since the righthand side is a formula of x only (no y’s), the differential equation is not
directly integrable.

Algebraically solving the equation for the highest derivative gives

d? 2 d
Y_e—x _3_y

dx? dx

Since the righthand side is not a formula of x only, the differential equation is not directly
integrable.

d

) = /—ydx - /4x3dx — e
dx

First, we must solve for the derivative,

xd_y+\/}:2 — xd_yzz—ﬁ
dx dx

N d_yzg_ﬁzzl_x—l/z
dx X X X
Integrating this gives the solution,

y(x) = /Z—ydx = /[21—x71/2] dx = 2In|x| + 2x1/2 + c
X

X



8 Integration and Differential Equations

2.3e. Using the substitution u = x> (hence du = 2x dx),

y(x) = /xcos(x2> dx = %/cos(u) du

_ l . _ l . 2
= 2s1n(u) + c = 2sm(x) + c

2.3g. Dividing through by x> — 9 yields

dy X
dx — x2-9

This can be integrated using the substitution u = x> —9:

X 1 1
y(x) = fx2_9dx = §/x2_92xdx

1 1 1 _ 1 2
_E/;du_ilnw—i-c_iln‘x 9‘+c

23i. T T N N S (R P |
d dx dx 9 9
— l2_1 13 _ 1
> y(x) _/[9x 9] X 27x 9x+c
d2y dzy
2.3k. ﬁ_3:xHﬁ:x+3
2
— Z—iZ/%dXZ/[x—i-S’]dx:%xz—}—S’x—}—cl

— yx) = /sz + 3x + cl] dx = éxz + %xz + ci1x + ¢

2.4a. We first find the general solution to the differential equation:
y(x) = [ Z—y dx = / [4}6 + IOezx] dx = 2x* + 5¢% + ¢
X

Then use the initial condition to determine the value of ¢ :

4=y0) =2-045"+c=0+54+4¢c > c=4-5= -1
So the solution to the initial-value problem is given by y(x) = 2x2+5¢?* 4+¢ with ¢ = —1;
thatis, y(x) = 2x2 450 — 1. Moreover, this solution is valid for all values of x since

all functions in the differential equation and solution are continuous on (—00, 00) .
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24c.

24e.

24¢g.

Finding the general solution to the differential equation:

x —1 x+1-=-2
YOy = | ydx = /ﬁ‘”

=/[”1—2 1 ]dx=x—21n|x+1|+c
x+1 x+1
——

=1

Applying the initial condition to find c:
8 =y0) =8 —2Inl0+1| +¢c=8—-2-04+c¢c > ¢ =28
So, y(x) =x —2In|x + 1| + ¢ with ¢ = 8; thatis, y(x) = x —2In|x| 4+ 8. And since

the derivative in the differential equation “blows up” at x = —1 and the initial condition is
given at x = 0 > —1, the solution is only valid for all values of x greater than —1.

Solving for the derivative yields the initial-value problem

dy  sin(x) . -
dx = cosn) with y(0) =3
The largest interval containing x = 0 on which this derivative does not “blow up” is

(="h,Th) (since (—7/,"h) is the largest interval containing x = 0 on which cos(x)
is nonzero. So our solution will only be valid on (—"/, ™/) . Integrating the above:

yx) = /sin(x) dx

cos(x)

= —f ! d—[cos(x)]dx = —Injcos(x)| + ¢
cos(x) dx
Then applying the initial condition, and writing down the final result:
3 =y0) = —Injcos(0)] + ¢ = —In(1) + ¢ = 0 + ¢

—> c =3 > yk) = —Injcos(x)| + 3

Solving for the highest derivative:

2

[Vi-2] = -2

X

d2y d2y
X—= + 2 = J/x — — =
dx? [ dx?

==

Clearly, the righthand side requires x > 0. Integrating and applying the second initial

condition:
dy _ f[x—l/z _ 3] dx = 2x2 — 2Injx| + ¢
dx X

— 6:y/(l):211/2_21n|1|+61:2_20+61

1
> ¢ =6-2 =4 and, thus j—y=2x/2—21n|x|+4
X
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Integrating this last equation (possibly using integration by parts to compute the integral of
In |x]|):

y(x) = /[2x1/2—21n |x|—|—4] dx
= §x3/2 — 2[xIn|x| —x] + 4x +
= %% vl + 6x + o
Then, applying the first initial condition:

8 = y(I) = ‘5‘-13/2 —2 0+ 61+ =71+6+0

— 0 = % and, thus y(x) = %x% — 2xIn|x| + 6x + %

25a. yx) — y(0) = /xj—ids - /x sin(%) ds = —2cos(§)z
0 0
= —Zcos(%) + 2005(%) = —2005(%) + 2
s y(x) = —2cos<§> + 2 4+ y(0)

2.5bi. Plugging the initial value into the above formula:

y(x) = —2cos<%> + 2 4+ y(0)

— —2003(%) +24+0 = —ZCOS(%) + 2

So y(r) = —2005(%) F2=-20+4+2=2

25bii. y@) = —2c05(3) + 2 + ¥(0)

X X
= —2cos<§> + 2+ 3 = —2005(5) + 5

So y(r) = —2003(%) +5=-2-04+5=5

2
2.5 b iii. yQ2r) = —2cos(7”) + 2+ y(0)
= —2cos(m) +2 +3 = -2(-1) +5 =17

X

X
2.7 a. y(x) — y(0) = / %ds — y(x) — 3 = /(; seﬂzds

X
, 3= e 4 %eo +3 = -1 4

1 2
— ykx) = —Ees 5 5

NSRIEN]




Worked Solutions
x dy x 1
2.7 c. — 1) = —d — — 0 = f
w6 =y = [ Pds =y o
— yx) = arctan(s)|)1€ = arctan(x) — arctan(l) = arctan(x) — %

2.7e. xd—y = sin(x) — dy = sin(x)

dx dx X

* sin(s)

dx = Si(x) > y@) = Six) + 4

—> y(x)—4=/
0

N

2.9a. For the graph of step(x), see the page 29 of the text.
X X
Since y(0) =0, ykx) = / step(s)ds + y(0) = / step(s) ds
0 0

If x <0 and x <s <0, then step(s) = 0. Thus,
X X
y(x) = / step(s)ds = / 0ds = 0 if x<0
0 0

If 0 <x and 0 <s < x, then step(s) = 1. Thus,

X X
y(x) = / step(s)ds = / lds = x if 0>x
0 0

In summary,

0 if x<O
yx) = . = ramp(x)
x if O0<x

29c¢. Since y(0) =0, ykx) = fx f(s)yds + y(0) = /x f(s)ds
0 0

If x<1land x <s < 1,then f(s) =0. Thus,

X X
y(x) = / step(s)ds = / 0ds = 0 if x<1
0 0

If 1 <x <2 ,then

I
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~
S
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+
=
~
S
L
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y(x) ='/0 f(s)ds
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(e}
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+
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+

=
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If 2 < x, then .
y(x) =/0 f(s)ds

1 2 X
- f £(s) ds + / £(s) ds + / £(s) ds
0 —— 1 = h

=0 =1 =0

1 2 X
:/Ods+/1ds+/0ds=0+l+0
0 1 2

11
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29e.

Integration and Differential Equations

So,
0 if x<1

y(x) = x—1 if 1<x<2
1 if 2<x

Since y(0) =0, y(x) = /x stair(s)ds + y(0) = /x stair(s) ds
0 0

X X
If x <O0,then y(x) = / stair(s) ds = / 0ds = 0
0 —— 0

X X
If0<x<1,then y(x) = / stair(s) ds :f lds = x
0 T 0
If 1 <x <2,then

1 X
y(x) = f stair(s) ds —l—/ stair(s) ds
0 —— 1 ~—
=2

1 X 1
=/ lds—l-/2ds=1+(2x—2)=2x—1:2(x——>
0 1

If 2 <x <3, then

1 2 X
y(x) = / 1ds + / 2ds + / 3ds
0 1 2

=14+ 4-2)4+ B3x—-6) =3x —3 =3x—-1

1 2 3 X
/ lds + / 2ds + / 3ds + / 4ds
0 1 2 3

1+2+3+(4x—12)=4x—6=4(x——)

If 3 <x <4,then

y(x)

So,
0 if x<O

X if 0<x<1
y(x) = 2(x—1/2) if 1<x<?2
3(x—%) if 2<x<3
4(x—3/2) if 3<x<4




