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Chapter 17: Second-Order Homogeneous Linear Equations with Constant Coefficients
17.1a. The characteristic equation is
P2 —Tr +10 =0 s

which factors easily,
r—2)r—=5 =0

Thus, the solutions to the characteristic equation are » = 2 and r = 5. The corresponding
solutions to the differential equation are then e>* and ¢>* . These form a fundamental set of
solutions, and, so, our general solution to the differential equation is

y(x) = c1e® + ce>F

17.1c. Writing out and solving the characteristic equation:
P —25=0 = r2 =25 > r =25 =45

So the solutions to the characteristic equation are » = 5 and r = —5. The corresponding
solutions to the differential equation are then e>* and e™>*, and our general solution to the
differential equation is

Yx) = 1™ + cpe
17'1e' 4}"2—1:O>—>r2:l>—>r:il=il
4 4 2
—> r = 1 and r = !
2 2
— y(x) = c1e¥? + cre/?
17.2a. Finding the general solution and its derivative:
0=r" =8 +15= (-3 -5
> r =3 and r =235
—  ykx) = c1e¥ + e and y(x) = 318 + 5c0eF . (%)

Applying the initial conditions:
1 =y0) = c1e®® + 2 = ¢ + &
and
0 = y(0) = 3c1€®® + 52" = 3¢; + 5¢2

Solving for the constants:

1l =c + and 0 = 3¢1 + 5¢;

—> 1l =c + and ) = —=C]
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5 2 5
—> 1 =c¢ — 361 = =361 and € = —3c
—> cl = 3 and o = LR (—é) =2
2 3 2 2
Plugging these values into the formula for y in line (%) then gives the solution,
_ _é 3x f S5x
y(x) = 5¢€ + 5¢€
17.2 c. From solving Exercise 17.2 a, we know the differential equation’s general solution and its
derivative are
_ 3x Sx / _ 3x Sx
y(x) = cre + e and y(x) = 3cie™ 4 Scoe . (*)
Applying the initial conditions:
5 = y(0) = cle3‘0 + 0265'0 =c +
and
19 = y(0) = 30163'0 + 56265'0 = 3¢1 + 5¢;
Solving for the constants:
5=c¢ + and 19 = 3¢ + 5¢2
— g =5-0 and 19 =35—c2) + 5¢2 = 15 4+ 22
19 -1
—> cr =5 -0 and C2=925=2
—> cp =5-2=23 and c =2
Plugging these values into the formula for y in line (%) then gives the solution,
y(x) = 3¢ + 26
17.2 e. Finding the general solution and its derivative:
0=r>=9=(@-3)+3) = @-3—-[-3)
—> r=3 and r= -3
S yx) = e + e and Y (x) = 3c1e — 3cpe . (%)
Applying the initial conditions:
0 =y0) = c1e®® + 230 = ¢ +
and
1 = y(0) = 3¢1e>" — 3c2¢730 = 3¢ — 32
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Solving for the constants:

0=c + and 1 = 3¢; — 3¢

—> cyp = — and 1 = 3(—c2) — 3¢y = —6¢3

—> ] = — and ) = —é

—> c ——(—1)— : and o=
1=-{7) =% 2= 75

Plugging these values into the formula for y in line (%) then gives the solution,

1 1
_eSx _ _ESX

yx) = = G

173a. 0 =72 —10r +25 = (r—5> = r =35

So one solution to the differential equation is y;(x) = &> . As derived in Section 17.4, the
second solution to the differential equation when the characteristic polynomial only has one
root is

) = xy(x) = xe™

Hence, the general solution to the differential equation is

y(x) = 1 + cpxe*

17.3c. 0=42—4r +1=Q2r—1% r:%
— yix) = /2 and  y(x) = xyi(x) = xe*?
— y(x) = c1e’/? + cpxe/?
17.3e. 0 =16/ —24r + 9 = (4r —3)2 »—> r = %
— i@ = and @) = xpx) = xe™
s y) = 1+ epxed
17.4a. Finding the general solution and its derivative:
0=r>—8 +16=(r—-4> » r =4
— ) =" and ) = xyix) = xe
— yx) = c1e™ + coxe™ (*)

{

Y (x) = 4dc1e™ + [e4x +4xe4x]
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Applying the initial conditions:

1 = y0) = cle4‘0 + 02-0e4'0 = (]
and
0

y/(O) = 401(34'0 + o [64'0 +4. 0(34'0] = 4dc1 +
Solving for the constants and plugging them back into formula (%) for y:

1 = ¢ and 0 =4dci +c2 =41+
—> cqg =1 and o = —4

—> yx) = ¥ — 4xe™

17.4c. From solving Exercise 17.4 a, we know the differential equation’s general solution and its
derivative are
y(x) = c1e® + cpxe® and V' (x) = 4dc1e™ + [e4x + 4xe4x] )
Applying the initial conditions:

3 =y0 = c1e*® + -0 = ¢
and
14 = y () = 4c1*" + [e4‘0+4-0e4'0] —de) + o

Solving for the constants and plugging them back into formula (x) for y:

3 = ¢ and 14 =4c1 + ¢ = 4-3 +

{

cp =3 and c =2

{

y(x) = 3e* + 2xe¥

17.4 e. Finding the general solution and its derivative:
0 =4 +4r +1 = Qr+1)7

2r+1 =0 > r= -1

L> 2

—  yix) =e?  and  y(x) = xy(x) = xe*/?

— yx) = cre™? 4 cpxe™/? )
— yx) = —%cle*x/z + [e*X/Z_ %xe—x/z]

Applying the initial conditions:

0 = y0) = clefo/2 + cz~0e70/2 = (]
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and

1 — — 1 — 1
1 = y(0) = —5cie 02 4 cz[e 0/2_5.06 0/2] = —5a +

Solving for the constants and plugging them back into formula (%) for y:

0 = ¢ and 1=—%c1+czz—%-0+02
—> cl1 = 0 and C) = 1
—> yx) = 0-e¥? 4 1.xe¥? = xe¥/?

17.5a. The characteristic equation and its solutions:
2 +25=0 — r?=-25 > r =£J/-25 = £5i

So, two solutions to the differential equation are

i5x

yi(x) = e = cos(5x) + isin(5x)
and
y_(x) = € = cos(5x) + isin(5x)

129

However, because of the i, these are not real valued. To get corresponding real-valued

solutions y; and y», we can either set
yi =Y+ +y- and oy =y —y ,
or, equivalently, simply take the real and the imaginary parts of
y4(x) = cos(5x) + i sin(5x)
for y; and y,, respectively. Either way, we get
y1(x) = cos(5x) and y2(x) = sin(5x)
The general solution is then

y(x) = Ayi(x) + Byy(x) = Acos(5x) + Bsin(5x)

17.5¢c. The characteristic equation and its solutions:
2 —
r—2r+5=20

—(— /(=2)2 — /=
N - (=2) £ (221) 4(1)(5) _ 2:i:2 16

=1+ 2

So the complex exponential solutions to the differential equation are given by

— e(liZz)x — exith — exeLZS

yelx) =
e* [cos(2x) % i sin(2x)]

e* cos(2x) + ie*sin(2x)
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Taking the real and imaginary parts of y4,

yi(x) = e*cos(2x) +ie*sin(2x)
—_—— —_——
yi(x) y2(x)

gives us the linearly independent pair of real-valued solutions
yi(x) = €*cos(2x) and ya(x) = e*sin(2x)
So the general solution in terms of real-valued functions is

y(x) = Ae* cos(2x) + Be" sin(2x)

17.5e. The characteristic equation and its solutions:

9% + 187 4+ 10 = 0

_ J(18)2 Z4(9)(10) - - .
s , _ ~U9EVAH2-40)10) _ —18£v=36 _ 1
2.9 18 3

So the complex exponential solutions to the differential equation are given by
(1+3)
—lx=i|x .
yr(x) = €' =e 3 = e ¥t = ¥ I:COS<§> ﬂ:isin(%)]

=e " cos(f> + je™™ sin<£>
3 3

Taking the real and imaginary parts of y. ,

yi(x) = e cos(%) +ie™ sin(%) ,

yi(x) y2(x)

gives us the linearly independent pair of real-valued solutions

yix) = e * cos(%) and ya(x) = e sin(%)
So the general solution in terms of real-valued functions is

y(x) = Ae™ " cos(%) + Be™™ sin(%)

176a. P2+ 16 =0 > 12 = —16 > r = +£/—16 = +4i

The corresponding solutions to the differential equation are then given by

yi(x) = €+ = T = cos(4x) =+ i sin(4x)
N —— N —
y1(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is
y(x) = Acos(4x) 4+ Bsin(4x) . (%)

Its derivative is
y'(x) = —4Asin(4x) + 4B cos(4x)
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Applying the initial conditions, we have

I = y(0) = Acos(4-0) + Bsin(4-0)
=A-14+B-0=A
and
0 = y(0) = —4Asin(4-0) + 4Bcos(4-0)
= —4A.-0 + 4B-1 = 4B

Thus, A =1, B =0, and the solution to the initial-value problem is

y(x) = Acos(4x) + Bsin(4x) = cos(4x)

17.6 c. From solving Exercise 17.6 a, we know the general solution to the differential equation is

y(x) = Acos(4x) + Bsin(4x) ,
and its derivative is
y'(x) = —4Asin(4x) + 4B cos(4x)

Applying the initial conditions, we have

4 = y(0) = Acos(4-0) + Bsin(4-0)
=A-14+4B-0=A
and
12 = y'(0) —4Asin(4-0) + 4Bcos(4-0)

—4A-0 + 4B-1 = 4B

Thus, A =4, B = 14—2 = 3, and the solution to the initial-value problem is

y(x) = 4cos(4x) + 3sin(4x)

17.6 e. 2 —4r +13 =0
_(— /(—4)2 _ /_
s ;o Z(HE (2‘? a3 _ 4i22 O _ 243

The corresponding solutions to the differential equation are then given by

— e(2i3l)x — eril?ﬁx — 62x6i13x

yi(x) = **
= ¢* [cos(3x) % i sin(3x)]

e?* cos(3x) =+ i > sin(ex)

yi(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is

y(x) = Ae* cos(3x) + Be** sin(3x)

(Acos(3x) + Bsin(3x))e™
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and its derivative is
V() = A[2¢% cos(@x) = 3¢ sin(3x) | + B[2e¥ sin(3x) + 3¢* cos(3n) |
= (A[2cos(3x) —3sin(3x)] + B[2sin(3x) + 3 cos(3x)] )ezx
Applying the initial conditions, we have

0 = y(0) = (Acos(3-0) + Bsin(3-0))e*” = A
and
1 = y(0) = (A[2cos(3-0) —3sin(3-0)] + B[2sin(3-0) + 3cos(3-0)])e**
= 2A + 3B

Thus, A =0, B = %[1 —2A] = % and the solution to the initial-value problem is

() = Ae*cos(3x) + Besin(3x) = 1e* sin(3x)

-+ (%—I—47r2> =0

1
—(—l)i\/(—l)2—4 — +4n? —

The corresponding solutions to the differential equation are then given by

y(x) = &+ = e(1/2ii2”)x — N2 %

= 2 [cos(2x) £ i sin(27wx)]

= "% cos(2rx) £ ie*/*sin(2mx)

yi(x) y2(x)

So, in terms of real-valued functions, the general solution to the differential equation is
y(x) = Ae*?cos(2rx) + Be*/?sin(2mx)
= (Acos2rx) + B sin(ZJ'r)c))ex/2 , (%)
and its derivative is
y'(x) = 27 (— Asin@7x) + B cos(27wc))e"/2
+ %(A cos(2wx) + Bsin(ZJTx))e"/2
= (A [% cos(Qmx) — 2w sin(an)] + B [271 cos(2mx) + % sin(2ﬂx)]> e*/?
Applying the initial conditions, we have

1 = y(0) = (Acos(0) + Bsin(0))e” = A
and

% =y (0) = (A B cos(0) — 27 sin(O)] + B [271 cos(0) + % sin(O)]) e’

%A + 27 B
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Thus, A =1,
B = L[l_lA] = L[l_ll] =0
2r L2 2 2r L2 2
and the solution to the initial-value problem is

y(x) = Ae*/?cos(2nx) + Be*/?sinrx) = e/ cos2mx)

The graph of this is basically the graph of a cosine “with an exponentially increasing ampli-
tude’; as indicated by the heavy line in the figure below:

17.8 a.
— y(x) = cie¥ + cre

17.8c. 0=r>+6r+9=(@+3? > r=-3
— y(x) = cre > + cpxe ™

17.8e. 0=92—6r+1=0r 12 — r=§
—> y(x) = c1e*? 4+ coxe?

17.8 2. r? —4r 4+ 40 = 0
— = _(_4)i‘/w - 4i‘£m = 246

Finding the general solution to the differential equation in terms of real-valued functions:

QE6i)x _ 2vkibx _

ye(x) = e o2 pEibx

e** [cos(6x) % i sin(6x)]

e?* cos(6x) =+ i e sin(6x)

yi(x) y2(x)

— y(x) = cre* cos(6x) + cre” sin(6x)
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17.8i. 0=r>410r +25 = (+5? = r = -5
—> y(x) = cre™> + cpxe ™
17.8k. 92 +1 =0 — r*= —% — r = :I:,/—% = :t%i
— yi(x) = 3 = cos(%) :tisin(%)
\—\/—J N — e’
yi(x) y2(x)
—> y(x) = ¢ cos(%) + czsin(g)
17.8 m. P+ 4 +7=0
—44 /(42 —4(1 —4+-12
> - e e I
Finding the general solution to the differential equation in terms of real-valued functions:
yi(x) = e(Ziﬁi)x — 672xii\/§x — ef2xeii\/§x
= [cos(ﬁx) +i sin(«/gx)]
= ¢ X cos<\/§x) +ie % sin(x@x)
yi(x) y2(x)
—> y(x) = cre cos(«/gx) + e sin(\/gx)
17.8 0. 0=r24+4r +4=0+2% — r=-2
—> y(x) = cre” + coxe >
17.8 q. 0=7r>—4d4r =r@r—4
— r =20 and r =4
—> y(x) = 1™ + ™ = ¢ + eV
—®
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17.8s. 4,.2 4 3 =0 > r2 — _% — o= + _% _ i?l
— y+(x) = eEIV32 cos<§x) iisi“(?")
yi(x) y2(x)
— y(x) = ¢ COS(?x) + sin(“/;x>
r_ 2 ! —t 2
17.9 a. sin2(t) + COSZ(I) _ (¢ .e n el +e
2i 2
_ (@2t ( ) () 26 4 ()
N 42 4
. et —24 e n 2t +2+e 2
= - |
R ey E S S e R
= . y
[ +2—e 2] + [ 42+e¥]
= = — = 1
4 4
17.9¢. cos(A)cos(B) — sin(A)sin(B)
(e (P e B oA _ oA\ [¢B_ B
B 2 2 2 2i
B oA o AB oAb ~ eAeB _gAg=B _ y~AGB | oA, B
= . -
eA+TB 4 (A—B | ,~A+B | ,~A-B oAtB _ ,A-B _ ,~A+B | ,~A-B
= +
4
2eA+B | 0p—A-B
=0
(A+B) —(A+B)
= L — COS(A+B)

2



