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Chapter 16: Verifying the Big Theorems and an Introduction to Differential Operators

. . d? d
16.2a. By inspection: L = 2 + SE + 6
16.2bi. L[sin(x)] = i[sin(x)] + Sd—[sin(x)] + 6[ sin(x) |
dx? dx

—sin(x) + 5cos(x) + 6sin(x) = 5sin(x) 4+ 5cos(x)

2
162bii. L[] = T[] 4+ 59 [ + 6[e ]
X

= 9 4+ 5[ =3¢ + 6 = [9-15+6]¢F =0

16.2 c. Since the differential equation can be written as

Lly] =0 ,
and we have

L[ei3x] =0 ,

—3x

it follows that y(x) = e is a solution to the differential equation.

: : d? d
16.3a. Byinspectionn L = — — 5— + 9
dx? dx

2
163bi.  L[sin(x)] = j—z[sin(x)] - SZ—x[sin(x)] + 9[sin() ]
X

= —sin(x) — 5cos(x) + 9sin(x) = 8sin(x) — Scos(x)

2
163 b i L[] = T[] - 5[] + 9]

= de® — 5.20% 4 9o — 3%

. . ,d? d
16.4a. By inspection: L = x“"— 4+ Sx—

dx? dx +6

164 b i. L[sin(x)]

2
xz%[sin(x)] + SXZ—x[sin(x)] + 6[sin(x)]
= —x%sin(x) + 5xcos(x) + 6sin(x)
= (6—x2) sin(x) 4+ 5x cos(x)
164 [¢] = L[] 1 e L[] + ox?]
dx? dx
= x2[3~2x] + 5x[3x2] + 6x° = 6x3 + 15x° + 6x° = 273
d3 :

16.5a. By inspection: L = — — sm(x)d— + cos(x)
dx3 dx
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16.5b i L[sin(x)] = i[sin()c)] — sin(x)d—[sin(x)] + cos(x)[sin(x)]

dx3 dx
= —cos(x) — sin(x)cos(x) + cos(x)sin(x) = —cos(x)
3
165bii.  1[x?] = j?[xZ] — sin0) S [¥7] + cos() [+?]
= 0 — sin(x) - 2x + cos(x) x? = x? cos(x) — 2xsin(x)
16.6 a. Let ¢ be any sufficiently differentiable function. Then
d
LLilg] = LaLigll = Lo [0 +x¢]
_d d¢
= & L o] - < [3 +0]
_ 4 d¢ dp
- dx? |:¢+ :I xa X
_ d%* 2
=g+ (1-2)9
_ & 2
So. LoLi=‘5 + (l—x )
On the other hand,
d
LiLa[g] = LilLalll = Ly [0 — x4]
_d [d¢ dé
= gl o] + <[5 9]
_ % d¢ dp
= G2 o] g -
_ d% 2
T odx? h (l+x >¢
_ & 2
So. LiLy="5 - (l+x )
16.6 c. Let ¢ be any sufficiently differentiable function. Then
d
LoLy[¢] = La[L1[#]] = Lo [x—¢+3¢]
_d ¢ d¢
= E[ —+3¢] + Zx[xa%-&l)]
_ [d¢ | d*¢ ¢ 2 ¢
d2
_ 4¢ 2\ 49
—xd +(4+2x)dx + 6x¢
d2
So, LoLi=x"5 + <4+2x )E + 6x
G T
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On the other hand,
d
LiLafg] = Li(Lafg]) = Ly [2 +2x]
X
_ d d¢ ¢
=x"—¢’ x[20+2x ¢]+3—¢+6x¢
dx? dx
_ &% 2\ d¢
So. LiL,=x & <3+2x2>d— + 8x
’ 1h2= dx? dx
16.6e. Let ¢ be any sufficiently differentiable function. Then
d? d?
L2Li[9] = Ly[Liigll = Lo [d—xﬂ = #28
42
So, L)L;=x—
© 2 =a dx?
On the other hand,
LiLa2[g] = Li[Lil¢]] = Lao[x°¢]
42
= —[x']
_ 4 rd s
h dx [dx [x ¢]]
_ 3d¢]
T dx [3 ¢+
d d?
= [6x¢>+3x2 ¢] + |:3x2£ +X3d—)§]
2
N 249
—)cdx2 +6xdx + 6x¢
d
So, L1L2—x + 6x — 4+ Ox
16.7 a. For any sufficiently differentiable function ¢,
d d
(% +2) (5 +3) 181 = (5 +2) [ 2 +39]
_d [d¢ de
= Tl 3] + 2[5+
2
= 20 439 2% 46
dx? dx
2
= 5o d) + 6¢
dx?
—
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So,

d d d? d
(F+2)(G+3) =Gm + 55 +6

16.7 c. For any sufficiently differentiable function ¢,

() (e 10 = ()[4 2]
AT Lo] v e[ L]

i
NSRS I
- xi’;‘;’ +5 4 3
So.
(G (G rt) =i 9% + 2
16.7¢. For any sufficiently differentiable function ¢
(G +2) (G reeion = (G+ ) [+ ‘f’]
[ ] 22
- Zi‘ﬁ + [ +ax] + 20 4 49
S L

So,

d 1\ /d d? 1\ d
D) () = (e )
(dx+x)(dx+ * dx? + x+x dx T

16.7 g. For any sufficiently differentiable function ¢,

() (s o = () [ 2+ 5

_d [d% | d¢ d*¢ P
—a[ﬁ+a}“[d2ﬂu

So,
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16.9. Verifying the factorization: For any sufficiently differentiable function ¢,

(i =) (i +2e) o1 = (G =) [ +20]

- Z—x[%+2x¢] —x[%+2x¢]
- ZZT? n [2¢+2x%:| - x% — 2%
= 227‘;’ + xfl—i’ + (2—2x2)¢

So,
d? d ) d d
ot o) = () ()

Finding the solution: From the factoring above, we know the differential equation can be

written as 4 4
L) (L 2= 0
(dx x) (dx +2x) 1] 0
and from Theorem 16.6 on page 312 of the text, we know that any solution y to
d
4 15 ) _
also satisfies the previous equation. Rewriting the last equation in the more traditional form
dy
e 2xy =
T + 2xy 0

we see that we have a simple first-order linear and separable differential equation. Using the
integrating factor

wo= pukx) = efodx — exz
we have 4
2 2
e* [—y+2xy] =" -0
dx
— d—[exzy] =0
dx
2
— ey = ¢
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