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General Solutions to Homogeneous Linear Differential Equations

Chapter 15: General Solutions to Homogeneous Linear Differential Equations

15.2 a.

15.2c.

Verifying that {y1, y»} is a fundamental solution set: We have
yi(x) = cos(2x) — yi'(x) = —2sin(2x) — y"(x) = —4cos(2x) ,
and
ya(x) = sin(2x) — y'(x) = 2cos2x) — y»'(x) = —4sin(2x)
Thus,
vi” + 4y = —4cos(2x) + 4cos(2x) = 0
and
v + 4y, = —4sin(2x) + 4sin(2x) = 0

verifying that cos(2x) and sin(2x) are solutions to the given differential equation. Also, it
should be obvious that neither is a constant multiple of each other. Hence, {cos(2x) , sin(2x)}
is a fundamental set of solutions for the given differential equation.

Solving the initial-value problem: Set
y(x) = Acos(2x) + Bsin(2x) . (%)
Applying the initial conditions and using the above derivatives, we have

2 = y(0) = Acos(2-0) + Bsin2-0) = A-1 4+ B-0 = A ,
and
6 = y'(0) = —2Asin(2-0) + 2Bcos(2-0) — —2A-0 + 2B-1 = 2B
So the solution to the initial-value problem is given by formula (x) with A = 2 and B =

6, = 3: that is,
y(x) = 2cos(2x) + 3sin(2x)

Verifying that {y, y2} is a fundamental solution set: We have

) =€ =y =287 =y &) = 4,

and

»E) = e = @) = =3 = 1) = 9%
Thus,

i’ 4+ oy’ = 6y = 4e? 4 26 — 6 = [4+2—6]e =0
and

»' o+ oy = 6y =9 — 3¢ — 6 = [9-3-6]e =0 ,

verifying that ¢** and e~3* are solutions to the given differential equation. Also, it should
be obvious that neither is a constant multiple of each other. Hence, {ezx, e’3x} is a funda-

mental set of solutions for the given differential equation.

Solving the initial-value problem: Set

y(x) = Ae”* + Be ¥ . (*)
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15.2 .

Applying the initial conditions and using the above derivatives, we have

8 = y(0) = Ae*? + Be P = A1+ B-1=A+ B ,
and

—9 = y/(0) = 24¢*° — 3Be>® —24-1 — 3B-1 = 24 — 3B ,

giving us the algebraic system
A+ B =38 and 24 — 3B = -9 ,

which can be solved many ways. For now, we’ll just solve the first equation for B =8 — A,
plug that into the second equation, obtaining

2A —38—-A) = -9 > 5A =15 — A=?=3,

and then plug that result back into the formula for B. So the solution to the initial-value
problem is given by formula (x) with A =3 and B =8 — A =8 — 3 = 5; that s,

y(x) = 3e** + 4¢3

Verifying that {y1, y»} is a fundamental solution set: We have

nw = = @) =20 = oy =2,
and

n@) = x> =y =37 = w') =6
Thus,

X2y — dxyi’ + 6y, = x’[2] — 4x[2x] + 6[)62]

= 2-8+6x>2 =0 ,

and

X2y — dxy,' + 6y, = x2[6x] — 4x [3x2] n 6[x3]
= [6-12+6lx° =0 ,

verifying that x> and x> are solutions to the given differential equation. Also, it should be
obvious that neither is a constant multiple of each other. Hence, {xz, x3} is a fundamental
set of solutions for the given differential equation.

Solving the initial-value problem: Set
y(x) = Ax®> + Bx® . (*)
Applying the initial conditions and using the above derivatives, we have

0=y(l) =A-1>+B-2>=A+ B |,
and
4 =y(d)=A-2-1+B-3-17 =24 + 3B
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So, A+ B =0 and 2A + 3B =4
— B =-A and 4 = 2A 4+ 3B = 2A + 3(—A) = —A
— B =-A=14 and A = —4
So the solution to the initial-value problem is given by formula (x) with A = —4 and B = 4;
that is,
y(x) = —4x? + 4x°
Verifying that {y, y»} is a fundamental solution set: We have
) =x —= y'x) =1 = y'x) =0,
and
n@ = xhll = »'@) =kl +1 = »E ="
Thus,
2.1 / 2
xyi”" = xyi" + y1 = x7[0] — x[1] + [x]
= —x+x=0,
and

2y’ = xy oy = A7 = x[nfx] + 1] + [xIn|x]]

=x —xIln|x] — x + xIn|lx] = 0 ,

verifying that x and x In |x| are solutions to the given differential equation. Also, it should
be obvious that neither is a constant multiple of each other. Hence, {x, x In |x|} is a funda-
mental set of solutions for the given differential equation (on (0, 00) ).

Solving the initial-value problem: Set
y(x) = Ax + BxIn|x| . (%)
Applying the initial conditions and using the above derivatives, we have

S=y() = All] + B[lln[l]] = A + B-0 = A ,

and
3 =y(1) == A[l]l + Blln|l|+1] = A+ B-1 = A+ B
So, A =35 and A+ B =3
— A=5 and B=3-A=3-5==-2
So the solution to the initial-value problem is given by formula (x) with A =5 and B = —2;
that is,

y(x) = 5x — 2x1In|x|

Verifying that {y, y»} is a fundamental solution set: We have

yix) =22 —1 = y/'@x) =2x — y'x) =2 ,
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and
»nE) =x +1 = »E) =1 = »'x =0
Thus,
(x+ D" = 20+ Dyi" + 2y
= (4 D2[2] — 2(x + D [2x] + 2[x2—1]
- [2x2 +dx + 2] - [4x2 n 4x] n [2x2 - 2]
= 24427 + [4—4x + 2-2]=0
and
@+ 10" = 200+ Dy’ + 2
= @+ D20 — 2x+ D[] + 2[x +1]
=2x+1) — 2x+1) =0 ,
verifying that x> — 1 and x + 1 are solutions to the given differential equation. Also, it
should be obvious that neither is a constant multiple of each other. Hence, {x*> — 1, x + 1}
is a fundamental set of solutions for the given differential equation.
Solving the initial-value problem: Set
y(x):A[x2—1]+B[x+1] . )
Applying the initial conditions and using the above derivatives, we have
0 = y0) = A[0>—1] + B[0+1] = —A + B ,
and
4 = y'(0) = = A[2-0] + B[l] = B
So, —-A+B =0 and B =4
— A=B =4 and B =4
So the solution to the initial-value problem is given by formula (x) with A =4 and B =4;
that is,
y(x) = 4[x2—1] S A 41] = 4x2 — 4 + dx + 4 = 4% + 4x
15.3a. The equation is
ay” + by +cy =0 with a = x> , b= —4x and ¢ = 6
Each coefficient is continuous on (—o00, 00) , but the first, a is 0 if and only if x = 0. So
the interval must not contain x — 0, and the largest such interval that also contains xo = 1
is (0, 00).
@
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15.3b. In this case,

3

y(x) = c1x2 + cox and Y(x) = 2c1x + 3czx2

Applying the initial conditions, we get

0=y0) =c¢-0>+¢-00=0,

and
—4 = y(0) =21-0 4+ 3¢2-02 =0

So, no matter what ¢; and ¢ are, y = c1x2 + ¢2x3 and its derivative will always be 0
when x = 0, and, hence ¢; and ¢, cannot be chosen so that y(0) or y’(0) is nonzero.

Theorem 15.3 requires that the point xo at which initial values are given be in an interval
(e, B) over which the coefficients of the differential equation are continuous with the first
one (the a = x2, here) never being zero. Hence, the theorem requires that the coefficients
be continuous and a # 0 at the point xg at which initial values are given. As noted in the
first part of this exercise, while the coefficients are continuous at x = 0, the first coefficient
is zero at x = 0. So Theorem 15.3 does not apply here.

15.5a. Verifying that {y;, y», y3} is a fundamental solution set: We have

yix) =1 = y'@ =0 — y"® =0 — y"x) =0,

and
y2(x) = cos(2x) — y'(x) = —2sin(2x)
— ' (x) = —4cos2x) — y"(x) = 8sin(2x)
and
y3(x) = sin(2x) —  y3'(x) = 2cos(2x)
> vi"(x) = —4sin(2x) — 3" (x) = —8cos(2x)
Thus,
yl/// +4y1/ =04+4-0=0 |,
v + 4y, = 8sin(2x) + 4[—2sin(2x)] = [8 — 8]sin(2x) = 0 ,
and

"

v3” + 4yy = —8cos(2x) + 4[2cos(2x)] = [—8+ 8]cos(2x) = 0 ,

verifying that 1, cos(2x) and sin(2x) are solutions to the given differential equation. To
confirm that they form a fundamental set of solutions for this third-order equation, we must
show that they form a linearly independent set. To do that, first form the corresponding

Wronskian,
yioY2  y3 1 cos(2x) sin(2x)
W) = |yi” y' y3'| =0 —2sin(2x) 2cos(2x)
DA X 0 —4cos(2x) —4sin(2x)
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Plugging in a convenient value for x, say x = /4 so that 2x = 7/, we have
1 cos(z> sin(£>
2 2 1 0 1
W(%) — o —ZSin(%) 2005(%) — 0 2 0| =8=%£0
0 —4cos<%) —4 sin(%) 0 0 -4
Since the Wronskian is nonzero at one point, Theorem 15.6 assures us that
{1, cos(2x) , sin(2x)}
is linearly independent and is a fundamental set of solutions for this differential equation.
Solving the initial-value problem: Set
y(x) = A-1 4+ Bcos(2x) + Csin(2x) . (»)
Applying the initial conditions and using the above derivatives, we have
3 =y0) = A-1+ Bcos2-0) + Csin(2-0) = A + B ,
8 = y/(0) = A-0 + B[—2sin(2-0)] + C[2cos(2-0) = 2C

and
4 =y"'0) = A-0 + B[—4cos(2-0)] + C[-2sin(2-0)] = —4B

So, the solution to the initial-value problem is (x) with

and
A=3-B=3-(-1) =4

That is,
y(x) = 4 — cos(2x) + 4sin(2x)

15.5¢. Verifying that {y1, y2, y3, y4} is a fundamental solution set: We have

yi(x) = cos(x) = y'(x) = —sin(x)
— y"(x) = —cos(x) > yi"(x) = sin(x)
— NP = cos(x)
and
y»(x) = sin(x) — »'(x) = cos(x)
— y2"(x) = —sin(x) "' (x) = —cos(x)
— » P ) = sinx)
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and
y3(x) = cosh(x) > y3'(x) = sinh(x)
<> y3"(x) = cosh(x) >— y3"'(x) = sinh(x)
[N y3(4)(x) = cosh(x) ,
and
ya(x) = sinh(x) >— y/(x) = cosh(x)
s ya’(x) = sinh(x) >— y/"(x) = cosh(x)
s y4@(x) = sinh(x)
Thus,
y1(4) — y1 = cos(x) — cos(x) = 0
y»® — 3y, = sin(x) — sin(x) = 0
y3(4) — y3 = cosh(x) — cosh(x) = 0 ,
and
y4(4) — y4 = sinh(x) — sinh(x) = 0

verifying that these four functions are solutions to the given differential equation. To confirm
that they form a fundamental set of solutions for this fourth-order equation, we must show
that they form a linearly independent set. To do that, first form the corresponding Wronskian,

1 V2 3 V4 cos(x) sin(x)  cosh(x) sinh(x)

W) = yii oy oy oy _ |- sin(x)  cos(x) sinh(x) cosh(x)
T A A —cos(x) —sin(x) cosh(x) sinh(x)

D LA 7 A % YA Y sin(x) —cos(x) sinh(x) cosh(x)

Plugging in a convenient value for x, say x = 0, we have

cos(0) sin(0)  cosh(0) sinh(0)
W) = —sin(0)  cos(0)  sinh(0) cosh(0)
—cos(0) —sin(0) cosh(0) sinh(0)
sin(0) —cos(0) sinh(0) cosh(0)
1 0O 1 0
0 1 0 1
-1 0 10
0 —-1 0 1
1 0 1 0 1 1
=1-/0 1 0| +1-]—-1 0 O] =
-1 0 1 0o -1 1

1.2+ 1:2#0
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Since the Wronskian is nonzero at one point, Theorem 15.6 assures us that
{cos(x), sin(x), cosh(x), sinh(x)}
is a fundamental set of solutions for this differential equation.
Solving the initial-value problem: Set
y(x) = Acos(x) + Bsin(x) 4+ Ccosh(x) + sinh(x) . (»)
Applying the initial conditions and using the above derivatives, we have
0 = y(0) = Acos(0) + Bsin(0) + Ccosh(0) + sinh(0) = A + C ,
4 = y'(0) = —Asin(0) + Bcos(0) + Csinh(0) + Dcosh(0) = B + D
0 = y'(0) = —Acos(0) — Bsin(0) + Ccosh(0) + sinh(0) = —A + C
and
0 = y"(0) = Asin(0) — Bcos(0) + Csinh(0) + Dcosh(0) = —B + D
Solving for A and C is easy:
0=A+C and 0=-4+C
— C=-A and 0=-A+4+C=-A—- A= -2A
< c=-A=-2=0 ad A= =0
) -2
For B and D:
4 =B+ D and 0=-B+D
(SN 4 =B+ D and D =B
— 4 =B+ B = 2B and D =B
4
— B = 5 = 2 and D =B=2
Plugging these values into (%) then gives the solution,
y(x) = Ocos(x) 4+ 2sin(x) + Ocosh(x) + 2sinh(x)
= 2sin(x) + 2sinh(x)
15.6a. Setting y =% — y =t — = R
we have
0 = y// _ 4y — r2erx P - I:r2_4:|erx
Since €"* # 0 for all x, it follows that
0=r>—4
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But
0=r2—-4 > 2 =4 » r =44 =142

So €' is a solution to the differential equation if » = 2 or r = —2. That s, {ezx, e’zx}
is a pair of solutions to the given second-order homogeneous linear differential equation.
Clearly, neither is a constant multiple of each other. So, in fact, this is a fundamental set of
solutions, and

Y@ = e + e *)

is a general solution to the differential equation.

For the initial-value problem: We have

YE) = 1 4 e = Yy () = 2c1¥ — 2007
Applying the initial conditions:
1=y0) =cae® + e =c+a ,
and
0=y = 2016”0 — 22720 = 2¢; — 2¢»
So,
1l =c + and 0 = 2¢; — 2¢
—> 1l =c¢ + and c = ¢
—> 1l =c +c =ci4c = 2 and ¢ = ¢
1 1
— = = and c =c¢ = =

Plugging these values into (%) then gives the solution,

— l 2x 1 —ox
yx) = Jer + Je
15.6c. Setting y =% — y =t — =R

we have
0=y — 10y + 9y = r2* — 10re’™ + 9¢'F = [rz— 10r+9] e
Dividing out ¢"* and factoring' gives
0=r>—10r+9=0C-Dr-9

—> r =1 or r =9

So ¢"* is a solution to the differential equation if » = 1 or r = 9. That is, {e'*, ¢}

is a pair of solutions to the given second-order homogeneous linear differential equation.

Lor you can use the quadratic formula to find r.
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15.7 a.

Clearly, neither is a constant multiple of each other. So, in fact, this is a fundamental set of

solutions, and
Y(x) = ciet + ce™ *)

is a general solution to the differential equation.
For the initial-value problem: We have

y(x) = c1e’ + e — Yy (x) = 1 + 9ere’*
Applying the initial conditions:

8 = y(0) = C1€0 + cze'O =c + ¢ |,

and
—24 = y’(O) = cleo + 96269‘0 =c + 9
So,
8 =c + and —24 = ¢1 4+ 9
— =8 — and —24 = ¢ + 9[8—c1] = 72 — 8¢
2424
—> ¢ =8 — ¢ and c1=7: = 12
—> cp =8 —12 = —4 and cp = 12

Plugging these values into (%) then gives the solution,

yx) = 1265 — 4

Setting y = et y/ — re’t — y// — r,Zerx — y = e i

we have
0 = y/// _ 9)// — r3erx — Ore’t = [r3_9r] e

Dividing out ¢"* and factoring gives

0=r =0 =r(?=9) = r¢ =30 +3)
—> r =20 or r =3 or 4 = -3
So ¢ is a solution to the differential equation if » = 0, r = 3 or r = —3. That is,

(% =1, e3*, 73} is a set of three solutions to the given third-order homogeneous linear
differential equation. The corresponding Wronskian is

V1 V2 » 1 e3x ef3x
W) = |y’ » y'| =0 33 -3
AU VA 0 9e¥ 9=
Plugging in a convenient value for x , say x = 0 so that e®3* = 1, we have
I 1 1
WO =10 3 =3 =1-[3)O) —-(=39] =36 #0
09 9
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Since the Wronskian is nonzero at one point, Theorem 15.6 assures us that {1, 63", e_3"} is
a fundamental set of solutions for this differential equation, and the corresponding general

solution is

Y = e + e + cze

159ai. If {y;, y»} was a linearly dependent pair on the entire real line, then there would be a
single constant ¢ such that y>(x) = cyj(x) atevery point x where y;(x) # 0, which in
turn, means that there would be a single constant ¢ such that, whenever y(x) # 0,

200
yi(x)
But then
x2 .
160 N ) if x<0 ) if x<O
Y1) LT 3 if 0<ux
x2

So there isn’t a single such constant ¢. Hence, {y;, y2} is not linearly dependent on the
entire real line.

159aii. If x <O,

2 2
yroo» X" X

W) = ‘ / | = ‘

yoo»m —2x 2x
= (=x)2x) — () (=2x) = —2x> + 2x3 =0
If 0 <x,

2 2
Yy » X 3x

W) =1, | =
yoo» 2x  6x

= (D) (6x) — GxH2x) = 6x> — 63> = 0

If x = 0, then the derivatives would have to be computed using the basic limit definition
(they do exist). However, no matter what they end up being,

y1(0)  y2(0)
yi'(x)  y2'(x)

W) = ‘

_‘ 0 0
)y )

15.9b. For that theorem to apply, {y;, y2} mustbe a pair of solutions to some differential equation
of the form

ay’ + by +cy =0

where a, b and ¢ are continuous functions on (—o0o, co) and with a never being zero on
that interval. Obviously, {y;, y2} is not a pair of solutions to any such differential equation.
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15.9 ¢. From the first part of this exercise, we know

y(x) = (—Dyi(x) for x <0 ,

telling us that {y;, y»} is linearly dependent on (—oo, 0) or any subinterval of (—o0, 0).
Also, we have
wnx) = B)yr(x) for x <0 ,

telling us that {y;, y»} is linearly dependent on (0, co) or any subinterval of (0, c0) .



