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Higher-Order Linear Equation and the Reduction of Order Method

Chapter 14: Higher-Order Linear Equation and the Reduction of Order Method

14.1 a.

14.1c.

14.1e.

14.1¢.

14.1i.

The equation is in the form
ay" + by +cy =g
where a, b, ¢ and g are the functions of x

a=1, b=x>, ¢ =—-4 and g:x3

which is the standard form for a second-order linear differential equation. So the given
equation is second order and linear. Since the forcing function g is x> and not 0, the
equation is not homogeneous.

The equation can be rewritten in the form
V /!
ay” + by +cy = ¢
where a, b, ¢ and g are the functions of x
a=1, b=x*, c=-4 and g =0

which is the standard form for a second-order linear differential equation. So the given
equation is second order and linear. Since the forcing function g is x> and not 0, the
equation is homogeneous.

The equation is in the form
!
ay. + by =g

where a, b, ¢ and g are the functions of x

a=x , b=73 and g:ez"

which is the standard form for a first-order linear differential equation. So the given equation
is first order and linear. Since the forcing functiong ise** and not 0, the equation is
nonhomogeneous.

The highest order derivative of y in the equation is y”; so the equation is second order.
Because of the yy” and (y”)? terms, the equation cannot be put in the form

ay” + by + cy = g

where a, b, ¢ and g are functions of x only. So the equation is not linear.

The highest order derivative of y in the equation is y ; so the equation is forth order. By
adding 25 to both sides of the equation we get

"

Y™+ 0y + 6y” + 3y — 83y = 25

Since each term on the leftis y or a derivative of y multiplied by a function of x (constants
in this case), and the right side is a nonzero function of x only (again, just a constant), the
equation is linear and nonhomogeneous.
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14.1 k.

14.2 a.

The highest order derivative of y in the equation is y”’; so the equation is third order.

Rewriting the equation as

"

y+0y//+3y/+x2y=0’

we see that the equation is linear and homogeneous.

Letting y = y; = ¢?*, we have
y = er — y/ — 262)( — y// — 462X

Thus,
y// _ Sy/ + 6y — 462)6 _ 5'2€2X + 662x

[4—10+6]e™ = 0. =0 ,

showing that y; = ¢>* is one solution to the differential equation.
To find the general solution, now let y = yju = eXu where u = u(x) isa yet unknown
function of x . Computing the derivatives, we have

/
y/ — (ezxu) — 282)(” + eru/

and
" N/ 2x 2x ./ !
yoo= () = (26 u-+e u)
/ ’
— (zeru> + (e2xu/>
— 462xu + 262xu/ + 262xu/ + eru//
— 4e2xu + 482)(”/ + 6‘2xu//
So,

0=y -5+ 6y

[4e2xu +4e¥u’ + eru//] -5 [Zezxu + ezxu/] + 6 [ezxu]
= eu + [4—5-11¢¥u + [4—5-246]e*u
= ¥ [u” —u/+0u] ,

which reduces to u” —u’ = 0. Setting v = u’, we have

/ /

v —v =0 > v =uv

a simple separable equation with constant solution v = 0. For the other solutions, we divide
by v and continue:

1d 1d

1 “%ax = [ 1ax

vdx vdx

— Injv| =x + ¢ > v = A"

Since this last equation reduces to the constant solution v = 0 if A = 0, it describes all
possible formulas for v. And since v = u’,

u:/u/dxzfvdx=/Aexdx=Aex+B
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Hence, the general solution to the original differential equation is

y = yu = e [Aex—i—B] = A + Be*

14.2¢c. Letting y(x) = y; = x3, we have

y=x3 — y =3 — ' = 6x
Thus,
x2y" — 6xy + 12y = x’[6x] — 6x [3x2] + 12[)63]
)C3

= 6x° — 18x° + 12x% = =0 ,

showing that y; = x> is one solution to the differential equation.
To find the general solution, now let y = yju = x3u where u = u(x) is a yet unknown
function of x . Computing the derivatives, we have

/
y = (x3u> = 3x%u + x°u

and
"o NG 2 37 !
yoo=0) = <3x u—+x u)
/ /
= (3x2u> + <x3u’>
= 6xu + 3x%u’ + 3x% + X
= 6xu + 6x%u' + x>u”
So,

0 = x%y" — 6xy + 12y
= x? [6xu +6x%u’ + x3u”] — 6x [3x2u —l—x3u’] + 12 [x3u]
= 6x’u + 6x*u’ + xXu” — 18x%u — 6x*u’ + 12x3u
= xu" + [6)64 - 6x4] u' + [6)63 —18x + 12x3] u
= xu" + 0 + Ou s
which reduces to u” = 0. Setting v = u’, we have

vV =0 — U =v =

— u:/u’dx:/cldx=c1x+cz

Hence, the general solution to the original differential equation is

y = yiu = [eix + el = et 4+ ox?

14.2e. Letting y = y; = /x, we have

1 11 1 .3
y=x2 y/zz_x ho— y”:_Zx )
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Thus,
4’y 4y = 4x’ [_iij] +ah = xh g =0

showing that y; = /x is one solution to the differential equation.

Now, letting the general solution be y = yju = xl/ 2u , we have

U\ 1 1
y = (x/2u) = %x*bu + x 2

and ,
1 1
y = (Ex /2u+x/2u’)
1 .3 11 11 1
= —x 2y + x2u + xR+ x 2w
4 2 2
3 1 1
= —ixf/zu +x 2w 4 ox2y
So,

0 = 4x2y” + y
= 4x? [—gxf%u tx o i u”] + [xl/Z u]
= —xPu 4 4w+ R+
— 42y’ 4 42U Ou
= 4)(3/2 [xu” —i—u/] ,
which reduces to xu” +u’ = 0. Setting v = u’, we have

xv'+v =0

97

A simple equation both linear and separable. For variety, let’s solve this as a linear equation:

d 1
' +v=0 — L4y =0
dx X
1
— u = ef( /x)dx = ¢l = (integrating factor on x > 0)
.o d
—> x[v+—v=0]>—>—[xv]=0>—>xv=cl
X dx
— W o=vp =22
X
> u:/u’dx:/c—ldxzclln|x|+cz
X

Hence, the general solution to the original differential equation is

y = yiu = Jx[eilnlx| + 2] = eiv/xInix] + c2v/x

X

14.2g. Letting y =y} = e, we have

y:efx>—>y/=—e7x>—>y=e
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Thus,
x+DyY +xy —y=Gx+De™ —xe® — e

=x+l—x—1le* =0 =0 ,

showing that y; = e~ is one solution to the differential equation.

For the general solution, let y = yju = e~ *u . Computing the derivatives, we have

— / — —
y = (e7*u) = —eu + e u’
and
— — /
y// — (_e xu+e xu/)
=e¢u —eu — U + e
= e u — 2eu + e u”
So,

0= @x+Dy" +xy —y

(x+D[e ™ u—2e"u'+e ™ u"] + x[—eFu+eu'] — [e*u]
(x + 10" + [-2x —2+x]u' + [x+1—x—1]u)e™

(Ix + 1" — [x 4+ 2]u’ + Ou)e™

Setting v = u’, this reduces to

, dv x 42
_ — — -7 =
[x +1]v [x+2lv =0 7 —x+1v

a separable equation with constant solution v = 0. For the other solutions:

@ = x+2‘U — ld—v = )C+2 = 1
dx x+1 vdx x+1 x+1
N /ld_”dXZf[H ! ] ax
vdx x+1
— Injv] = x + Inlx+1] + ¢
s - :I:ex+ll’l|x+1|+cl — A(x+1)ex

Since this last equation reduces to the constant solution v = 0 if A = 0, it describes all
possible formulas for v = u’. Then, using integration by parts

u = /vdx = /A(x+1)exdx
A|:(x+l)ex - /e" dxi|

= A[xex+ex—ex+cz] = Axe* + B

Hence, the general solution to the original differential equation is

y = yiu = e *[Axe" + B] = Ax + Be™*
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14.21i.

14.2 k.

Letting y = y; = sin(x), we have
y = sin(x) > Yy = cos(x) >— y’ = —sin(x)
Thus,
y' 4+ y = —sin(x) + sin(x) = 0

showing that y; = sin(x) is one solution to the differential equation.
For the general solution, let y = yju = sin(x)u . Computing the derivatives,

y = (sin(x)u) = cos(x)u + sin(x)u’
and
y' = (cos(x)u + sin(x)u’)/
= —sin(x)u + cos(x)u’ + cos(x)u’ + sin(x)u”
= —sin(x)u + 2cos(x)u’ + sin(x)u”
So,

0=1y"+y
= —sin(x)u + 2cos(x)u’ + sin(x)u” + sin(x)u
= sin(x)u” + 2cos(x)u’ + Ou
Setting v = u’, this reduces to

sin(x)v" + 2cos(x)v = 0 > o _ —ZC?S(X)
dx sin(x)

a separable equation with constant solution v = 0. For the other solutions, we divide by v

and continue:
1dv _ _zcos(x) NN /ld—vdx _ _2fcos(x) dx

vdx sin(x) v dx sin(x)
— In|v] = —2In|sin(x)| + ¢
S u = v = e 2@t — cginT2(x)

Since this last equation reduces to the constant solution v = 0 if A = 0, it describes
all possible formulas for v = u’. Then, after recalling that sin~2(x) is the derivative of
—cot(x), we have

u = szin_z(x)dx

cos(x)

+ B

—Ccot(x) + B = A

sin(x)
Hence, the general solution to the original differential equation is

cos(x)

y = yiu = sin(x) |:A + cz:| = Acos(x) + Bsin(x)

sin(x)

Letting y = y; = sin(x) , we have

y = sin(x) > y = cos(x) = Yy’ = —sin(x)
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Thus,
sin?(x)y” — 2cos(x)sin(x)y + (1 + cosz(x)) y

- [— sin?(x) — 2 cos>(x) + 1 + cosz(x)] sin(x)

[1—(sin2(x)+cos2(x))] sin(x) = [1—1]sinx) = 0 ,

showing that y; = sin(x) is one solution to the differential equation.
For the general solution, let y = yju = sin(x)u . Computing the derivatives, we have

y = (sin(x)u) = cos(x)u + sin(x)u’
and
y' = (cos(x)u + sin(x)u’)/
= —sin(x)u + cos(x)u’ + cos(x)u’ + sin(x)u”
= —sin(x)u + 2cos(x)u’ + sin(x)u”
So,

0 = sin’(x)y” — 2cos(x)sin(x)y’ + (l—i-cosz(x))y

= sin®(x) [—sin(x)u + 2 cos(x)u’ + sin(x)u”]

~ 2c08(x) sin(x) [cos()u + sin(u’] + (1 +cos’(x)) [sin()u]
= sin3()u’ + [2cos(x)sin2(x)—200s(x) sinz(x)] W

+ [— sin® (x) — 2 cos?(x) sin(x) + (1 + cos2(x)) sin(x)] "
= sin(x) (sinz(x)u” +0u' + [1 — sin2(x) + cosz(x)] u)
= sin(x) (sin® ()’ + 0u’ +0u)

which reduces to u” = 0. Setting v = u’ would be silly; just integrate:

u = /u"a’x = /de =

—> u:/u’dx:/cldxzclx—l—cz
Thus, the general solution to the original differential equation is
y = yiu = sin(x) [c1x + ¢2] = crxsin(x) + 3 sin(x)
14.2m. Letting y = y; = sin(In |x]) , we have
y = sin(n|x]) — y = cos(ln|x)x~"

N y" = —sin(In IxDx~2 — cos(In |x])x 2
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Thus,
2y +xy +y =x2 [— sin(In |x|)x > — cos(In |x|)x*2]
+ x[cos(In[x|)] + sin(In |x])
= —sin(In|x]) — cos(In|x|) + cos(In|x|) + sin(In|x|)
=0 ,

showing that y; = sin(In |x|) is one solution to the differential equation.
For the general solution, let y = yju = sin(In |x|)u . Computing the derivatives, we

have
y' = (sin(In|x)u) = cos(In|x|)x"'u + sin(In|x|)u’
and ,
y = @) = (cos(ln Ix)x~'u + sin(In le)u/>
- [—sin(ln Ix)x~2 — cos(ln |x|)x_2]u
+ cos(In |x)x "'’ + cosIn |x))x~"'u’ + sin(n|x|)u”
= —x?[sin(In |x]) + cos(In |x|)]u
+ 2cos(In |x)x~'u’ + sin(In |x|)u”
So,

0 =x%"+xy +y
= x> [x_z[— sin(ln |x|) — cos(In |x)]u + 2 cos(n |xx~'u’ + sin(ln |x|)u”]
+ x [cos(ln |x|)x71u + sin(Iln |x|)u/] + sin(In |x|)u
= xZsin(In |x)u” + x[2cos(In |x|) + sin(In |x )]’
+ [—sin(In |x|) — cos(In|x]) 4 cos(In |x|) 4 sin(In |x|)] u
= x (xsin(In |x])u” + [2cos(In|x|) + sin(In|x)]u’) + Ou
Setting v = u’, this reduces to

xsin(In [x])v" + [2cos(In |x]) + sin(In [x])]v = O

>

dx x sin(In |x]) X

dv |:_2 cos(In |x]) 1i| ’

a separable equation with constant solution v = 0. For the other solutions, we divide by v,
integrate, and continue:

/ld_”dx - f[_ZM _ l:|dx
vdx x sin(In |x]) X

In|jv| = —2In|sin(In|x|)|] — In|x|] + ¢

{

v = Ax"! sinfz(ln lx])

{
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Since this last equation reduces to the constant solution v = 0 if A = 0, it describes all
possible formulas for v = u’. Integrating (use a substitution s = In |x| and then recall that
sin~2(s) is the derivative of — cot(s) ), we get

u = /vdx = /Ax_l sin~2(In |x|) dx

= —Acot(In|x|) + ¢ = cos(ln|x])

sin(In |x])
Hence, the general solution to the original differential equation is

cos(In |x])

y = yiu = sin(In|x]) [C + Bi| = Ccos(In|x|) + Bsin(In|x|)

sin(In |x|)
Letting y = y; = ¢3*, we have
y = e3x — y/ = 3e3x — y” = 9e3x

Thus,
y// _ 4y/ + 3)7 — 9y// _ 4_3e2x + 362x
= [9—12+3]e*” = 0¥ =0 ,
showing that y; = e3* is one solution to the corresponding homogeneous differential equa-

tion.
For the general solution, let y = yju = ¢3*u . Computing the derivatives, we have

/
y = (e3xu) = 3¢u + & = [3u +u'] e

and
" N/ 3x 3x ./ !
vy = 0" =(3e u + e u)
= 9¢3u + 33U + 33U + S’
= [9u + 6u' + u”] e
So,

9e2x — y// _ 4y/ + 3y

[9u + 6u + u”] e — 4[3u+u’] e 4+ 33y
= (W + [6—41" + [9— 12+ 3]u) ™
_ (u// + 21/) e3x

Setting v = u’ and continuing:

9¢™ = (v + 2v)e¥ — Dy oy = 9o
dx
—> uw = el 2dx — g2 (integrating factor for above equation)

— e** [d—v + 2v = 9e_x] — d—[ezxv] = 9¢*
dx dx



Worked Solutions 103
— ey = /9exdx = 9¢" + ¢
—> W = v =9 4+ cre ¥
> u = /[9efx+c1e72x] = —9¢7* — %efzx + 3
—> U =A + Be ™ — 9¢7F

143 c.

Hence, the general solution to the original differential equation is

y = yiu = &~ [A—i—Be_z" —9€_X] = A + Be* — 9%

Letting y = y; = x, we have

Thus,

xzy"+xy/—Y=x2-0+X-1—x=x_x:O ’

showing that y; = x is one solution to the corresponding homogeneous differential equation.
Now let y = yju = xu . Computing the derivatives, we have

y’ = (u) = u + xu

and
1

y' o= (u ~|—xu’)/ =u +u + xu" =2 + xu”

So,
Vo=t 4 xy —y

x? [2u/+xu”] + x [u +xu’] — xu

= xu" + [2x2+x2] u + [x —x]u
= x? [xu” + 3u']

Setting v = «’ and continuing:

5
Vx o= xxv + 3] — L
dx X
3
— u = ef ( /x) o X (integrating factor for above equation)
— x* [ﬂ —i—iv = x*S/Z] — 4 [x3v] = 2
dx x dx
1 3
— x%:/x&dx:%xb—i—cl
3
—> u = = %x_ b} + clx_3
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3 1 .
— u = /[%)F ho4 clx73] dx = —Z)F h %)F2 +
2 3 1
—> u=A+4+ Bx ° — i 2

Hence, the general solution to the original differential equation is

! 1
Yoo x[A+Bx72_in/2] = Ax + Bx™' — Zx/z
14.3 e. Letting y=y = x71 , We have
y=x" = y = x% — y =nu?

Thus,
Xy + Q+2x)y 4+ 2y = x [2x_3] £ 2420 [—x—Z] + 2[x—1]

=22 -2 -t t =0

showing that y; = x~! is one solution to the corresponding homogeneous differential
equation.

Now let y = yju = x~'u. Computing the derivatives, we have

y = (x_lbl)/ = —x2u + x W
and ,
y// — (_x72u + x—lu/)
= 2w — x72 — x7 o+ xW
= 2xu — 2x7% 4+ W
So,

8 = xy" + 2+2x)y + 2y

x[2x73u — 272+ xilu"]
+ 2+ 2x) [—x_zu + x_lu/] + Z[x_lu]
=u" + [—Zx_l +2x 7! +2] u + [Zx_z —2x 72—yt —|—2x_1]u
=u" 4+ 2u
Setting v = ' and continuing:
8 = v + 20 — ;l—;)+2v=862x

—> w = e 24 — ooy (integrating factor for above equation)

dv

— e** [
dx

+ 2v = Sezx] —
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> oy = /Se4xdx =2 4+ ¢ — v =2 4 cre ™

— u = /vdx = /[Zezx—i—cle_z"] dx = ¥ — %e_zx +

— u = e + Be ™ + A
Hence, the general solution to the original differential equation is

y = yjiu = x! [ezx—i-A—l-Be_zx]

14.5a. Letting y = y; = ¢, we have
y = e3x > y/ = 3e3x > y// = 9@3x > y/// = 27e3x

Thus,

Yy — 9y 4+ 27y — 27y = 27e¥ — 9.9 4 27.3¢3 — 276

= [27—81+81-27]& =0 ,

showing that y; = ¢ is one solution to the homogeneous differential equation.
Now let y = yju = ¢*u . Computing the derivatives, we have

!
y = (e3xu) = 33U + & = & [3u+u’] ,

y' = (3e3xu +e3xu/)/

= 9¢u + 3¢ u' + 363U + e u’ = & [9u + 6u’ + u”] ,

and
!/
y' = (e3x [9u +6u’ + u”])
= 3¢ [9u + 6u’ + u”] + [91/ +6u” + um]
= * [27u +27u’ + 9" + u”’]
So,
0 =y" — 9" + 27y — 27y
= * ( [27u +27u’ + 9" + u”’]
— 99+ 6u' +u"] + 27[3u+u'] — 27[u1)
— ¥ (u L 9— 9 + [27 — 54427 + [27 — 81 +81 — 27]u)
— e3x (u/// + Ou” + Ou/ + Ou)
So u” =0, and we can find u simply by integrating:

u' = /u”’dx = /de = ¢

s u = /u”dx = /cldx =cix +

105
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> u:/b/dx:/[clx—i—cz]dx:%x2+czx+C3

—> u=Cx>+ Bx + A
Hence, the general solution to the original differential equation is

y = yiu = e3x [A—i—Bx—i—sz:I

14.5¢c. Letting y = y; = ¢, we have
y = er — y/ — 282}( — y// — 4e3x

s y/// — Ser — y(4) — 1662)6
Thus,
yP — 8y + 24y" — 32y + 16y
= 166> — 8.8 + 24-4¢% — 32.2¢% + 16>
= [16 — 64 +96 — 64 + 16] > = [0]e* = 0 ,

showing that y; =

Nowlet y = yju=e

is one solution to the homogeneous differential equation.
2¢y . Computing the derivatives, we have

li
y = <e2xu) = 2¢%u + ¥y = [2u+u/] ,

y// — <2€2xu+62xu/)/

= 4e®u +2e%u + 26U + U = & [4u +4u’ + u”] ,

y/// — <e2x [4u +4u/ +u//]>/
= 2% [4u +4u’ + u”] + e [41/ +4u” + u’”]
e [8u + 12u’ + 6u” + u/”] ,

and
y@ = (er [8u + 124" + 6u” + u”’]>/
= 2% [8u + 124" + 6u” + u"’] + e [81/ + 12u” + 6u” + u(4)]
= e [16u+ 320 + 24" + 8" + u®]
So,

o
Il

y® — 8y" + 24y" — 32y + 16y
= ezx( [16u +32u’ +24u”" + 8u” + u(4)] -8 [8u + 124’ + 6u” + u/”]

+ 24 [+ du’ + 0] = 32 [2u+u'] + 16[u))
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2 (u(4) T (8 — 8" + [24 — 48 + 24"

1 [32— 96 +96 — 320’ + [16—64+96—64+16]u>
= er(u(4) +0u” + ou” + Ou + 0u>

So u™® =0, and we can find u simply by integrating:

u” = /u(4)dx = /de = ¢

— u = /uwdx = /Cldx = c1x + ¢
> L/:/u”dx:/[c1x+02]dx=%x2+czx+63
> u:[u/dx:[[%xz—i—czx—}—q]dx = %x3+%2x2+C3x+C4

— u = Dx> + Cx*> + Bx + A
Hence, the general solution to the original differential equation is

y = yiu = &> [A+Bx+Cx2+Dx3]



