Worked Solutions 75

Chapter 12: Numerical Methods II: Beyond the Euler Method

12.1a. The differential equation, Z—y =2 , already is in derivative formula form. So
X X
fley) =%
X

From the initial condition and given parameters:

and
1
Xmax = X0+ NAx = 1+3-§ =2
Since we are doing these computations “by hand’; let us do a little “pre-computing” to save
time and space later:

1
Xkpl = Xk + Ax = xp + =,

3
P = yk + Ax- f(xr, i)
1
ZYk+§'y—k=yk+y—k
Xi 3x

and
1
Yirt = Yk + Ax- 3 [f G0 + f (rr1s )]

1
— ot [y_k n L}
6 | xk X1

Repeatedly using these with £k = 0,1,...:

With £k =0:
1 1 4
i=x+r=1+1=1,
Y0 -1 4
= —:_1 27 - 3
p yo+3x0 + 37 3
and
=y + L] P SRR Ry
A e 6|1 % 3
With k =1:
1 4 1 5
xz—xl‘l'g _§+§_§ ’
_ N 4 — _3
P =y + 3, 3 3.4, 3
and
_ L R I A o e R £ ) N
Y2—y1+g[x1+x2}_ §+€[W+ 5/3}_ 3
With k =1:
1 5 1
x3:x2+§ = §+§=2 (=xmax) ’
5
y2 5 —/3
= T = —3 — = 2
P y2+3x2 3+3.5/3
and

=5/ -2
y3=yz+1[y—2+£}=—§+1[—3+—}=—2
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12.1c.

Numerical Methods II: Beyond the Euler Method

In summary:

dy 1
dx ~ 5
From the initial condition and given parameters:

d 1
2 + 52 =y =261 — fa.y) = sly—24

xp =0 s Yo = 2 s Ax:z s Xmax = 2
and
N_xmax—x0_2_0=4
Ax 1/2

Since we are doing these computations “by hand’; let us do a little “pre-computing” to save
time and space later:

1
xk+1=xk+Ax=Xk+§ ,

p = vk + Ax- f(xp, vr)
1 1 1
= Yy + 5'5[}’1(—2361(] = w + E[)’k_zxk]
and

Yirt = Yk + Ax S [fGr0) + St p)]
1

1
2
= v+ 35 [sbw—2ud+ 1 [p -2 (w+3)]]
= Yk 5 3|5k Xk 5P kT 5
1
= Y+ 55+ p—dx—1]
Repeatedly using these with k = 0,1,...:
With £ =0:
1 1
xp =0+ 7= 3 >

2

1 1 11
P = Yk + E[}’k_zxk] =2+ E[z - 2-0] = 5

and
1
yir = yo + E[yo+p—4xo—1]

1 11 54
=2+ —20[2—1——5 —4-0—1] = 3
With k = 1:

1 1
X = X = - —:l,
2 1+ 5T 3

o Nl—=

54 1 [54 1 569
P—Y1+E[y1—2x1]_g+ [_ 2._]_

ol ~ 2 250
and
1
2 =y + 2—0[y1+p—4xk—1]
54 1 54 569 1 11,159
= Xy _[_ 39 _y _—1] -
25 20 L25 " 250 2 5,000
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With £k =2:
1 1 3
= - = 1 - = -=
X3 X2 + > + 5 5
1 11,159 1 [11,159 112,749
P =xn+ gha-2al = 558 E[s,ooo 2 1] = 750,000
and
1
3= 2+ 5t p—dn-—1]
11,159 + i[11,159 12749, 1_1] 2,206,139
5,000 20 L 5,000 50,000 1,000,000
With k = 3:
1 3 1
X4=)C3+§=5+§=2 (= Xmax)
1 2,206,139 1 [2,206,139 3 21,267,529
= — —2 = = —[7’ 2 — -—]:—’ 2
p =3+ g5ly—2x] 7000000 T 10 L1.000000 2 10,000,000
and
1
y4 =y + 2—0[y3+p—4X3—1]
2,206,139 1 [2,206,139 21267529 3 _1] 414,556,719
1,000,000 20 [ 1,000,000 ' 10,000,000 2 200,000,000
k| xx Yk
0| 0 2
In summary: L 54/25
y: 2 1 11,159/5’000
3| 3, 2,206,139, 100,000
4 2 414,556,719/200’000’000
dy
12.6a. — = —8xy — f(x,y) = —Sxy
From the initial condition and given parameters:
xo =0 s yo = 10 s Xmax = 1 s N=2
and, since xmax = X9 + NAx,
Ax — Xmax — X0 1-0 _l
N 2 2
Repeatedly using
X+l = xp + Ax
s1= %)
1 1
s = f(xk+5Ax,yk+5Ax-S1) ,
1 1
53 = f<Xk+§Ax,yk+5AX~Sz> ,
s4 = f(xpq1, ye + Ax - 53)
and
Ax
Y+l = Yk + ?[51 + 250 + 253 + s4]
with k = 0,1, ..., we have:
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With £ =0:

X1

S1

52

S3

54

and

Y1

1 1
x0+Ax—0+§—§ s
£ (x0, yo)

f(0,10) = —-8-0-10 = 0 ,

f(x0+%AX,y0+%AX'Sl>

1 1
2 2’

10+%-%-0) - f(l,lo) - 8. 1.10= 20 |,

A=

f(o+ !
f(xo+%Ax,yo+%Ax-s2)
f(0+%.%,10+%.%.(_20)) = f(l 5) — _8.3.5 T
S (X041, Y0+ Ax - 53)

rE0+tc10) = f(Ls) = =8 1) = 20

A
Yo + ?x [s1+ 252 + 253 + 54]

10

10 + %.%[0+2.(_20)+2-(—10)+(—20)] = 3

With k =1:

X2

S1

52

53

54

and

2

1 1
x1+AX—§+§—1 s
S,y

1 10 1 10 40
f(55)=-835=-%5

f(x1+%Ax,y1+%Ax-s1>
1 1 1 10 1 1 40
f(—‘i‘i'iy—‘i‘—‘—'(__))—

f(x1 + %Ax,yl + %Ax -sz)

~
/
AW
o
——
I

|

o0
| w
o
I

(=]

1 10 1 3 10 3 10
3

fGtaa st = 7(55) = 81
S, y1+ Ax - 53)
160

f(l,?Jr%.(—QO)) — f(l,—?) - _8.1.(_?) _ @

A
i+ ?x [s1+ 252 + 253 + s4]

L -2 4204220+

10 160 10
31t 3% T]_?



o
Worked Solutions 79
In summary:
dy y dy y o y
126c. — + = =4 — — =4 - = = f(x,y) =4 — =
dx X dx X X
From the initial condition and given parameters:
xg = 1 R yo = 8 s Ax:% R N=2
and
Xmax = .x0+NAx = 2
Repeatedly using
Xky1 = xp + Ax
st = [0
1 1
s = f(xk+5Ax,yk+5Ax-S1) ,
53 = f(xk+%Axayk+%Ax'52> ,
s4 = f(xpq1, Y+ Ax -53)
and
Ax
Ye+1 = Yk + ?[51+252+ZS3 + 54]
with £k = 0,1, ..., we have:
With k =0:
1 3
x1=x0+Ax=1+§=§ ,
— _ y
st = f(xo0, y0) (—4—;)
=108 =4-" =4,
57 = f<x0+%Ax,yo+%Ax-sl>
11 11 5 7 8
= (14558455 () = F(37) =4 - 5, - 5
1 1
53 = f(xo-l-EAx,yoﬂLEAx-Sz)
38
11 11 8 5 38 /5 52
= (1558455 (-3) =7 %) =4 - P
s4 = f(xog1, Y0+ Ax - 53)
174
3 1 52 3 174 /25 16
=G+ (05) =G %) =4 - 50 = -3
o
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and

A
yi =y + ?x[s1+2sz+2s3+m]

11 8 52 16
=10+ 5 [4v2(5) 2 (-5) %] =7
With £k =1:
3 1
xz—x1+Ax_§+§_2 s
s1 = f(x1,y1)
3 7 2
=/(37) =4-5="3 "

295
301 1 7 295 /42 2
_f(§+5'§’7+§'§'_21)_f(Z’Tz)_ 47

s4 = f(x141, 31+ Ax - s53)
1,028
_ 1 2 _ 1028\ _ ,  har 4
_f(2’7+§'<_m))_f<2’_147>_4 2w

A
2 =y + ?X[S1+ZS2+2s3+S4]

1 1 2 2 2 T4
=T+ g2t (o) v =7

In summary:




