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Chapter 10: Numerical Methods I: The Euler Method

10.1a. The differential equation, d_y =2 , already is in derivative formula form. So
X X

fl,y) =2
X

From the initial condition and given parameters:

and

Xmax = X0 + NAx = 1+3.§ =2

Since we are doing these computations “by hand’; let us do a little “pre-computing” to save

time and space later:

1
X+l = X + Ax = x¢ + 3

3
and
1 Y
Y41 = Yk + Axfxe, ) = vk + §~y—k =y + i
Xk 3xz
Repeatedly using these with k = 0,1, ...:
With £ =0:
1 1 4
X1—x0+§—1—|—§_§
and
— Yoo L
= 3xp I+ 3-1 3
With £ =1
1 4 1 5
=Xt 3 =3+5=3
and
_ o4 s
RENA T T 3
With k =2
=nm ;=245 =2 (=%m)
X3 = X2 3= 3 3 = = Xmax
and
5
» 5 -3
= L2 = = P :_2
3 » + 3x2 3 1 3.5
In summary:

dy 1
dx ~ 5
From the initial condition and given parameters:

0de 20+ 59 =y [y=2¢1 = [0,y = ¢ly—2x]

XQ:O b} y0=2 bl sz_ b} xmax=2
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and
N — Xmax — X9 _ 2 —0 — 4
= e =, =
Since we are doing these computations “by hand’; let us do a little “pre-computing” to save
time and space later:
1
Xep1 = X+ Ax = g+ o
and
Vel = Yk + Ax - f(xk, k)
11 1
=2+ 5o s —2x0d =y + 5 e = 2xd
Repeatedly using these with &k = 0,1, ...:
With £ =0:
1 1
a=04+7=5
and
=yt k-2l =2+ -2 2.0 = 1
Y1 = Yk To Wk Kkl = 0 = 3
With £k =1:
m=x+i=s+42=1
e L T L
and
1 11 1 J11 1 58
2 =y + E[yl_le] =3 + EI:?_ZE] = 35
With k£ = 2:
1 1 3
X3—X2+§_1+§_5
and
1 58 1158 294
3=y + E[}’Z_Z)Q] = 35 + E[g_z'l] = 15
With k£ = 3:
1 3 1
x4:x3+§:5+§:2 (= Xmax)
and
1 294 1 [2% 3 2,859
ya = y3 + E[y3_2x3] = 15 + E[E_Z E:I = 1250
k| xi Vk
0] 0 2
| . 1] % 1y
n summary: ) | 585
3 3/2 294/125
412 | 2250
102a. 4Z—y — Vxty — fny) = J2xty
X
From the initial condition and given parameters:
xp = 0 s vy =0 s Ax:% s N =6
@
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and
Xmax = NAx = 6'% =3
So, for each step,
X1 =Xk+AX=Xk+%
and
1
Vil = Ve + Axf(y) = v+ SvV20%+ye -
For brevity, we’ll simply note that
1 3 5
xl:i , xo=1 , X3=§ , X4=2 |, x5:§ and xg =3
Repeatedly using the formula for y; with a calculator and rounding off the long decimals:
Mo=0+ 3v20+30 =0+ ;v2.040 =0 ,
Y =y + %\/le—i—yl =0+ % 2-05+0 = % ,
vi= 3 Vot = 5 4 320 145 = 129056941 ...
—  We'lluse: y3 = 1.2906 (rounding off) ,
1
ya = y3 + 5v23+ 3
= 1.2906 + %\/2% + 1.2906... = 2.326288177...
—  We'lluse: y4 = 2.3263 (rounding off) ,
1
Y5 = ya + SvV2xa+ya
= 2.3263 + % 2-2 4 2.3263 = 3.58390686. ..
—  We'lluse: y5 = 3.5839 (rounding off) ,
and
1
Yo = ys + 5v2x%5+)s
= 3.5839 + %,/2~% + 3.5839 = 5.04881467...
—  We'lluse: y¢ = 5.0488 (rounding off)
k| xk Yk
0| O | 0.0000
1] .5 | 0.0000 (Note: The values obtained for y3
In summary: 2 | 1.0 | 0.5000 to ye will depend on the number of
Y 3| 1.5 | 1.2906 decimal places kept when rounding
4| 2.0 | 2.3263 off.)
5125 | 3.5839
6 | 3.0 | 5.0488
—
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102¢. —= =)' — f@x,y =)
From the initial condition and given parameters:

X0 = 1 5 Yo = 2 . Ax = 0.1 s Xmax = 1.5

and
N = Xmax — X0 1.5—-1.0 =5
Ax 0.1

So, for each step,
Xk+l = Xk + Ax = xx + 0.1

and

1
Yert = Vi + Axf Oy = v+ 7500
For brevity, we’ll simply note that
X1=1.1 . X2=1.2 N X3=1.3 . x4=1.4 and x5=1.5

Repeatedly using the formula for y; with a calculator and rounding off the long decimals:

1 x0 _ 1o
=0+ 000 =24 L@ =22,
Vo = yi + %(yl)x‘ — 22 ¢+ %(2.2)“ — 2.43804822 ...

—  We'lluse: y» = 2.4380 (rounding off)

y3 =y + %(yz))‘2 = 2.4380 + %(2.43’80)1'2 = 2.729367053. ..
—  We'lluse: y3 = 2.7294 (rounding off)

ya = y3 + ll—o(y3)x3 = 2.7294 + 1‘_0(2.7294)1-3 = 3.098281898. ..
—  We'lluse: y4 = 3.0984 (rounding off)

and
ys = y4 + %0(y4)x4 = 3.0984 + 1—10(3.0984)1'4 = 3.585471230. ..
—  We'lluse: y5 = 3.5855 (rounding off)
k| xk Yk
(1) }(1) ;gggg (Note: The values obtained for y;
In summary- ) 1’ ) 2' 4380 to ys will depend on the number of
Y 3 1' 3 2'729 4 decimal places kept when rounding
4] 14| 3.0984 off.)
5| 1.5 | 3.5855




