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Homogeneous Constant Matrix
Systems, Part 1

Finally, we can start discussing methods for solving a very important class of differential equation
systems of differential equations: homogeneous constant matrix systems. These systems are
important for at least three reasons:

1. We can develop straightforward procedures for solving them.
2. They arise in applications.

3. They provide approximations for more general systems and, because of this, will be
instrumental later in analyzing the solutions to nonlinear autonomous systems.

Our goals for now are twofold:
1. To develop methods for finding the solutions to these systems.

2. To carefully examine the possible patterns for the trajectories of 2 x 2 constant matrix
systems. (The results of this analysis will later be used when we study nonlinear systems.)

In this chapter we will concentrate on finding the “basic fundamental solutions’, and analyzing
those 2x2 systems for which these solutions suffice. Those cases that cannot be dealt with using
just those “basic solutions” will be dealt with in the next chapter.

39.1 Basics, and Some Fundamental Solutions

We will now limit ourselves to homogeneous linear systems of the form
x = Px

in which the components of the N x N matrix P are all real-valued constants. To signify this,
we will use A instead of P for this matrix, and refer to our system x’ = Ax as a (basic) (real)
constant matrix system.

So consider the system
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As already noted, the constant function
x(#) = 0 forall ¢

is an equilibrium solution. And if A is invertible (i.e., det(A) # 0), then x = 0 will be the
only equilibrium solution.

What about the nonequilibrium solutions?

One approach to finding them is to generalize the solution to the above when N = 1 and
the matrix A is just one real number A . Then our “system” is simply the first-order differential
equation

x = Ax

whose solution is ¢4’ multiplied by some arbitrary constant. But that approach requires figuring
out just what we could mean by ¢A’ when A is a general N x N matrix. It is an interesting
approach, but let’s save that for later.

Instead, let us be inspired by the way we solved a single arbitrary N'"-order homogeneous

ordinary differential equation
apy™ + ay™ P + .+ ay gy +avy = 0

back in chapters 16 and 18. There, the basic approach was to find a fundamental set of N
solutions by initially assuming that each was of the form

yx) = e

where r is a value determined by plugging this formula for y into the differential equation and
seeing what worked. If we were lucky, we found N different values for r — ry, ro, ..., 1y
— and could then write out our general solutions as a linear combination of these e**’s,

clerlx + Czerzx 4+ o+ CNerNx

Since we now know that a general solution to any homogeneous linear system can be constructed
by a similar linear combination

ax'(t) + eox*(t) + - + exx ()

where
{x'®), x*@®), ..., x" @)}

is a fundamental set of solutions to our system X’ = AX, this seems to be a reasonable approach.
There is one slight issue: the x*(¢)’s are vector-valued functions while the exponential e’’
is not. So let’s try an exponential multiplied by some constant vector u,

x(t) = ue”’

Plugging this into our system x’ = Ax and simplifying:

< [ue] = Alue"]
s ure’’ = [Au]e”’
—> ur = Au
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So, for ue’” to be a solution to our system, the constant vector u and scalar r must satisfy

Au = ru
If we can find N pairs (r,u'), (r,u?), ... and (ry,u”) satisfying this equation and such
that the Wronskian of
{u'e", w?e™, ... uVe' ]
is nonzero at one point (say, at ¢+ = 0) (which will certainly be the case if {u',u?,..., u"}

is a linearly independent set of column vectors), then we know this set is a fundamental set of
solutions for X’ = Ax, and that

x(1) = ciule + cule? + ...+ cyuleN!

is a general solution.

So, our approach to actually solving the system of differential equations x' = Ax begins
with the attempt to find the pairs (r, u) satisfying the algebraic equation Au = ru. Looks like
it’s time to review “eigenvectors and eigenvalues’.

39.2 A Short Review of Eigenvalues and Eigenvectors
(with Applications)

Eigen-Things

Let r be some scalar (i.e., a number, real or complex) and u some nonzero column vector. We

say that r is an eigenvalue and u is a corresponding eigenvector for some given N X N matrix

A if and only if
Au = ru . (39.1)

Alternatively, we can call r an eigenvalue corresponding to eigenvector u. We can also simply
say that (r, w) is an eigenpair for the matrix A .

Note that, while eigenvalues can be zero, we insist that eigenvectors be nonzero (because
equation (39.1) reduces to the trivial equation 0 = 0 if u = 0 no matter what r is.)

> Example 39.1: Let

S R R v R

Observe that
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So u = [1, 1]" is an eigenvector for A with corresponding eigenvalue 3, and v = [—1, 1]
is an eigenvector for A with corresponding eigenvalue —1. That is,

1
1

(|

are eigenpairs for the matrix A .

On the other hand,
2
4 +

So w is not an eigenvector for A .
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As we discuss “eigen-things” it is worthwhile to keep in mind that we were led to this
discussion by the discovery that x(¢z) = ue’” is a solution to the system x' = Ax whenever

(r,u) satisfy Au = ru; that is, whenever
our first system of differential equations:

> Example 39.2:  Consider the system

x/

/

y

In matrix/vector form, this is

where A is the matrix from example 39.1

with u:[
Jo 3]

So
1

1

-1
1

1

(r,u) is an eigenpair for A. So let’s actually solve

x + 2y
2x + y
X = Ax

. There we found two eigenpairs (3,u) and (—1, v)

(o (2]

is a set of 2 solutions to our 2x?2 first-order system of differential equations. By inspection,
it is clear that neither of these two solutions is a constant multiple of the other, so this set is
clearly a linearly independent pair of solutions (if it’s not clear, compute the set’s Wronskian
at t = 0). Hence (invoking theorem 38.8), we know this set is a fundamental set of solutions
for our system of differential equations, and that a general solution is given by

1
X(1) = ¢ |:1

x(1)
y(1)

or, equivalently, by
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It is important to note that eigenvectors are not unique. If u and v are both eigenvectors
corresponding to the same eigenvalue r for A, and o and B are any two scalars, then

Alau + Bv] = aAu + BAv = «[ru] + B[rv] = rlau+ Bv]

From this we get the following:

Lemma 39.1
Any nonzero linear combination of eigenvectors corresponding to a single eigenvalue r for a
matrix A is also an eigenvector corresponding to eigenvalue r .

The set of all linear combinations of eigenvectors corresponding to a single eigenvalue r
for A is, itself, a vector subspace of the set of all vectors. We will call this space the eigenspace
corresponding to eigenvalue r for A. The dimension of this space (i.e., the number of vectors
in any basis for this eigenspace) is called the geometric multiplicity of eigenvalue r .

> Example 39.3:  In an example just above, we saw that (3, [1, I]T) is an eigenpair for the
2 x2 matrix in that example. Thus, for any nonzero constant c , the vector

1= L

is also an eigenvector corresponding to eigenvalue 3. It turns out that there are no other
eigenvectors corresponding to this eigenvalue, so the eigenspace corresponding to 3 is the
vector space of all constant multiples of [1, 17 (including 0 - [1, 11" =10, 01"). Clearly this
is a one-dimensional vector space, so the geometric multiplicity of eigenvalue 3 is 1.

Finding (and Using) Eigen-Things

The key to finding each eigenpair (r, u) lies in rewriting the basic defining equation Au = ru
using the N x N identity matrix

100 -0
010 -0
I=(001 -0
000 - 1]

Recall that Tu = u for any column vector u. So

Au = ru
s Au = rlu
> Au — rlu = 0
— [A—rIlu =0 . (39.2)
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Since the eigenvector u is required to be nonzero, the last equation can hold only if A —rI is
not invertible. Hence, we must have

det[A—rI] = 0 . (39.3)

Computing this determinant yields an N™ degree polynomial equation with r as the unknown.
This equation is called the characteristic equation for A, and the polynomial is the called the
characteristic polynomial for A . From what we already know about such polynomial equations,
we know that this equation will have N solutions — ry, rp, ..., ry — some of which may be
repeated.! The number of times a particular value of r is repeated in this set (which we normally
call the ‘multiplicity’ of that value of r ) will be called the algebraic multiplicity of that value of
r so we don’t confuse it with the geometric multiplicity of r .
This leads to the following procedure for finding all eigenpairs foran NxN matrix A:

1. By computing the determinant, rewrite the characteristic equation,
det[A—rI] = 0 ,

as a polynomial equation.

2. Findallvaluesof r — ry, o, ..., ryy —satisfying this characteristic equation. Some of
these may be repeated roots for the characteristic polynomial, and some may be complex.

3. For each different ry, set
k
u
1

k
u

wly
and solve either
Auf = ruf or [A—rIlu =0

for all possible u’; ’s.

Two practical notes on this:

(a) Don’t really use the notation * u’j‘. 7

llk seems convenient.

Use whatever notation for the components of

(b) Since there is a whole space of eigenvectors corresponding to each eigenvalue, you
will not obtain “an eigenvector u*” Instead, you will obtain a description of all the
eigenvectors in this eigenspace in terms of a minimal set of arbitrary constants.

There is at least one more step we will want to carry out before using our results to solve
our system of differential equations, X' = Ax, but maybe we had better do an example, first.

> Example 39.4:  Let us find the eigenvalues and corresponding eigenvectors for

-5
A = 0
7

—_— O =
S N O

I See section 18.1 on page 429 for a discussion of N th degree polynomial equations.
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First, we reduce the characteristic equation to polynomial form:

>

<>

det

det

A=r@6—-r)T—-r1r) + 5(6—r)

1 0 =5
0 6 O
1 0 7
1 0 =5
06 O
1 0 7
1—r
det 0
1

6—r)[d=r)T7—r) + 5]

6-—r) [r2—8r—|— 12]

det [A — rI]
1 0 0]
010
0 0 1
[ 0 0]
— 10 0
_0 —
0 -5
6—r 0
0 7 —r

0

0

0
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Note that we did not completely multiply out the terms. Instead, we factored out the common
factor 6 — r to simplify the next step, which is to find all solutions to the characteristic
equation. Fortunately for us, we can easily factor the rest of the polynomial, obtaining

O6—r[rP=8r+12] = 6-1[r—-2Fr—6] = —(r—2)(r—6)°

as the completely factored form for our characteristic polynomial. Thus our characteristic
equation det[A — rI] reduces to

which we can solve by inspection. We have two eigenvalues

—r=2r—-67% =0

r =2

and

(with r = 6 having algebraic multiplicity 2 ).
To find the eigenvectors corresponding to eigenvalue r = 2, we set r = 2 and solve

for the components of uw. For convenience, let u = [a, 8, y]T. Then

—_— O =

S o O

r =26

[A—rIlu = 0

[A —rI]u
0 o
0 B
1 14

’

0



Chapter & Page: 39-8 Constant Matrix Systems, Part 1

1-2 0 -5 ][« 0
> 0 6-2 0 Bl =10
1 0 7-2]||r 0

-1 0 =5[] 0]

s 0 4 0||s] =10
1o 5 ||v 0]

So the unknowns, «,  and y must satisfy the algebraic system

—a + 08 — 5y =0

Oax + 48 + 0y =0

la + 08 + 5y =0
Using whichever method you like, this is easily reduced to

B =0 and a4+ 5y =20

We can choose either o or y to be an arbitrary constant. Choosing y , we then must
have « = —5y to satisfy the last equation above. Thus, the eigenvectors corresponding to
eigenvalue r = 2 are given by

o -5y =5
14 14 1

where y can be any nonzero value.
To find the eigenvectors corresponding to eigenvalue r = 6, we set r = 6 and solve

[A—rIlu = 0

for the components of u. For convenience, let us again use the notation

T
u = [a,,B,y]
Then
[A—rIlu =0
1 0 =5 1 0 0|\ [« (0]
—> 06 0|—-6]1010 Bl =10
1 0 7 0 1 |V ] _O_
-5 0 =5|[a] (0]
s 0O 0 O Bl =10 ,
1 0 1__y_ _0_
which reduces to
a+y =0 and 08 =0
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In this case let us take « to be an arbitrary constant with y = —a so that the first equation
is satisfied. The second equation is satisfied no matter what B is, so 8 is another arbitrary
constant. Thus, the eigenvectors corresponding to eigenvalue r = 2 are given by

o o o 0 1 0
u= || =|B|=|0|+|B]|=c|0]|+8]|!
y —o —o 0 -1 0

where « and B are arbitrary constants.

For our applications, we do not want a description of all possible eigenvectors corresponding
to each eigenvalue r . Instead we want a set of specific eigenvectors

{ul,uz, ...,uM}

such that all the eigenvectors in this set corresponding to any one particular eigenvalue form a basis
for that eigenvalue’s eigenspace. So, the last step in our procedure for finding the eigenvalues
and eigenvectors for our matrix is:

4. For each distinct eigenvalue, choose appropriate values for the arbitrary constants de-
scribing the corresponding eigenvectors so as to obtain specific vectors for a basis for
each eigenspace. Then write down the collection of all the eigenvectors so found,

{u', w, ..., '}
keeping track of their corresponding eigenvalues.

By the way, recall that the number of vectors in any basis for an eigenspace corresponding
to eigenvalue r (i.e., the dimension of that eigenspace) is called the geometric multiplicity of
that eigenvalue. With a little thought, you will realize that

geometric multiplicity of eigenvalue r
= number of arbitrary constants needed to describe all corresponding eigenvectors.
Along these lines, we might as well mention that, for any eigenvalue 7y,
1 < geometric multiplicity of r, < algebraic multiplicity of r

Let us just accept this fact as something usually verified in a course on linear algebra.

> Example 39.5:  In the last example, we saw that

-5
u=vy| 0
1

describes all the eigenvectors corresponding to eigenvalue r = 2 for the matrix A from
example 39.4. Since we only have one arbitrary constant, y , the geometric multiplicity for
r =2 1is 1. Setting y = 1 gives us the one eigenvector we need corresponding to r =2,

-5
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(Any other nonzero value for z would also have given us a suitable eigenvector.)
We also saw that the eigenvectors corresponding to eigenvalue r = 6 for A are all given

by

—1 0
al 0| +8]1
1 0

In this case, we have 2 arbitrary constants, so the geometric multiplicity is 2. Taking o = 1
and B = 0 gives us the eigenvector

0

Clearly, these two eigenvectors form a linearly independent pair.
In summary, {u', u?, w3} is our set of eigenvectors with u' corresponding to r = 2, and
u’? and w® both corresponding to r = 6.

Let’s not forget why we are finding these eigenvalues and eigenvectors. We want to use
them to construct solutions to systems of differential equations.

> Example 39.6:  Consider the 3 x3 system of differential equations

/

=5 X
0
7

/

1
y| =10
1

S o O

Z Z

From examples 39.4 and 39.5, above, we know that the matrix in this equation has eigenvalues
rn =2 , rn =6 and s =6 ,

and corresponding eigenvectors

-5 -1 0

1 1 0

respectively. And from our discussion in the previous section, we know this gives the corre-
sponding set of 3 solutions to our 3 x3 system of differential equations

-5 -1 0
O e2l 0 e6t 1 eﬁl
1 1 0

Checking the Wronskian at t = 0, we get
-5 -1 0
W@O) =det{ 0O 0 1] =6 #0 ,
-1 1 0
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assuring us (via theorem 38.9) that our set of solutions is a fundamental set, and that a general
solution to our system is given by

x(1) -5 —1 0
yO) | =ci| 0 | + | 0 | + 3|1
z(t) 1 1 0
or, equivalently, by
x(1) —5ci1e? — e
yo | = c3e®
z(1) c1e? + cre®

Do note that, had we chosen different values for the ‘arbitrary’ constants in exercise 39.5,
then the specific vectors in our general solution would be different. However, the end result
would have been equivalent to the above.

Notes on Finding and Using Eigenpairs
Complete and Incomplete Sets of Eigenvectors

From what we (should) know about linear algebra, we are assured that the procedure just described
will generate a linearly independent set of eigenvectors

{ul,uz, ...,uM}

for our N x N real constant matrix A, with the size M of this set being no larger than N .
Moreover:

1. M will not depend on how we choose the u*’s, but only on the matrix A .

2. The components of u* can be chosen as real numbers provided its corresponding eigen-
value is real.

If we are lucky, M = N . Then we will have a linearly independent set of N eigenvectors
{u', v, ... 0"}
corresponding, respectively, to an ordered set of N eigenvalues

{ri,rm, ..., ry}

(with some of the eigenvalues, possibly, being repeated). If this happens, we say that the matrix
has a complete set of eigenvectors, with any set of eigenvectors being called a complete set of
eigenvectors if and only if it is a linearly independent set of N eigenvectors for A .
We like for our set of eigenvectors to be complete, because then
{u]erlt, uzerzt’ e uNeer‘}
isasetof N solutions to our N x N constant matrix system X' = Ax. Moreover, it is a linearly
independent set of vectors when f = 0. That means the Wronskian for this set is nonzero,
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which, in turn means that this set is a fundamental set of solutions for our system of differential

equations, and, thus,
x(1) = cule™ + cuie? + .- + cyuMe!

is a general solution to X’ = Ax. That was the situation in example 39.6, above.
There are two cases where we are assured that a given N X N matrix A has a complete set
of eigenvectors before we begin seeking these eigenvectors:

1.  When the matrix has N different eigenvalues.
2. When the matrix is symmetric (i.e., AT = A).

Verifying the first is easy: Since each of the N eigenvalues must have at least one corresponding
eigenvector, the process above will generate a linearly independent set of at least N eigenvectors.
But, as noted above, this set can contain at most N eigenvectors. Hence, it must contain exactly
N eigenvectors. Moreover, it follows with just a little work that, for each eigenvector ry ,

1 = geometric multiplicity of r, = algebraic multiplicity of r;

Verifying that we have a complete set of eigenvectors when the matrix is symmetric is a
bit harder to show. Fortunately for us, you almost certainly discussed this in a course on linear
algebra since the following is a standard part of most introductory algebra courses:

Theorem 39.2
Let A be asymmetric N x N matrix (with real-valued components). Then both of the following
hold:

1. All the eigenvalues are real.

2. There is an orthogonal basis for RV consisting of eigenvectors for A .

Shortcuts with Triangular Matrices

Given a matrix

[ann ann a3 - ain’|
dzy dyp 4z - AN
_ | a a a ceeoa
A = 31 32 33 3N ,
| N1 dN2 AaN3 c - ANN |

the main diagonal is ‘diagonal set’ of entries from the upper left corner to the lower right corner
of the matrix. That is, it is the diagonal consisting of a;;, a», ... and ayy -

We say that our matrix A is upper triangular or lower triangular if, respectively, all the
entries below or all the entries above the main diagonal are zero,

a1 ann a3 - ain | fann O 0 - 07
0 axn axn --- aw ay a»pn 0 -+ 0
0 0 ax -+ asw or ay; ayp ayx - 0

0 0 0 --- awnwn ayiy dnNz2 dan3 -+ Aann
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And if A is both upper and lower triangular; that is, if all the entries off of the main diagonal
are zero,

_an 0 0 0 7
0 ann 0 0
0 0 ass 0

L 0 0 0 s aNN_

then we say that the matrix A is diagonal.
When A is any of these forms, you can easily use the rules for computing determinants to
derive
det(A —AD) = (ann —A)(an —M)(asz —A)---(any — 1)

And so the characteristic equation det(A — AI) = 0 immediately reduces
(ain —M)(an —A)(azz3 —A)---(avy —A) = 0

telling us that the elements of this matrix’s main diagonal are the eigenvalues of any upper or
lower triangular matrix.

What’s more, if A is diagonal, then, virtually by inspection, you can see that an eigenvector
u”® corresponding to A = ay; is the column vector whose components are all 0 except for the
k™ component, which we can take to be 1.

So if you are dealing with a upper or lower triangular matrix, you can simply read off the
eigenvalues from the main diagonal. And if the matrix is diagonal, you can also immediately
give the corresponding eigenvectors.

k

39.3 Eigenpairs and Corresponding Solutions
Sets of Solutions from Sets of Eigenpairs

As just discussed, our method will generate a set of eigenpairs
{GruY), (o0, o g u™) )
for our constant N x N matrix A, with the set
{ul, 1 S uM}

being a linearly independent set of column vectors. Moreover, this method will find the largest
possible such set of eigenvectors. Any other eigenvector will be a linear combination of vectors
from the above set.

Our interest in these sets came from the observations made in section 39.1 that can be
summarized, using terminology from the last section, as the following lemma and theorem:

Lemma 39.3
Let
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be a linearly independent set of eigenvectors for a constant N x N matrix A, and, for each u*,
let ri be the corresponding eigenvalue. Then

{ulerlt’ u26r2l e uMeer}
is a set of solutions for the system x' = Ax on the entire real line. Moreover, this is a linearly
independent set of vectors when t = 0.

Theorem 39.4
Let
{ul, w, ..., uN}

be a complete set of eigenvectors for a constant N x N matrix A, and, for each u*, let r; be
the corresponding eigenvalue. Then

{lllerlt, u2€r2t, o uNerNt}

is a fundamental set of solutions for the system X' = AXx on the entire real line, and

x(1) = cu'e + cuPe? + - 4+ cyule

is a general solution to X' = AX.

Consequently, if the matrix A has a complete set of eigenvectors, the method discussed
in the last section, along with the observations made in the last theorem, will lead to a general
solution to X’ = AX.

Issues

We are still left with the issue of just what to do if our matrix A does not have a complete set of
eigenvectors. We can still find a linearly independent set of eigenvectors,

and

{ulerlt, uzerzt’ e uMeer}

is still a set of solutions to X’ = Ax, but it is not a fundamental set. We will need to discover how
to find additional solutions to fill out this set to a ‘complete’ fundamental set of N solutions.
We will do this in the next chapter.

There is another little issue that we have sidestepped: the fact that the eigenvalues and the
components of the eigenvectors can be complex values. We will also deal with that issue in the
next chapter.

For now, let us take what we have and examine the possible solutions and their trajectories,
with particular emphasis on the trajectories of solutions to 2x2 systems. We will find that this
will lead to some very interesting pictures and results that will even be useful when dealing with
more general systems of differential equations.
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39.4 Two-Dimensional Phase Portraits: Preliminaries

It turns out that the eigenvalues and eigenvectors tell us much about the qualitative behavior of
the solutions to a constant matrix system X' = Ax. To see this most readily, we will carefully
determine the possible trajectories when A is 2x2. A major goal is to determine how the
eigenvalues and eigenvectors determine the possible “patterns” of the trajectories in the phase
portraits for x’ = Ax.

The Critical Point at the Origin

Remember that the origin (0, 0) is a critical point for any system X' = Ax, and that this single
point is the entire trajectory of the equilibrium solution

*(®) = 0 for all ¢
y(1) 0

If det A # O then the origin is the only critical point, and x(¢#) = 0 is the only equilibrium
solution.

Much of our work in what follows will be to determine the stability of this critical point,
and to determine “geometries” of the trajectories in regions both close to (0, 0) and in regions
far away from (0, 0) . In the process we will introduce terminology for further classifying the
critical point (0, 0) according to these “geometries” Some of the terms we will introduce are

“nodes’; “saddle points”, “centers” and “spiral points” (However, we won’t fully define these
terms until later, in section 41.3.)

Symmetries

The sketching of a phase portrait for X’ = Ax can be aided by noting simple symmetries inherent
in the direction field of a basic constant matrix system. To see this, let (xp, yp) be any point in
the plane other that the origin, and let x* = [xo, yo]T. Remember, the direction arrow for our
system at (xo, yp) is a short arrow drawn at this point in the same direction as v? where

v = Ax’

Now consider the direction arrow at any nonzero point (xj, y;) on the straight half line
starting at the origin and going through (x¢, yo) . Then, for some ¢ > 0

1 X1 CXo 0
X1, = (cxg, cyp) R X = = = X
(x1, y1) (cxo, cyo |:y1:| [cyo]

and the direction arrow for our system at (x;, y;) is a short arrow drawn at this point in the same
direction as
Ax! = Acx® = cAX? = ¢y

But multiplying a vector by a positive constant does not change its direction. So, as illustrated
in figure 39.1a,

The direction arrow at each point on a half line having the origin as an endpoint all
point in exactly the same direction (or are all 0 ).
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Yo

A
Y

X0

\4

(a) (b)

Figure 39.1: Symmetries in direction fields and phase portraits for a 2 x2 constant matrix
system.

On the other hand, the direction arrow at (—xy, —yg) is in the same direction as

A[_xo] = —Ax" = —v
—Yo

So, as also illustrated in figure 39.1a,

The direction arrow at (—xg, —yo) is in the exact opposite direction as is the direction
arrow at (xg, yo) .

In other words, the direction field is antisymmetric across the origin.

Using the above observations, we can sketch a useful direction field after computing the
direction arrows at only a few well-chosen points. Moreover, these patterns in the direction field
for must be carried over in the corresponding phase portrait, with, say the trajectories in the
lower-half plane being “mirror images reflected across the origin” of the trajectories in the upper
half plane, as illustrated in figure 39.1b.

39.5 Two-Dimensional Phase Portraits from Real,
Complete Eigen-Sets
Throughout this section, we will assume A is a 2 x 2 constant matrix with real components

and a complete set of eigenvectors {u',u?}. We will further assume that the corresponding
eigenvalues r; and r» are real and nonzero.> That means our solutions will be of the form

x(1) = cjule™ + u?e™

where each component of each u* is a real number.
As t varies, each solution traces out a trajectory in the plane. We want to discover the possible
patterns of the trajectories, and how these patterns depend on the eigenvalues and eigenvectors.

2 You’ll deal with zero eigenvalues in exercise 39.13.
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In fact, we will discover that the eigenpairs of A, (7, u!) and (r,, u?), alone, give us enough
information to sketch crude, yet enlightening, phase portraits for x’ = Ax. If we then wish, we
can refine our sketches of the phase portraits by using minimal direction fields and the symmetries
discussed in the previous section.’

For convenience, let us use the notation

| x@) 1 |* 2 _ | X*
X = [y(t)] v |:)’1i| and = |:)’2} ’

so that our solutions will look like

x(t)| XU| X2 |
[y(t)] - |:Y1]e to [)’2]e ’

and our trajectories will be curves on the XY-plane. Let us also assume we’ve labeled our
eigenvalues so that r| <r;.

Trajectories Corresponding to One Eigenpair

We should first consider the trajectory of a single solution of the form
x(1) = cue”

where ¢ is any nonzero constant, and (r, w) is any eigenpair with r being real and nonzero.

I» Example 39.7:  Suppose x(t) = cue’’ with

4
= ()
and c is any real number. Then

x(1) = cue¥ = x(1) =c 4 el
y(1) 1

which means x(t) is just some multiple of u for each t, and that, in turn, means that, for
each real value t, (x(t), y(¢)) is a point on the line through the origin and parallel to u, as
illustrated in figures 39.2a and 39.2b. Furthermore:

1. If ¢ = 0, then our solution reduces to the already-known equilibrium solution x(t) =
0, whose entire trajectory is just the critical point (0, 0) .

2. If ¢ > 0 and t is any real number, then cue® is a positive multiple of u, which

means (x(t), y(t)) is always on the half line extending from (0, 0) in the direction
of u, as in figure 39.2a. Moreover, since e is a continuous increasing function on
the real line, and

lim (x(@), y(1)) = lim (c-3e”,c-2e¥) = (0,0) ,
t——00 t——00

3 Of course, you can also use a suitable computer math package to sketch phase portraits, as the author has done
for this text. But we will find the knowledge and experience gained by “hand sketching” phase portraits invaluable
later on.
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(x(0), y(@))

(x(1), y(1)) ]

\ 4

(b) (c)

Figure 39.2: Plotting the trajectory of cue> with u = [4, 1]7 (a) when ¢ > 0 and (b)
when ¢ < 0. (c) Trajectories corresponding to eigenpairs (3, [4, 1]7) and
(_3’ [15 4]T) .

while

lim (x(@), y(1)) = lim (c-3e”,c-2e") = “(400,+00)” ,
t—+00 t— 400
it should be clear that, in fact, (x(t), y(t)) traces out this entire half line with

(x(#), y(t)) going from (0,0) to (400, +00)
as

t goes from —oo to +00

So the trajectory is this entire half line parallel to w with endpoint (0, 0), and with
the direction of travel being the direction away from the origin. (Strictly speaking, the
origin is not part of the trajectory since t can only approach —oo , never equal —o0 .)

3. Ifc <0 and t is any real number, then cue® is a negative multiple of u, and, for

reasons very similar to those given when ¢ > 0, it should be clear that the trajectory
is the half line extending from (0, 0) in the direction of —u, and with the direction
of travel being in the direction away from the origin (as illustrated in figure 39.2b).
(Again, while (0, 0) is an endpoint for this trajectory, it is not, strictly speaking, in
the trajectory.)

> Example 39.8: Let us now consider the trajectories for

x(t) I
x(1) = =c e
() [W)] [4]
where c is any real number.

The general ideas given in the previous example still apply, and lead us to the trajectories
all being parts of the straight line through the origin and parallel to the vector u. Again, if
¢ = 0, then the trajectory is just the critical point (0, 0) ; if ¢ > 0, then the trajectory is the
entire half line with endpoint (0, 0) and extending in the direction of u ; if ¢ < 0, then the
trajectory is the entire half line with endpoint (0, 0) and extending in the direction of —u.
This time, however,

lim (x(1), y(t)) = lim (c-le”™, c-4e™) = (0,0)
t—400 t—+00
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(b)

Figure 39.3: Phase portraits exhibiting star nodes with (a) the eigenvalue being negative and
(b) the eigenvalue being positive.

So (x(t), y(t)) approaches (0,0) as t increases. That is, the direction of travel on these
trajectories are towards the origin, as illustrated in figure 39.2c.

Clearly, the discussion carried out for these two examples can be carried out in general, and
will lead to the observation that, if r is any nonzero real number, then the trajectories for any
nonequilibrium solution of the form x(z) = cue’” are the two straight half lines “starting” at the
origin and parallel to the vector u. The direction of travel will be away from the origin if r > 0
and towards the origin if r < 0.

For simplicity, let us call these the straight-line trajectories corresponding to the eigenpair
(r,u) (assuming (r,u) is an eigenpair for the matrix in our system of differential equations).
Sketching these will usually be one of the first things we will want to do when sketching phase
portraits. (Remember, even though we are calling these “straight-line” trajectories, they are
really “straight half-line” trajectories. Each has (0, 0) as an endpoint, though, strictly speaking,
(0, 0) is not a point in these trajectories.)

Trajectories When ri =r; #0

Suppose the matrix in our 2x2 system X' = Ax has a single repeated nonzero eigenvalue and
a complete set of eigenvectors {u',vw?}. Then r; =r,, and

x(1) = cule + cule? = [clul + czuz] e

But since {u', u?} is a complete set of eigenvectors, c;u' + c,u’ describes all 2-dimensional
vectors. So the above general solution simplifies to

x(t) = ue

where u is an arbitrary column vector. Consequently, the set of all trajectories of this system is
the set of all half lines in the plane with endpoints at (0, 0), with the direction of travel being
away from the origin if »; > 0, and towards the origin if r; < 0 (as illustrated in figure 39.3).
In cases like this, the critical point (the trajectory for the equilibrium solution) is said to be
a “node” for our system X' = Ax. Sometimes, such a point is also called a “proper node” or
even a “star node” because of the way the trajectories seem to radiate from the origin. If the
eigenvalues are negative, then this critical point and corresponding equilibrium solution x(¢) = 0
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are asymptotically stable (see figure 39.3a). If the eigenvalues are positive, then this critical point
and equilibrium solution are unstable (see figure 39.3b).

By the way, in exercise 39.10, you will show that any 2x?2 matrix having a complete set of
eigenvectors all corresponding to the same eigenvalue r is a very simple diagonal matrix.

Trajectories When 0 <ry < r;

We start with an illustrative example.

!> Example 39.9: Consider a 2x2 system X' = Ax whose matrix has eigenpairs

(rl,ul) = (2, [;‘]) and (rz,uz) = (5, [i])

The general solution is then

x(t) = ciule + cuPe? = ¢ |:41l e+ o [ﬂ el (39.4)

. . . 4 2t -1 5t __ 0
Hm x(0) = lim ¢ H"’ t o _4]e = o

This tells us that the trajectories all “start” at the origin. The fact that both ¢ and e>' become
infinite as t — oo tells us that all nonequilibrium trajectories extend infinitely out on the
plane.

We start our sketch by plotting a dot at the origin for the equilibrium solution, and sketching
the straight-line trajectories corresponding to the eigenpairs (r;,u') and (r», u?) . Note that
the direction of travel on each of these straight-line trajectories is away from the origin. This
takes care of the trajectories of solution (39.4) when either ¢y, =0 or ¢, = 0.

To sketch any other trajectory, assume c; and c, are both nonzero, and consider some
convenient tangent vectors using the the derivative of x(t),

Observe that

X' (1) = 2ciu'e? + Scu’e™
both as t — —oo and as t — 400 . Remember, this vector is tangent to the trajectory at
(x(t), y(t)) and points in the direction of travel along the trajectory. The same is true with
any positive multiple of x'(t) . In particular, let us be clever and use

e X' (1) = [2c u'e® + 5cu’e ] = 2ciu' + Scou’e?

and

e X (t) = e [2ciu'e” + 5cu’e”] = 2ciule™ + Scu’

Now let t - —oo. Asalready noted, we’ll then have (x(t), y(t)) — (0, 0). Inaddition,

1

Jim eX(1) = lim [2cu' + Seu’e] = 2! = 20 [4]

This tells us that, as t — —o0, the tangent to the trajectory at (x(t), y(t)) becomes par-
allel to the vector u' = [4, 11", which, itself, is parallel to the straight half-line trajectory
corresponding to (ry,u'). With a little thought and some sketching on your own, you will
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t Y’ rzf Y ) z
N\ 3] k’ 71
N\ Jd==—— T _4_' =
T~ T —=——o X — '——’ X
74 \ ANs.
/
VoW / y ! Z

(a) (b)

Figure 39.4: Phase portraits for the systems (a) in example 39.9 (where 0 < r; < rp), and
(b) in example 39.10 (where r; < rp < 0). In each, r; and rp identify the
straight line trajectories corresponding to eigenvalues r; and r .

realize that this means (x(t), y(t)) approaches the origin along a path tangent to the half-line
trajectory corresponding to (r;,u').

Now let t — +00. As already noted, we’ll then have (x(t), y(t)) tracing a path further
and further away from the origin. In addition,

lim ¢ex'(t) = lim [2ciu'e™ + 5cu°] = 5cu° = 5c; H
t—>+00 t—+00 4
This tells us that, as t — 400, the tangent to the trajectory at (x(t), y(t)) becomes parallel to
the vector w?> = [1, 4]", which, itself, is parallel to the straight half-line trajectory correspond-
ing to (ro,u?). Thus, as t gets larger, the path being traced out by (x(t), y(t)) approaches
a path parallel to the straight half-line trajectory corresponding to (r»,u?). However, the
trajectory of x(t) will not get close to this half-line trajectory since the other term, cju'e*
is also getting larger, not smaller, as t increases.
Some of these trajectories have been sketched in figure 39.4a.

In general, if 0 < r; < r;, then a phase portrait for X' = Ax can be roughly sketched by
doing the following:

1. Plot the critical point (0, 0), and sketch the straight-line trajectories corresponding to
(ri,u') and (2, u%).

2. Then sketch a reasonable collection of other trajectories with each starting at the origin
and tangent there to a straight-line trajectory corresponding to r; (the smaller eigenvalue),
and then curving around so that it becomes “somewhat parallel” to the nearest straight-
line trajectory corresponding to r, (the larger eigenvalue). (A minimal direction field
may help in refining your sketching of the trajectories.)

3. Be sure to sketch small arrows indicating that the direction of travel along each trajectory
is away from the origin.
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Again, “node” is the classical term for the critical point (0, 0) in this case, and it is clearly
the trajectory of an unstable equilibrium solution. This time (for reasons to given described later)
this node is sometimes considered to be “improper’.

By the way, instead of memorizing which end of the trajectories become parallel to which
eigenvectors, you may just want to look at which term in

X' (1) = 2ciu'e® + 5cue”
becomes dominant as ¢+ — +o00 and ¢+ — —oo using the fact that
e K ef when o <K f

We’ll illustrate this approach in the example for the next case.

Trajectories When r; <r; <0

The analysis here is very similar to that done when 0 < r; < r,. The main difference is that,
because of the negative eigenvalues, the direction of travel along each trajectory will be towards
the origin, instead of away. You should do this analysis yourself. You will find that, in general
the trajectories generated by

x(1) = cule + cule™ when r, < r < 0

can be roughly sketched by doing the following:

1. Plot the critical point (0, 0), and sketch the straight-line trajectories corresponding to
(ri,u') and (2, u%).

2. Then sketch a reasonable collection of other trajectories with each trajectory starting at
the origin and tangent there to a straight-line trajectory corresponding to r, (the larger
eigenvalue), and then curving around so that it becomes “somewhat parallel” to the nearest
straight-line trajectory corresponding to r; (the smaller eigenvalue). (Again, a minimal
direction field may help in refining your sketching of the trajectories.)

3. Be sure to sketch small arrows indicating that the direction of travel along each trajectory
is towards from the origin.

The critical point is, once again, classified as an “improper node” for our system. This time,
however, since r; and r, are negative, we have

limx(t) = lim [clule”’ + czuzem] =cu -0+ cu’-0=0
t—0 t—0

So the critical point (0, 0) is stable. In fact, it is asymptotically stable.
1> Example 39.10:  Let’s consider a 2x2 system X' = AX whose matrix has eigenpairs

(rl,ul) = (—5, |:ﬂ> and (r2,u2) = <—2, |:‘1Li|>

In this case, the general solution is

x(t) = ciule 4+ cule? = ¢ m e+ o [‘1‘] e 2 (39.5)
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and its derivative is

5t 2t

X' (1) = —5ciule™ — 2cu’e”

Again, we start our sketch by plotting a dot at the origin for the equilibrium solution, and
sketching the straight-line trajectories corresponding to the eigenpairs (r;,u') and (r, u?).
Note that the direction of travel on each of these straight-line trajectories is towards the origin.
This takes care of the trajectories of solution (39.5) when either ¢c; =0 or ¢c; = 0.

Now assume c; and c, are both nonzero. Because the eigenvalues are both negative,
we know (from the above comments) that, as t — +00, the trajectory for x(¢) approaches
(0, 0) along a path that closely parallels one of the eigenvectors. Rather that try to remember
which eigenvector that is, let us just observe that, for large values of t ,

efst < 8721

So the term with e~ becomes negligible as t — 400 . A little more explicitly, for large
values of t we have

1 -5t 2 =2t 1 -3t 27 -2t A~ 2 =2t
x(f) = cju'e + coue = [clu e + cou ]e A coue ,
~0
and, by the same approximation,
/ 1 -5t 2 -2t 2 =2t d 2 =2t
X () = —S5ciue — 2cuce ~ —2cu’e = ¢cp— [u e ]

dt

Clearly, then, as t — +o00, X(t) approaches (0,0) along a trajectory that becomes more
and more like a straight-line trajectory of a solution corresponding to eigenvalue ry = —2.

Conversely, this also tells us that the part of the trajectory of x(t) corresponding to large
negative values of t must be far from (0, 0), becoming more and more parallel to the the
other eigenvector, u!' as t — —oo0.

Using these facts, you should be able to sketch a phase portrait similar to that in figure
39.4b.

(By the way, a similar analysis can be carried out as t — —oo using the fact that

-5t

e < e when 0 <t

But there is a proviso: While the e~ term in x(t) is negligible compared to the e~ for
large negative values of t , it is still a very large term which increases as t — —oo . So, while
an analysis similar to the above can justify the claim that the path of x(¢) becomes more and
more parallel to u' as t — —oo, it does not show that x(t) is actually getting closer to a
straight-line trajectory of an solution corresponding to eigenvalue ry .)

Trajectories When r; <0 < r;

Again, we start with an example that, essentially, explains everything.

> Example 39.11: Now consider a 2 x2 system X' = Ax whose matrix has eigenpairs

(ri,u)) = <—2, [ﬂ) and (r),u?) = (5, [i])
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The general solution is then

x(1) = ciu'e" + cute = ¢ |:ﬂ e+ o |;1‘:| e (39.6)

We again begin our sketch by plotting a dot at the origin for the equilibrium solution,
and sketching the the straight-line trajectories corresponding to the eigenpairs (r;,u') and
(r2,u?). Note that the direction of travel on the straight-line trajectory corresponding to
(r1,u') is towards the origin, while the direction of travel on the straight-line trajectory
corresponding to (r»,u?) is away from the origin. This takes care of the trajectories of
solution (39.6) when either ¢c; =0 or ¢c; = 0.

To sketch any other trajectory, assume c; and c, are both nonzero, and consider solution
(39.6) both when ¢t is a large negative value, and when ¢ is a large positive value.

If t is a large negative value, then e~ is a large positive value while e> ~ 0. So, for
large negative values of t,

X(t) = ¢ |:41":| e—2t + o |:41‘-:| eSt ~ ¢ |:‘1":| e—2t

In other words, that part of the trajectory corresponding to t being a large negative value is
close to one of the straight-line trajectories corresponding to r = —2.

As t increases, the term with e~ decreases in magnitude while the term with e
increases in magnitude. Once t becomes sufficiently large, e~* becomes negligible and,

x(t) = ¢ |:ﬂ e+ o [ii| el x o [i] e

Hence, this part of the trajectory becomes very close to one of the straight-line trajectories
corresponding to r = 5.

So, to sketch a trajectory other than that for the equilibrium solution or for one of the
straight-line trajectories corresponding to an eigenpair, start your curve close to and nearly
parallel to one of the straight line trajectories corresponding to r = —2 and draw it moving
towards the origin and curving away from that one straight-line trajectory. As you continue
sketching, bend the curve towards a straight-line trajectory for the positive eigenvalue (without
crossing any other trajectories) and try to end your curve close to and nearly parallel to that
straight-line trajectory. The resulting curve will look a little like a hyperbola with the straight-
line trajectories as asymptotes. Be sure to add a little arrow or two to indicate the direction of
travel.

A phase portrait for this system has been sketched in figure 39.5.

In general, if r; < O < r,, then a phase portrait for X’ = Ax can be roughly sketched by
doing the following:

1. Plot the critical point (0, 0), and sketch the straight-line trajectories corresponding to
(r1,u') and (r»,u?). Note that the direction of travel on those corresponding to the
negative eigenvalue is towards the origin, while the direction of travel on those trajectories
corresponding to the positive eigenvalue is away from the origin.

2. Then sketch a reasonable collection of other trajectories with each being a roughly hy-
perbolic shaped curve with the straight-line trajectories as asymptotes.
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v

Figure 39.5: A phase portrait of the system in example 39.11 (where r; < 0 < rp). Again,
r1 and rp identify the straight line trajectories corresponding to eigenvalues
r and r.

3. Be sure to sketch small arrows indicating that the direction of travel along each trajectory,
with these directions of travel closely matching the directions of travel on the nearby
straight-line trajectories.

Finally, at long last, we have an example in which the critical point is not called a node. We
call it a saddle point. Also note that, while two trajectories do approach (0, 0) as t — 400, the
rest go away from (0, 0) as + — +00. So, the equilibrium solution for this system is unstable.

Additional Exercises

39.1. Consider the system
x' = 4x + 2y
y =3x —y
a. If we write this system in matrix/vector form X' = Ax, what is the matrix A ?
b. Verity that the following two vectors are eigenvectors for the matrix A found in the
above exercise, and find their corresponding eigenvalues r; and r, , respectively.

(1) o

c. Using the eigenpairs just found above, write out a pair of solutions to the above system
of differential equations, and verify that the Wronskian of this pairis nonzeroatt = 0.

d. Write out a general solution to the above system of ditferential equations.

39.2. Consider the system
x' = 4x — 3y

y = 6x — Ty
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d.

If we write this system in matrix/vector form x' = Ax, what is the matrix A ?

Verify that the following two vectors are eigenvectors for the matrix A found in the
above exercise, and find their corresponding eigenvalues ry and r, , respectively.

o ]

Using the eigenpairs just found above, write out a pair of solutions to the above system
of differential equations, and verify that the Wronskian of this pairis nonzeroatt = 0.

Write out a general solution to the above system of differential equations.

39.3. Consider the system

d.

xX'=x — 3y + 3z
y = 3x — 5y + 3z
7 = 6x — 6y + 4z

If we write this system in matrix/vector form x' = Ax, what is the matrix A ?

Verify that the following three vectors are eigenvectors for the matrix A found in the
last exercise, and find their corresponding eigenvalues ry, r, and r3, respectively.
1 1 1
u' = |1 , uw =10 and u’ = |1
0 —1

Using the eigenpairs found in the above exercises, write out a set of three solutions to
the above system of differential equations, and verify that the Wronskian of this pair
isnonzeroat t =0.

Write out a general solution to the above system of differential equations.

39.4. For each of the following matrices, do the following:

i. Find the eigenvalues and a corresponding linearly independent set of eigenvec-
tors for the matrix in the system.

ii. List the corresponding eigenpairs.
iii. State whether the matrix has a complete set of eigenvectors.

(Note: Some of the eigenvalues and eigenvectors may be complex.)

(0 3 (3 2 0 2
b. C.
3 o} 1 2} [o 0}

- 1
0o 2
e. |1
-2 0
L 0

—_ O =
—_— e O
ﬁ
W W W
W W W
W W W




Additional Exercises Chapter & Page: 39-27

(4 0 1 4 0 1 —2 —1L 0
0 -1 0 1
g |0 2 h. |0 0 =2 i
0 0 1 2
0 8 0 0 8 0
= 0 0O 0 2
4 4 4 4
.10 4 4 4
T 1o 0 4 0
[0 0 0 4
39.5. Find a general solution for each of the following systems:
a. X = Ax where A is the matrix in exercise 39.4 a
b. X' = Ax where A is the matrix in exercise 39.4 b
c. X = Ax where A is the matrix in exercise 39.4 e
d. X = Ax where A is the matrix in exercise 39.4 f
e. X = Ax where A is the matrix in exercise 39.4 i
f x4 3||x xX'=x + 2y
Tyl |1 6]y & y = 5x — 2y
b X = 8x + 2y x=/6x_—i+2z
. P odx + oy i y —4x
Y 7 = 3y
x' =2y — 3z x''=2x —y 4+ 3z
Jjo Yy =2x + 7z k " =2x +y
7 =3x + Ty 7 =2x —y + 3z
xi" = —x1 + 2x,
1 Xy = —2x5 + 3x3
’ x3 = —3x3 + 4x4
X4/ = —4X4

39.6. Solve the initial-value problem
xX = Ax  with x(0) = x°

for each of the following choices of A and x° :

a. A is the matrix in exercise 39.4 b and x° = [0, —6]"

b. A is the matrix in exercise 39.4 b and x° = [10, 5]

c. A is the matrix in exercise 39.4 ¢ and x° = [4, —4, 6]
_[-2 4 0 .

d,A_|:5 _3} and x = [5,—4]

39.7. For each of the following, consider the 2 x2 constant matrix system X' = Ax where
A has the given two eigenpairs. Using just the eigenpairs:
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i.  Write out the general solution to the system.
ii. Describe the stability of the node at the origin.

iii. Sketch a phase portrait.

D =CE)

o (2[1]) o ([0 o (2
(4 Lo]) = (-2 &

e (3 [1]) o (2] (s [i) e (L)

39.8. For each of the following, consider the 2 x?2 constant matrix system x' = Ax where
A has the given two eigenpairs, and, using just the eigenpairs:

i.  Write out the general solution to the system.

ii. (Roughly) sketch (by hand) a phase portrait.

v (2 [1]) = (L)) b (2 o]) = ()
S SRl G| A H RN G H)

39.9. For each of the following 2 x2 systems below:

i.  Find the general solution.

ii. Describe the stability of the equilibrium solution x = 0, and state whether the
corresponding critical point is a node or saddle point.

iii. Sketch a rough phase portrait, using the a minimal direction field to refine your
sketch based on the matrix’s eigenpairs.

a x| 5 1] [x b [ X" R ARE:
] 13 3]y ] 13 2]y
c [x'] _ (4 37 [x] d [x'] =3 =3 x
T3 4l Ll T L3 13y
[x"] [5 =37 [x] [ x| 1{-9 2 X
e. ’ = f, , = —
R 13 =5][v] [y’ 319 —6|]y
[x"] _ 1 6 21[x] h [ X/ _ l 3 20 |x
E 1y T 309 9]|y] L] Tool-3 1]y
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39.10. Let A be any constant 2x2 matrix with a complete set of eigenvectors, all corresponding
to the same eigenvalue r . Show that

=]

39.11. In figures 39.4 and 39.5 many of the trajectories appear to be similar to either parabolas
or hyperbolas. In this exercise, we will see that these trajectories are not, in general,
actually parabolas or hyperbolas by considering the trajectories of X' = Ax where

)

a. Find the general solution to X’ = Ax where A is as above and o and B are real
numbers.

b. Let A be as above with 0 < a < f8.
i. Sketch a phase portrait for this system.

ii. Let [x(t), y(t)]" be asolution to this system which is neither an equilibrium solution
nor a solution corresponding to a single eigenpair. Show that, for some constant ¢
and every real value t,

y(@) = c[x@)]? where p = g

iii. For what choices of a and B are the trajectories of this system parabolas (excluding
the critical point and straight line trajectories)?

c. Let A be as above with @ <0 < 8.
i. Sketch a phase portrait for this system.

ii. Let [x(t), y(t)]" beasolution to this system which is neither an equilibrium solution
nor a solution corresponding to a single eigenpair. Show that, for some constant ¢
and every real value t,

y(®) = clx(®)]”  where p = g

iii. For what choices of « and B are the trajectories of of this system hyperbolas
(excluding the critical point and straight line trajectories)?

39.12. Let A be a constant N x N matrix. Show that
detA = 0 <= A has a zero eigenvalue

(There are several ways to prove this. A particularly simple approach is to use the
characteristic equation det[A —rI] =0.)

39.13. In the text, we did not discuss trajectories when an eigenvalue is zero. So:

a. Suppose (0,u) is an eigenpair foran N xN matrix A. Demonstrate that every point
on the straight line through the origin and parallel to u is a critical point for X' = Ax.
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b. Suppose (0,u') and (r,u?) are eigenpairs for a 2 x2 matrix A, with r being a
nonzero real number.

i. What are the trajectories of the nonequilibrium solutions to X' = Ax ? And what is
the effect of the sign of r ?

ii. What can be said about A and the phase portrait of X' = Ax if r = 0 and {u', u?}
are linearly independent?

c. For each of the following 2x2 systems below:
i.  Find the general solution.
ii. Describe the stability of the equilibrium solutions.

iii. Sketch a phase portrait, using the appropriate eigenpairs.

x' =8 + 2 . X = —x —
i Y il. Y
y = 4x + y y = -—x —y
i x| =3 1 |]|x iv X =3x +y
Tyl 6 =2y Ty = 6x + 2y

x’ a all|x .
V. = where a is a nonzero real number.
a ally
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Some Answers to Some of the Exercises

WARNING! Most of the following answers were prepared hastily and late at night. They
have not been properly proofread! Errors are likely!

la. A=[%2]

1b. }"1=—2 , l"2=5

1d. x(1) =ci[ 4] e 4 ¢y [7] e
2a. A=[55]

2b. r1:2 , 1’22—5

2d. x(1) =c[3] e + ¢, [1] et

3a. A= [é 3 g]

3b. n=-2,n=-2,r3=4

3d. x(t) =c¢ [i] e 4 ¢y [7(1)1 ] e 4¢3 [i] et

4a. Eigenvalues: 3, —3 ; Eigenvector set: {[1, 1]",[1, —1]"}; Eigenpairs: (3,[1,1]") and
(—3, [1, — I]T); The matrix has a complete set of eigenvectors.

4b. Eigenpairs: (1, [1, —1]7) and (4, [2, 1]7); The matrix has a complete set of eigenvectors.
4c. Eigenpairs: (0, [1, O]T) ; The matrix does not have a complete set of eigenvectors.

4d. Eigenpairs: (2i , [, i]T) and (—21’ 11, =i ]T); The matrix has a complete set of eigenvectors.
4e. Eigenpairs: (—1,[1,—2,11"), (1, [1,0, —1]") and (2, [1, 1, 1]) ; The matrix has a complete
set of eigenvectors.

4f. Eigenpairs: (0, [1, —1,0]"), (0,[1,0, —11") and (9, [1, 1, 1]) ; The matrix has a complete
set of eigenvectors.

4g. Eigenpairs: (—4,[1,4, —8]") and (4, [1, 0, 0]") ; The matrix does not have a complete set
of eigenvectors.

4h. Eigenpairs: (4,[1,0,017), (4i,[—1,2+2i,4 —4i]") and (—4i,[—1,2 — 2i,4 + 4i]") ;
The matrix has a complete set of eigenvectors

4i. Eigenpairs: (—2,[1,0,0,01"), (—1,[—1,1,0,0]"), (1,[0,0,1,0]") and (2, [0, 0,0, 1]7)
; The matrix has a complete set of eigenvectors.

4j. FEigenpairs: (4, [1,0,0, O]T) and (4, [0,0,1, —l]T) ; The matrix does not have a complete
set of eigenvectors.

Sa. o[}]e +ea[ ]
5b. o[ ]e +ea[3]e”
5¢c. ¢ —i2 e_’+cz|:_(1)l e +63[”62t
5d. 61-31]+62|:£1)1]+C3[i]69’
-1 -1 0 0
Se. ¢ §i|62’+cz|:é e ' +c [z}e +C3|:$]e
5f. ¢ [-_13] e+ ¢y [ ! ] e’
Sg. cl[_sz]e*‘”—l—c [} e
5h. cl_[_14]+cz[%]egt
5i. ¢ é}e‘zq—c [ ]ez’+c [ ]eg’
:7‘ 7_
5j. a :g 02[3—72~/ﬁ] 2fl+c3[3+7f] 2/

—

|+
s o el v e

9
5
1 2 3 —4
5L ¢ 8]6"+cz|:_01:|e_2t+63|:_13:| +C3[ 4}6 o
LO 0 1 1
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6a. 4[] —2[3]e"
6b. 5[%]e"
6c. 3[2]e =] 6 ]er+2]
6d. [_45]6_7’ + [%]62[
Cl [(1)] ¥+ [(1)] e
7a.
Unstable
oDl relte
Asymptotically stable
c [(1)] e + ¢y [?] et
Tc.
Unstable
2. C [(1)] e 4oy [(1)] e
Asymptotically stable
ci[o]e™ +ea[f]e
Te.

Unstable
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al \ =
7f. X
A\
}
\Y
L alilesalle :
nstable

ci [‘1‘] e 4+ cz
7h. Phase Portrait is that of f with the arrows reversed.
Asymptotic lly stable

JJ\E
\ﬁ\f/z
ﬂ

)

\ N\ i

8a. C1

;\\ﬂ?

///\
—
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2
al[h]e¥ +c[1]e” 7
9a. X
An unstable node Z 4
2
i N
N |—
N
\ Z
ob. C][_ll]eft-i‘Cz[;]egt /;
An unstable saddle point -~

z \ 7

_ N
\(
= A=
SO AN S~
y N
o alblemwalle )

c.

i = S\ 7
An unstable saddle point /y//_\ﬁ\ )
ST AN ﬂ

b

V%
o CLleralile

An asymptotically stable node
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alieraliler

An unstable saddle point -~ / p

o LTl rali]en \ «
" An asymptotically stable node \

a[F]e +ei] /
9g.
An unstable node / /

[/
a[fet +al 7] \ /

An unstable saddle point / /
i

9h.

11biii. Only if 8 =2« .

11ciii. Onlyif o« = —8.

13bi. Each is a straight half line parallel to u?> with endpoint at a critical point on the line
through the origin and parallel to u', with the direction of travel towards the critical point if
r < 0 and away from the critical pointif 0 < r.

13bii. A =[J9] and every point in the plane is a critical point.
Y

a[L]+e[i]e”

Unstable ~ g

i~

13ci.
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Vs VZ
+aliler % /
Loalli |t e
13c ii. a AN 7%
Stable )

ty \\ \
\ \\
1 1 -5
13¢ iii. alsl+els]e™ \

1 1 5
pew, LTl /

v/ X
Unstable
/ X
X

Unstable if a > 0; stableif a < 0.

13c v.



